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PEEFACE TO THE PEESENT EDITION OF 
PAET 


The pi’cscnt (Mlition of this Part contains no radical changes. The 
iiuinhcring of the chajifcers and. sections lias hecn alterc<I to make it 
consecutive with tlie other three Parts, but there has heeri no re- 
arrangement. 

Additions Lave hecn made under the following heads (those 
marked with an asterisk were introduced in a previous edition); — 

Mathematical note on stationary undulation ; 

Edison’s phonograph ; 

Michelsoii’s mcasurenient of the velocity of light; 

Astronomical refraction; 

*Iiefraction at a spherical surface; 

liefractiou through a spliore; 

Prightness of image on .screen ; 

Field of view in telescope; 

"''■Curved rays of .sound ; 

■^^Jietardat ion-gratings and roilection-gratings ; 

Kerr’s magneto-optic discoveries; 

hesides Iriefer additions and emendations which it would be tedious 
to eininicrate. The whole volume has hocii minutely revised; and a 
copious collection of exarnple.s arranged in order, with answers, ha.s 
been substituted for the original collection of “Problems.” 

J. D, E. 

hei.i^as'jj, 31 mj , 


NOTE PREFIXED TO FIRST EDITION. 

In' the present Part, the chapters relating to Con.sonnnce and 
Dissonance, Colour, the Uiidulatory Theory, and Polarization, are 



the work of the Editoi*; besides numerous changes and additions in 
other places. 

The num])ering of the original sections has btum prosi'rvcd only 
to the end of Chapter LX.; the two last chapters of the oi-iginal 
liaviiig been transposed for greater eonvonieiico of treatiuont. 'With 
this exception, the amioniiceiuents made in the ‘'Translators Preface/' 
at the heginning of Part I., are applicable to the entire work. 
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INCttBS AND TENTHS. 


REDUCTION OF FRENCH 
Lkngth. 

] rnillimotre = •03937 inch, or about inch. 

1 centimetres '3937 inch. 

1 decimetre =3 '937 inch. 

1 metro = S9'37 inch=3’281 ft.sl'093G yd. 

1 kilomotre=1093’6 yds., or about f mile. 
Move accurately, 1 metre =39 '370432 in. 
=3-2S0S693 ft. =1-09302311 yd. 

Aihsa. 

1 sq. millim. =‘00155 sq. in. 

I sq. contim. = '155 sq, in. 

1 sq, deeim. =15*5 sq. in, 

1 «q. rnotros 1550 sq. in. = 1(>'704 sq. ft. = 
I'lOO sq. yd. 

VOLUMI!. 

1 cub. millim. = ■000001 cub. in, 

1 cub. centim.s '00102.5 cub. in, 

1 cub. deeim. =61 '0254 cub. in. 
cub. mctre=61025 cub. in. =35'316l) cub. 

. ft. = 1 '308 cub. yd. 


REDUCTION TO C.G.S. 1 
[c«i. denotes centimetre(s) 
Length. 

I inch =2'54 centimetres, nearly. 

1 foot =30 '48 centimetres, nearly. 

1 yard _ =91 '44 centimetres, nearly. 

1 statute raile= 160933 centinictros, nearly. 
More accurately, 1 inch=2'5399772 centi- 

metre.Si 

Abba. 

1 sq. inch=6'45 sq. cm., nearly. 

1 sq, foot =929 sq, cm., noarly. 

1 sq. yai'd=8;>(il sq. cm., noarly. 

1 sq. milo=2'59xi0*® sq, cm., nearly. 

Volume. 

1 cub. inoh=lG'39 cub, cm,, nearly, 

1 cub. foot =23316 cub. cm., noarly. 


TO ENGLISH MEASURES. 

The Litre (used for liquids) is the same ns 
the cubic decimetre, and is equal to l'7b'i7 
pint, or '22021 gallon. 

Mas.s AND Whig UT. 

1 milligrammc= '01543 grain. 

1 gramme =15'432 grain. 

1 kilogranime=1.5432grains=2'2()5 lbs. avoir. 
More acouratelv, tho kilogramino is 
2'20‘i62l25 lbs, 

MiSCliLLANIMUS. 

1 gramme per sq, centim. =2'04S1 lbs. per 
sq. ft. 

1 kilogrammoi>crsq. contim. =14 '223 lbs. per 
sq. in. 

1 kilograramui,ro=7'2331 foot-pounds. 

1 force do clioval--75 kilogrammotros per 
second, or 542.1 foot-pounds per .second nearly, 
whereas 1 hor.sc-powor (Engli.sh) = G50 fouV 
pounds per second. 


MEASURES. (Sou page 48.) 

1; denotes gramruo(s).] 

1 cub. ya 2 'd = 76453.5 onb, cm., nearly. 

1 gallon =4541 cub. cm., nearly. 

Mass.^ 

1 grain _ = '0648 gramme, lunrly. 

1 oz. avoii’. = 28 '35 gramme, ncarjjL 
1 lb, avoir. =4r)3-6 gramme, nearly. 

1 ton =1 '016 X 10<‘ gramnio, nearly 
More accurately, 1 II). avoir. = 4,53 '59265 gm, 

Veloci'I'Y. 

1 mile per hour = 4 1 '7.0 4 cm. per sec. 

1 kilometre per hour =27 '7 cm. per sec. 

Density. 

1 lb, per cub. foot = '016019 gm. per cub. 

cm. 

62’4 lbs. per cub, ft. =1 gm, per caib. cm. 


X 


FEENCII AND ENGLISH 3IEASURES. 


Force (assuming 
Weightofl grain 
„ 1 oz. iiyuir. 

,, llh. avuh'. 
„ 1 ton 

,, 1 grainrao 

: „ 1 kilogran 

Work (assuming, 
I foot-pound = 
1 kilograrametre = 
'Work in a second "J 
by one theoretical =; 
“liorso." i 


/7==9S1). (Scop. 48.) 

(Ij'nes, nearly. 

= 2*78 X 1 O'* dynes, nearly. 
-i'ii) X 10^ dynes, nearly. 
:-:9'97 X 10>* dynes, neai’ly. 
= 031 dynes, noarl.y. 
ime = O’Sl X 10® dynes, 
nearly. 

-/.=:9S1). (Seep. 43.) 
:ldirjGxltF ergs, nearly. 
oj'Sl X 10^ ei’g.s, nearly. 

:7'4Gxlfl® crg.s, nearly. 


Stress (assuming .;=;0£1). 

1 lb. per Sip ft. =470 uyne.s per sq. cm., 

nearly. 

1 lb. per sq, inch =:0‘0xlU'* dynes per sq, 
cm., neai'ly. 

1 Lilog, per sq. cm.^O'tl x lo® dynes per sq. 

ein., iiGarly. 

7G0 mm. of mercury at — 1 ‘014 x IG-' d.vnes 

■, pel* sq. cm., nearly. 

30 inches of mercury at 0° CC=:l'01'j.-i x In® 
dynes per sq. cm., nearly, 
1 inch of mercury at- O'’ l’. =:3';J33 x hb dynls 
. per sq. c-ni., nearly. 


TABLE OF CONSTANTS. 

The velocity acquired in fallin,g for ono second in vacuo, in any jiart of Groat Britain, is 
about 32'2 feet per second, or 9 '81 metres per second. 

The pressure of one atmosphere, or 7G0 millirnctres (29'92'2 inche.s) of mercury, is 1'033 
kilogramme per .sq. centimetre, or 14'73 lbs. per square ineb. 

The weight of a litre of dry air, at this pressure (iit Paris) and 0“ C., is 1'29S gramme. 

'ilio weight of a cubic centimetre of w'ater is about 1 gramme. 

Ilio weight of a cubic foot of water is about 62' 4 lbs. 

The equivalent of a unit of hoiit, in gravitation units of energy, is — 

772 for the foot and Pahronheit degree. 

I:)y0 for the foot and Centigrade degree. 

424 for the metro an(i Centigrade degn'cc. 

4240U for the centimetre and Centigrade degree. 

In absolute units of energy, the equivalent is — 

41 :G millions for the centimetre ana Centigrade degree ; 
or 1 grammo-dogroc is equivalent to 41 ‘G million ergs. 


ACOUSTICS. 


CHAPTEE LXIL 

PRODUCTION AND PROPAGATION OF SOUND. 

/ 886. Sound is a Vibration. — )Soiincl, as directly known to iis by 
tlie sense of hearing, is an impression of a peculiar character, Tcry 
broadly distinguished from the impressiun.s received through the 
rest of our senses, and admitting of great 
variety in its modiiications. The at- 
tempt to explain tlie physiological ac- 
tions which constitute hearing forms no 
part of our present design. The business 
of physics is rather to treat of those 
external actions which constitute sound, 
considered as an objective existence ex- 
ternal to tbe ear of the percipient. 

It call be shown, by a variety of ex- 
periments, that sound is the result of 
vibratory movement. Suppose, for ex- 
ample, we fix one end 0 of a straight 
spring GD (Fig. 592) in a vice A, then 
draw the other end I) aside into the 
position B', and let it go. In virtue of 
its elasticity (§ 120), the spring will re- 
turn to its original position; but the 
kinetic energy which it acquires in re- 
turning is sutEcient to carry it to a nearly rig. of straight 

etpial distance on the other side; and it 

thus svo’ngs alternately from one side to the otlier tlirougli distances 
very gradually diminishing, until at last it comes to rest. Such 
movement i.s c riled vibratory. Tlie motion from B' to B", or from 
B" to B', is called a single vibration. The two together con.stitute a 



8CG PRODUCTIOX AXD rUOPAffATION OF SOUXD. 

douUe or coriiplde vihration; and tlie time of executiii|i' a complete 
vibration is the funotl of vibration. The cim.i)V t. nd t <>f vibration 
for any point in the spring is the distance of its middle position 
from one of its extreme positions. These terms have bi'tsi already 
employed (§ 107) in connection with the movements of pondulinns 
to which jnde(al tlie movements of vibrating springs bear an e-xtromely 
close resenil ilanco. The property of isochronism, which np.proximateiy 
charact(}rizes the vibrations of tlie pendnhim, also biOongs to the 
spring, the approximation being usually so close that the period may 
practically be regarded as altogether independent of the amplitude. 



Fig. 593.— Vibration of Bell. 


When the spring is long, the extent of its movements may gene- 
rally bo perceived by the eye. In consequence of the persistence of 
impressions, we see the spring in all its positions at once; and the 
edges of the space moved over arc more conspicuous than the central 
parts, because the motion of the spring is slowest at its extreme 
positions. 

As the spring is lowered in the vice, so as to shorten the vibrating 
portion of it, its movements become more rapid, and at the same time 



more limited, untii, wnen it is very snort, tne eye is miauie to uotecc 
any sign of motion. But wliere siglit fails us, liearing comes to our 
aid. As the vibrating part is shortened more and more, it emits a 
musical note, which continually rises in pitch; and this effect con- 
tinues after tlie movements have hecome rnnch too small to he visilile. 

It thus appears that a vibratory movement, if suMeicntly raj-iid, 
may produce a sound. The following experiments afford additional 
illustration of this principle, and are samples of the evi<Ience from 
which it is inferred that vibratory movement is essential to the pro- 
duction of sound. • 

V'lhmtion of a Bell . — A point is fixed on a stand, in such a posi- 
tion as to be nearly in contact with a glass bell (Fig. 593). If a 
rosined fiddle-bow is then drawn over the edge of the bell, until a 


Fig. 594. — Vibration of Plate. 


musical note is emitted, a series of taps arc heard, due. to the strilchig 
of the bc‘li against the point. A pith-lmil, hung by a thread, i.s 
driven out by the bell, and kept in oscillation as long as the sound 
continues. By lightly touching the bell, we may feel that it is 
vibrating; and if we press strongly, the vibration and the sound 
will both be stopped.- 

Vibration of a Plate . — Sand is strewn over the surface of a hori- 
zontal plate (Fig. 594), which is then made to vibrate by drawing a 
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these heaps will I'je in a state o£ violent agitation, with 
more or less o£ gjn-atoiy movement, as long as the 
plate is vibrating. Tlii.s ])hc- 
nomenon, after long bathing 
explanation, was slu)wn ]»y 
Faraday to be due to indraughts 

... 1 V , Pis. 505. 

oi air, and ascending currents, ynmuion oe string, 

1 brought about by the inovo- 

nients of the plate. In a moderately good 
vacuum, the l3’'copodium goes with tlie .sand 
to the nodal line.s. 

V'ihnttlon of a Strinr/. — When a note is 
produced from a musical string or wire, it.s 
vibrations are often of sufficitait amplitude 
to be detected ly the o\*e. The string thu.s 
assumes the appearance of an elongated .spindle 

Vibration of the Air. — The sonorous bo(\y 
may sometimes bo air, as in the case of organ- 
pipes, which we shall describe in a later chap- 
ter. It is easy to .show hv experiment that 
when a pipe speaks, the air within it is vibrat- 
ing. Let one side of the tube be of glass, 
and let a small membrane m., stretched over 
Fig. 5oc.-~vibration of Air. a frame, be .strewed wdth sand, and lowered 
into the pixie. The .sand will be thrown into 
violent agitation, and the rattling of the grains, as they fall back on 
the membrane, is loud enough to be distinctly heard. 


RINGING FLAMES. 




Blnginy Flames . — An experiment on the proihietion of lunsical 
sound, ly flame, lias long hcen known under the name of the cliehi/.- 
cal Inirriionica. An appera- 
tus for the production of 
hydrogen gas (Fig. 507) is 
fiirnislied ivith a tnhe, which 
tapers off nearly to a p< int at 
its n])j)er cud, where the gas 
issues and is lighted. When 
a tube, open at both eiifls, 
is ludd so as to surround the 
flame, a musical tone is 
heard, which varies with the 
dimensions of the tube, and 
often attains considerable 
liowei*. The sound is duo to 
the vibrati(.)n of the air and 
products of combustion with- 
in the tube; and on observ- 
ing the reflection of the 
flame in a mirror rotating 
about a vertical axis, it will 
be SC'On that the flame i.s Fig. 597.---(’hen)i(ial niiniuiaiini, 

aiternatidjnisingand falling, 

its suecessi\’e image's, as di-awn out into a horizoiital si'ries by tlie 
2 -oiation of the mi rror, rescunbling a iiuniher of equidistant tongues 
of flame, with depressions between them. The experiment may alsi) 
be performed V'ith ordinary coal-g*as, 

Trevelyan Experiment . — A flro-shovcl (Fig. 598) is heated, and 
balanced upon the edges of two sheets of load fixed in a vice; it is 
then seen to execute a series of small oscillations — each end being 
alternately raised and depressed — ^and a sound is at the same time 
emitted. The oscillations are so small as to be scarc('ly jicrceptiblij 
in tliernselves; but they can be rendered very olivions by attaching 
to the shovel a small silvered mirror, on which a beam of light is 
directed. The reflected light can be made to form an image upon a 
screen, and this image is seen to be in a state of oscillation as long as 
the sound is heard. 

The movements observed in this experiment are due to the sudden 
expansion of the cold lead. When the lipt iron comes in contact with 
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it, a protAiberanco is ijistantly formed by dilatation, and the iron is 
thrown, up. It then cunies in contact with auotlii.a' ]ii.»i‘tion of the 



Fig. 50S.~Trtivelyau Kxi>evimeui. 


lead, where the same phenomenon is repeated %Yhile the first point 
cools. By alternate contacts and repulsions at the two i><)ints, the 
shoved is kept in a continual state of oscillation, and the rep,’ular 
succession of taps pr<.)dnces tlie sound. 

The experiuKuit is more usually performed with a special instrii- 
luent invcntt;d by Trevelyan, and called a rocker, which, after being 
heated and laid upon a block of lead, rocks rapidly from side to side, 
and yields a loud note. 

867. Distinctive Character of Musical Sound. — It is not easy to 
tlra.w a sharp line of demarcation l.)etween musical sound and mere 
noist^ The name of noise is usually given to any sound which seems 
unsuited to the rerpiirements of music. 

This untitucss may arise from one or the other of two causes. 
Either, 

1, The sound may he unpleasant from containing discordant ele- 
ments which jar with one another, as wdien several consecutive keys 
on a piano are put down together. Or, 

2. It may eoiisi.st of a confused succession of sound.s, tlic change's 
being .so rapid that the ear is unable to identify any particular note. 
This kind of noi.se may be illustrated by sliding the ling(?r along a 
violin-sfaing, 'while the bow is applied. 

All sound.s may be resolved into coinbinatitnts of elementary musi- 
cal tunes oceurring .siinultaiieou.sly and in succcssioiL Hence the 
study of musical sounds must neee.s.sarily fo3‘m the basis of acoustics. 

Every sound udiich is recognized as musical is characterized by 
what, may bo called .smoothness, evenness, or regularity; and the 
phy.sical cause of this regularity is to he found in the accurate 
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'perwdicihj of tlio vibratory movements ■which produce the sonncl. 
By iieriodicity we mean the recurrence of precisely similar states at 
equal intervals of time, so that the movements exactly repeat them- 
selves; and the time which elapses between two successive recur- 
rences of the same state is called the period of the movements. 

Practically, musical and nnmusical sounds often shade insensibly 
into one another. The tones of every musical instrument are accom- 
panied by more or less of unmusical noise. The sounds of bells and 
drums have a sort of intermediate character; and the confused as- 
seml)la;^’e of sounds which is heard in the streets of a city blends at 
a distance into an agreeable hum. 

868. Vehicle of Sound. — The origin of sound is always to be found 
ill the vibratory movements of a sonorous body; but these vibratory 
movements cannot bring about the sensation of hearing unless there 
be a inedinm to ti-ansmit them to the auditory apparatus. This 
medium may ho either solid, liquid, or gaseous, but it is necessary 
that it be elastic. A body vibrating in an absolute vacuum, or in a 
medium utteiiy destitute of elasticity^ 
would fail to excite our sensations of Q 

li earing. This assertion is justified by , 

the following experiments: — ' 

1. TTnder the receiver of an air-pump 
is placed a clock-work arrangement for A ''’ 

producing a number of strokes on a bell. / , i ^ \ 

It is placed on a thick cushion of felt, . y | 

or other inelastic material, and the air ' ' ' 

in the receiver is exhausted as com- ^ Ti 

pletely as possible. If the clock-work nJWv-f 

is then started by means of the handle . 

[/, the hammer will ho seen to strike the i 

hell, but the sound will be scarcely aud- 

ible. If bydrogen be introduced into 

tlie vacuum, and the receiver be again 

exhausted, the sound will be much more 

completely extinguished, being heard rig. .m-soumi in Exhuustm iieeeiver. 
with ditlicnlty even v'hen tlie ear is 

placed ill contact with the receiver. Hence it may fairly be con- 
cluded that if the receiver could be perfectly exhausted, and a per- 
fectly inelastic support could be found for the boll, no sound at all 
would be emitted. ’ 
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(ilobe with Stui)-eoOv. 


2, The experiment may bo varied by using a glass glolto, furnished 
with a stop-cock, and having a little bell snspendtsl within it by a 
'thread. If the globe is exhausted of air, the sound of tJio ludl will 
bo scarcely audible. The globe may Idli.-d with 
any kind of gas, or with vapour either satnratecl or 
noii-satiirated, and it will tlms be found that all 
these bodies transmit sound. 

Sound is also transmitted through liquids, as may 
easily be proved by direct experiment. Experiment, 
however, is scarcely necessary for the estaljlishment 
of the fact, seeing that tishes are provided with audi- 
tory apparatus, and have often an acute sense of 
hearing. 

As to solids, some well-known facts prove that they transmit 
sound very perfectly. For example, light taps with the head of a 
pin on one end of a wooden hcam, are distinctly heard by a person 
with his ear applied to the other end, though they cannot be beard 
at the same distance through the air. Tliis property is sometimes 
employed as a test of the soundness of a beam, for the experiment 
will not succeed if the intervening wood is rotten, rotten wood 
being very inelastic. 

The stefhoiim 2 ie is an example of the transmission of sound through 
solhls. It is a cylinder of wood, with an enlargement at each end, 
and a perforation in its axis. One end is pressed against the chest 
of the patient, while the observer apjdies liis car to the other. He 
is thus enabled to bear the sounds produced Ly various internal 
actions, such as the boating of the. heart and the passaa'e of the air 
through the tubes of the lungs. Even simple aufscultailori, in which 
the ear is applied directly to the surface of the body, implies the 
transmission of sound througli tlio wails of the chest. 

By applying the ear to the ground, remote sounds can often be much 
more distinctly heard; and it is stated that savages can in this way 
obtain much information respecting approaching bodies of enemies. 

We arc entitled then to assert that aound, as U ajfecis ov.v oi'<j<vns 
of hcarin(j, is an rfed tvJdch is iwopagatedy ftom a 'vlhrafiioj hod)/, 
through an elastiG aud ponderable medium. 

869. Mode of Propagation of Sound, — We will now omluavour to 
explain the action by which sound is propagated. 

Let tliere be a plate a vibrating opposite the end of a hmg tube, 
and let us consider what happens during the jeassage of the plate 
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from its most backward position a", to its most advanced position a’. 
This movement of the plate may be divided in imagination into a 
number of successive parts, each of ■wMch is communicated to the 
layer of air close in front of it, which is thus compressed, and, in its 





FIS'. COl.— Propagation of Sound. 


endeavour to recover from this compression, reacts u|)on the next 
layer, which is thus in its turn compressed. The compression is thus 
passed on from layer to layer throiigdi the whole tube, mucli in tlie 
same way as, when a number of ivory balls are laid in a row, if the 
first receives an impulse which drives it ag’ainst the second, each ball 
will strike against its succe.ssor and be brought to rest. 

The compression is thus passed on from layer to layer through the 
tube, and is succeeded by a rarefaction corresponding to the back- 
ward movement of the plate from tt' to a". As the plate goes on 
vibrating, these compressions and rarefactions continue to be propa- 
gated through the tube in alternate succession. The gixjatest com- 
pression in the layer immediately in front of the plate, occurs when 
the plate is at its middle position in its forward movement, and the 
greatest rarefaction occurs when it is in the same po.sition in its 
backward movement. These are also tlio instants at which the plate 
is moving most rapidly.’- ^Mien tlio plate i.s in its most advanced 
position, the layer of air next to it, A (Fig. 002) -will be in its natu- 
ral state, and another layer at A,, 
half a wavc-icngtli further on, 'vvill 
also be in its natural state, the pulse 
having travelled from A to Aj, while 
the plate was moving from c/ to a. 

At inteiu'euing points between A 
and A^, tlu) layers will Lave various amounts of compression corre- 
sponding to the difierent positions of the plate in iis forward move- 
ment, The greatest compression is at C, a quarter of a wave-length 
in advance of A, having travelled over this distance while the plate 
was advancing from a to a'. The compressions at D and repre- 

^ See § S70, also Note A at the end of this ehipter. 
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Fig. 002.— Or.'iphieal Eepi’esent.atioii. 
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sent tliose wliieli oxistinl immediately in front of tlie jdate when it 
had. advanced, respcetivelj'- oiie-fourtli and. three-fourths of the dis- 
tance. from a" to a, an<l the curve A O' is ilie p,'}'ap]iical rej'^resen- 
tation hotli of condensation and. velucity for all points in the air 
between A ami A,. 

If tile 1 ‘tlate coa.sod A’ibrating, the condition of thing.s nirw existing 
in the portion of air AA, would he transferred to successive portions 
of air in the tiiliCj and the curve AG'Ai -ss-ould, as it wm.-e. slide 
onward through tlie tiiho with the velocity of sound, wliicli is anont 
1100 feet per second. But the plate, instead of remaining perman- 
ently at executes a backward movement, and produces rarefactions 
and retrograde velocities, which are propagated onwards in the same 
manner as the condensations and forward velocities. A complete 
wave of the undulation is accordingly represented by the curve 
A E'AiO'A .3 (Fig. 003), the portions of the curve below tlie line of 



rig. C0;j.~-Graiihioal Representation of Complete ^Yilve. 


ahscLS.sas being intended to represent rarefactions ami retrograde velo- 
cities. 1:1; we suppose the vibrating plate, to he rigidly coiinoctfiJ 
%Yitli a piston whhdi works air-tight in the tube, the velocities of the 
particles of air in the difibrent points of a wa^’c-lengGIl will he iden- 
tical with the velocities of the piston at the different parts of its 
motion. 

The wave-length A A^ is the distance that the pulse has travelled 
while the vibrating plate was moving from its most backward to its 
most ad\'anccd position, and back again. During tliis time, which 
is called the ‘period of the vibrations, cacli particle of air goes tlirough 
its comj.tlete cycle of changes, both as regards motion and density. 
The period of vil >ration of any particle is thus identical with that of 
the Yuhratiug plate, and is the same as the time occuph'd by the 
waves in travelling a wave-length. Thus, if the plate he one leg of 
a coiiiinon A timing-fork, making 435 complete vibrations ]X'r second, 
the period will be -j-a -tli of a second, and the undulation will travel in 
this time a distance of 2 feet G inches, which is there- 

fore the wave-length in air for this note. If the plate continues to 
vibrato in a uniform mamiei’, there will he a continual series of equal 





NATURE OF UNDULATIONS. 

and similar waves running along tlie tube with the velocity of soiuid. 
Such a succession of waves constitutes an undulation. Lach w av e 
consists of a condensed portion, and a rarefied portion, which are 
distinguished from each other in Fig. COl by different tints, the 
dark shading being intended to represent condensation. 

S'i'O. Nature of Undulations. — Tlie possibility of condensations 
and rarefactions being propagated continually in one direction, while 
each particle of air simply moves backwards and forwards about it.s 
nrio-inal nosition, is illustrated by Fig. GO-i, which represents, in an 
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reproduced when each of these centres has advanced through a 
wave-length, so that the tliirteentli row’’ is merely a rej’x.'titiun of 
the tirst. 

The veloeitif.’s of the particles can be estimated by the coinparisoii 
of suecessive rows. It is thus seen that the greatest forTivaiH’l velocity 
is at the centresof condensation, and the greatest backw’ard velocity 
at the centres of rarefaction. Each particle has its greatest veloci- 
ties, Jind greatest comlensation and rarefaction, in passing through 
its mean position, and comes for an instant to rest in its positions of 
greatest displacement, ■which are also positions of mean density. 

The distance between A and a remains invariable, being always 
a w’ave- length, and these two particles ahvays ■ agree in phase. 
Any other t-vvo particles represented in the diagram are always in 
ditierent phases, and the phases of A and D, or B and E, or G and F, 
are always opposite; for example, when A is moving forwards with 
the maximum velocity, D is moving backwards with the same 
velocity. 

The vibrations of the particles, in an undulation of this Ivind, are 
called longitiidinal; and it is by such vibrations that sound is pro- 
pagated through air. Fig. 005 illustrates the maimer in which an 
undulation may be propagated by means of tramveri^e vibrations, 
that is to say, by vibrations executed in a direction ]'icrpendicuiar to 
that in whicli the undulation advances. Thirteen particles A BOB 
E F G H 1 .1 K L a are rejiiresentcd in the positions -wliich they occupy 
at successive times, ivhose interval is one-sixth of a period. At the 
instant first considered, D and J are the particles wdiich are furthest 
displaced. At the end of the first interval, the ivave has advanced 
Byo letters, so that F and L arc now the furthest displaced. At the 
end of the next interval, the ivavc has advanced tivo letters further, 
and so on, the state of things at the end of the six intervals, or of 
one complete period, being the same as at the beginning, so that 
the seventh line is merely a repetition of the first. Some examples 
of this kind of wave-motion will be mentioned in later chapters. 

871. Propagation in an Open Space, — When a sonorous disturb-' 
anee occurs in tlie midst of an open body of air, the undiilatious to 
which it gives rise run out in all directions from the source. Jf the 
disturbance is symmetrical about a centre, the waives will be spheri- 
cal; but this ease is exceptional. A disturhanc{; usually producer 
condensation on one side, at the same instant that it produces rare- 
faction on another. This is the case, for example, with a vibrating 
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plate.; .since, wlien it is moving towards one side, it is moving away 
from tlie otHer. These ineqnalities^ w^ in the iieiglibour- 

liood of the sonorous body, have, however, a tendency to Leeonie less 
nuirkcd, and ultimately to disappear, as the distance is increased. 
Fig. 600 represents a diametral section of a series of .splieiical waves. 
Their mode of propagation has some analogy to that of the circular 
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Fig. 005. —Transverse Vibration. 

waves protluced on water by dropping a stone into it; bnt the par- 
ticles wliieh form the weaves of water rise and fall, whcrea.s those 
which form sonorou.s wa,ves merely advance and reti'eat, their lines 
of motion being always coincident with the directions along which 
the sound travels. In both cases it is important to remark that ihi 
uvdulation doen not involve a movement of tvmisjevcnce. Thu.s. 
when the surface of a liquid is traversed by AVaves, bodies floating 
on it rise and fall, bnt are not carried onward. Tins property is 
clmracteristic of nndulation.s generally. An undidatlon may be 
dj’jined as a system of movements in which the several iKtrticlcs move 
to and fro, or round and round, about definite jmints, in such a 
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manner «.s to produce the continued onivard transmission of a con- 
dition, or series of conditions. 

There is one important ditlerence between, the propagation of 
sound in a iiniforin tube and in an open space, Jn the fonuer case, 
the layers of air corresp(3Tiding to successive wave-lengths are of erpial 
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mass, and their movements are precisely alike, except in so far as 
they are interfered with hy friction. Hence sound is transmitted 
through tubes to great distances with hut little loss of intensity, 
especially if the tubes are larged 

The .same principle is illustrated hy the ease with which a scratch 


^ Ilegiiault, in bis expexiinents on the velocity of sonnJ, found that in a conduit 'KsS (if 
a metre in diameter, the report of a pistol charged with a gtannue of powder ceased to 
be heard at the distance of 1150 metres. In a conduit of ‘O'", the distance was SSI O'". 
In the great conduit of the St. Michel sower, of the sound was made hy successive 

reflections to traverse a distance of 10,000 metres without becoming inaudible. — .Z>. 
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on a log of wood is heard at the far end, the substance of the log 
acting like the body of air within a tube. 

In an open space, each successive layer has to impart its ow'n 
condition to a larger layer; hence there is a continual diminution of 
amplitude in the vibrations as the distance from the source increases. 
This involves a continual decrease of loudness. An iindiiiation 
involves the onward transference of energy; and the amount of 
energy which traverses, in unit time, any closed surface described 
about the source, must be equal to the energy which the source 
emits in unit time. Hence, by the reasoning whicli we employed 
in the case of radiant heat (§ 465), it follows that the intensity 
of sonorous energy diminishes according to the law of inverse 
squares. 

The energy of a particle executing simple vibrations in obedience 
to forces of elasticity, varies as the square of the amplitude of its 
excursions; for, if the amplitude be doubled, the distance worked 
tlirough, and the mean working force, are both doubled, and tliu.s 
the work which the elastic forces do during the movement from 
either extreme position to the centre is quadrupled. This work is 
equal to the energy of the particle in any part of its course. At the 
extreme positions it is all in the shape of potential energy; in the 
middle position it is all in the shape of kinetic energy; and at 
intermediate points it is partly in one of these forms, and partly in 
the other. 

It can be shown that exactly half the energy of a complete wave 
is kinetic, the other half being potential. 

873. Dissipation of Sonorous Energy.— -The reasoning by which wo 
have endeavoured to establish the law of inverse squares, assumes 
that onward propagation involves no loss of sonorous energy. This 
assumption is not rigorously true, inasmuch as vibration implies 
friction, and friction implies the generation of heat, at the expense 
of the energy which produces the vibrations. Sonorous energy must 
therefore diminish wdth distance somewhat more rapidly than accord- 
ing to the law of inverse squares. All sound, in becoming extinct, 
becomes converted into heat. 

This conversion is greatly promoted ■ by defect of homogeneity 
in the medium of propagation. In a fog, or a snow-storm, the 
liquid or solid particles present in the air produce innumerable 
reflections, in each of which a little sonorous energy is converted 
into heat. 
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873. Velocity of Sound in Air. — The ju-upogatiou of suuinl through 
an elastic ine<liuiu is not iiistantaneoiis, but occupies a ■\’'eiy sensihh' 
time in traversijig a inoderate distance. For example, the flash of a, 
gun at the distance of a few hundred yards is seen some time before 
the report is heanl. The, interYal between the two impressions 
maybe regnrded as representing the time required for the propa- 
gation of the sound across the intervening distance, for the tiuH3 
occupied by the propagation of light across so snudi a distance is 
inappreciable. 

It is by experiments of this kind that the velocity of sound in air 
has been most accurately determined. Among the best determina- 
tions may be montionctl that of Laeaille, and other members of a 
commission appointed by the French Academy in 1738- that of 
Arago, B(.invard, and otlier memhers of the Bureau de Longitudes 
in 1822; and that of Moll, Vanbeek, and Kuytenbrouwer in Holland, 
in the same year. All these determinations were obtained by tiring 
cannon at two stations, several miles distant from each other, and 
noting, at each station, the interval between seeing the tiash and 
hearing the sound of the guns fired at the other. If guns were tired 
only at one station, the determination would be vitiated by the etfect 
of wind blowing either with or against the sound. The error from 
this cause is nearly eliminated by tiring the guns alternately at tlie 
two stations, and still more completely by tiring them simultaneously 
I’his last plan, was adopted by the Butch oliservers, the distance of 
the two stations in their case being about nine miles. Eegnault ]m.s 
fpiite recently repeated the investigation, taking advantage of the 
important aid aifbrded liy modern electrical methods for registering 
the times of obsein-ed phenomena. All th® most eai’efiil determina- 
tions agree rory closely among themselves, and si low that the velo- 
cifcy of sound thiough air at 0° C. is about 332 metres, or lODO feiit 
per second.^ Tlie A'oloeity inereases with the temjierature, being 
proportional to ilt.e square mot of the ahsohiie teiyriiemtam hj/ air 
therruometer (§ 323). If t denote tho ordinary Centigi-ade toinpera- 

^ A recent deteriuiinitinn liy Mr. Stone at the Capa of Good Hope is worthy of note as 
being based on the comparison of observations made through the sensi; of heo-ing .ilone. 
It liad previou,sly ]a;en stigge.sted tli'at the two senses of .sight and lufaring, whieli are con- 
cerned in observing tlie flash and report of a cannon, might not ho equally prompt in re- 
ceiving impressions (Airy on Sound, p. 131). Mr. Stone accordingly plticed two oijservers 
— one near a cannon, and the other at about thi-ee miles distance ; each of whom on hear- 
ing the report, g.ave a signal through an electric telegraph, Tho result obtained was in 
precise agreement with that stated in the text. 
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tlire, and a the coefficient o£ expansion: ‘00366, the velocity of sound 
througii air at any temperature is given hy the foiiimla 

332 + * metres per second, or 

The actual velocity of sbiind from place to place on the earth’s sur- 
face is found.hy compounding this velocity with the velocity of the 

wind^^' ..'r:' 

# • 

There is some reason, both from theory and experiment, for be- 
lieving that very loud sounds travel rather faster than sounds of 
moderate intensity. 

874. Theoretical Computation of Velocity. — By applying the prin- 
ciples of dynamics to the propagation of undulations, ^ it is computed 
that the velocity of sound through air must be given by the formula 

( 1 ) 

D denoting the density of the air, and E its coefficient of elasticity, 
as measured by the quotient of pressure applied by compression 
produced. 

Let P denote the pressure of the air in units of force per unit of 
area; then, if the temperature be kept constant during compression, 
a small additional pressure p will, by Boyle’s law, produce a com- 
pression equal to and the value of E, being the quotient of p by 
this quantity, will be simply P. 

On the other hand, if no heat is allowed either to enter or escape, 
the temperature of the air will be raised by comjn’ession, and addi- 
tional resistance will thus be encountered. In this ease, as shown 
in § 500, the coefficient of elasticity will be P /j, k denoting the 
ratio of the two specific heats, which for air and simple gases is 
about 1‘41. ' 

It thus appears that the velocity of sound in air cannot bo less tlian 

nor greater than y^l‘41 ? Its actual velocity, as determined 

by ol)servation, is identical, or practically identical, with the latter 
of tliese limiting values. Hence we must infer thai: the compnjssions 
and extensions which the particles of air undergo in transmitting 
sound arc of too brief duration to allow of any sensible transference 
of heat from particle to particle. 

This conclusion is confimied by another argument due to Professor 

■ See note B at the end of this chapter. 
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Stokos. If tlio inequalities of temporatnve duo to compn^ssion and 
expansion 'Wore to any sensible degree sinootlied di)wn l.ty conduction 
and radiation, tliis suiootbijig do^vn would diminish the amount of 
energy available iV>r wave-propagation, and would lead to a falling 
off in intensity incomj>aralj]y more rapid than that due to the law 

of inverse squares. 

87o. Numerical Galculatioa. — The following is the actual proec-ss of 
calculation for perfectly dliy air at 0° G., the centimetre, grammo, arul 
second being taken as the units of length, mass, ami time. 

The density of dry air at 0°, under the pressure of lO-'vi grammes 
per square c(‘ntimetr(‘, at Paris, is ■001293 of a gramme ])er cubic 
centimetre. But the gravitating force of a gramme at Paris is 981 
dynes (§ 01). The density *001293 therefore corresponds to a 
pressure of 1033x981 dynes per sq. cm.; and the expression for the. 
velocity in centimetres per second is 


v/wi|=V' 


1033x981 , 


that is, 332*4 luetre.s per second, or 1093 feet per second. 

SfB. Effects of Pressure, Temperature, and Moisture. — The velocity 
of s(.mud is indepem.Ient of the height of the barometer, si ncte chang'cs 
of this element (at constant temperature) affect P and I) in the same 
direction, and to the same extent, s ^ 

For a given density, if Pj,: denote the pressure at O'b and a the co- 
ofliciont of expansion of air, the pressure at f Gentigrad(> is 1’,, (1 -f a /)^ 

the value of a iKung about \ ^ 

Hence, if the velocity at 0“ be 1090 feet per second, the velocity 
at f will be 1090 .y^ 1+ M temperature biV F. or 10“ C'., 

which is approximately the mean annual temperature of thi.s country, 
the value of this expression is about 1110, and at 8G“ F. or 30“ 0. it 
is about 1148. Tlic iimrease of velocity is thus about a foot per 
second for each degree Fahrenheit. ; V 

The humidity vi air has sohie mfluence on tlu' velocity of sound, 
inasmuch as arpietais vajmir is lighter than air; but the efli.H't i.s 
comparatively trilling, at least in temperate dimate.s. At tlie tem- 
perature 50“ F., air saturated with moisture is less dense than dry 
air ly about 1 part in 220, and the consequent iucroaso of vtdocity 
cannot be greater than about 1 part in 440, which will be between 
2 and 3 feet per second. The increase should, in fact, be someyliat 
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less tlian tliis, inasmuch as the value o£ h (the ratio of the two specific 
lieats) ap|)ear.s to be only I’Sl for aqueous vapour.^ 

877. Newton’s Theory, and Laplace’s Modification. — The earli(*.st 

theoretical investigation of the velocity of sound was that given by 
Newton in the (book 2, section 8). It proceeds on the 

tacit assumption that no changes of teniperatui’e are produced by 
the compressions and extensions which enter into the constitution 
of a sonorous undulation; and the result obtained by Newton is 
equivalent to the formula 

p 

or since (§ 21{T) where H denotes the height of a horao- 

geneous atmos 2 ^here, and the velocity acquired in falling through 
any height s is v'2^s, the velocity of sound in air is, according to 
Newton, the same as the velocity which would be acquired hj falling 
in vacuo through, half the height of ct homogeucous atmosphere. 
This, in fact, is the form in which Newton states his result.’^ 

Newton himself was quite aware that the value thus computed 
theoretically was too small, and he throws out a conjecture as to the 
cause of the discrepancy; but tlie true cause was th'st pointed out 
by Laplace, as depending upon increase of temperature produced by 
compression, and decrease of temperature produced by expansion. 

878. Velocity in Gases generally. — The same principles whicli 
apply to air apj)ly to gases generally; and since for all simple gases 
the ratio of the two specific heats is 1*41, the velocity of sound in 

any simple gas is 1'41 D denoting its absolute density at the 

pres.sure P. Comparing two gases at the same pressure, \ve see that 
the velocities of sound in them will be inversely as the square root.s 
of their absolute densities; and this will be true whether the t(;m- 
peratures of tlic two gases are the same or difierent. 

879. Velocity of- Sound in Liquids. — The velocity of sound in 
water was measured by Colladon, in 182(5, at the Lake of Geneva. 
Two boats were moored at a di, stance of 13,500 metres (ht'twcen 8 
and 9 miles). Om^ of them carried a hell, weighing about 140 lbs., 
immeivmxl in the lake. Its hammer was moved by an external lever, 
,so arranged a.s to ignite a small quantity of gunpowder at the instant 

* Bankine on the Steam Enffinc, p. 320. 

® Newton’s investigation relates only to simple waves j bnt if these have all the aaiae 
velocity (as Newtozi shows), tins must also be the velocity of the coiiiplex wave which they 
compose. Hence the resti'iction is only apparent. 
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of striking the boll. An observer in the other boat was enabled, to 
hear the .sound by a})plying liis ear to the esireinity of a tviunpet- 
shaped tube (Fig. b07), having its lower end covered with a mem- 
hrane and facing . towards the direction from 
\\ which the sound proceeded. By noting the in- 

tervai between seeing the flash and hearing the 
] - . '“71 sound, the velocity with which the sound tra- 
veiled through the water was detfa'iiiim-d. The 
- velocity thus computed was Ido-I luetre-s per 
pi ~ '* second, and the temiKn-atiire of the watt.:r was 

ri;^, fio 7 . Borinula (1) of § 874 holds for llcpiids as well 

as for gases. 

/ The rtssistaneo of water to compression is about 2‘1 X 10^'- dynes 
per sq. em., ami the correcting factor for the heat of compression, as 
calculated hy § 505, is B0012, which may be taken as unity. Tlie. 
density is also unit}". Hence we have 

i' (24^40^0 CBV per sec., 

that is, about 1440 metres per second; which agrees sufficiently well 
with the experimentai determiiiation. 

Wertheim lias measured the velocity of sound in some liquids by 
an indirect method, which will be explained in a later chapter, lie 
timls it to be 11 <10 metros peiv second in. ether and alcohol, am.l 1000 
in a solution of chloride of calcium. 

880. 'Velocity of Sound in Solids.— The velocity of sound in cast- 
iron was determined by Biot and Martin by means of a connected 
sei'ies of water-pipes, forming a ; conduit of a total length of 951 
metres. One end of the eoiidtiit was struck with a liammcr, and an 
observer at the other end heard two sounds, the first transmitted ly 
the metal, and the second hy the air, the interval hdween them 
being 2‘5 seconds, .hhiw the time required for travt.'lling this dis- 
tance through air, at the temperature of the experiment (11'^ G.), is 
2’8 seconds. Tht‘ time of transmission through tht.‘ metal was tlicre- 
fovo 'o of a second, which is at the rate of .‘>170 nitdres ]>er second. 
It is, however, to bo remarked, that the transmitt ing body was m.d 
a continuous mass of iron, but a series of d7n pi]')i.:s, connected to- 
gether by collars of lead and tarred cloth, %vliich must liave consid- 
erably delayed the transmission of the sound. But in spite of this, 
the velocity is about nine times as great as in air. 
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Wertlieim, by the indirect methods above alluded to, measured 
the velocity of .sound in a number of solids, ■with the following results, 
the A^olocity in air being taken as tlie unit of velocity: — 


Till, . 

Ciolil, 

Silver, ' 
Zinc, 
Ooppcr, 
Platinum, 


3'974 fco 4-120 
7-33S to 7-480 
5-003 to 6-4-24 
7-908 to S-057 

9-808 to 11-009 
11-107 

7-8-28 to 8-467 


Steel, , . 
Iron, . . 
Brass, . . 
C41a8Sj , . 

Flint Glass, 
Oak, , ' 
Fir, . . 


14- 301 to 15T0S 

15- 108 

10- 2-24 

14-956 to 16-759 

11- 890 to 12-2-20 
9-902 to 12-02 

1-2-49 to 17-20 


881. Theoretical Computation.— The formula scrv e.s for .solids 

as well a.s for liquids and gases; but as solids can be subjected to 
many different kinds of strain, whereas liquid, s and gases carx be 
siibicctcd to only one, we may have different values of E, and dif- 
ferent velocities of transmission of pulses for the same solid. This is 
true even in the case of a .solid whose properties are alike in all 
directions (called an isotropie solid); but the great majority of solid.s 
are very far from fulfilling this condition, and transmit sound more 
rapidly in some directions than ill others. 

When the sound is propagated by alternate eom];)rcs.sions and 
extensions rimning along a substance which is not prevented from 
extending- and contracting laterally> the elasticity E becomes iden- 
tical'^ with Young’,s modulus (§ 128).. On the other hand, if uniform 
splicrical waves of alternate eompression and extension spread out- 
wards, symuietrically, from a point in the centre of an infinite .solid, 
lateral extension and contraction will be prevented hy the syinmetry 
of the action. The effective elasticity is, in this case, gre-ater than 
Young’s modulus, and the velocity of sound ■will be increased aecord- 
ingiy. 

By the table on p. 79 the value of Young’.s moduhi.s for copper i.s 
120 and by the table on p. xii. the density of copper is about 

8-8. Hence, for the velocity of sound, through a copper rod, in centi- 
metres per second, we have 


\/b='s/' 


120 xlO”. 
8-8 ; ' 


:369S00 nearly, 


or 3693 metres per second. , 

This is about IIT times the velocity in air. 

^ Subject to a very small correction for lieat of compression, which can be calculated by 
the formula of § 505. In the case of iron, the correcting factor is about 1-0023. 
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882. Eeflection of Sound. — sonorous \vave.s moot, a fixed 
obstacle they are reilected, and the t\v<x se.ts oi; \va,ves — one direct, 
and the other reib'cted — are propagated just a.s it' they came from 
two separate source.s. If the reflecting surface is plane, waxT'S di- 


Fig. COS. — BefiecUon of Sound. 


verging from any centre 0 (Fig. G08) in front of it are reflected so 
as to diverge from a centre. O' symmetrically situated beliiml it, and 
an ear at any point M in front hears the reflected sound as if it came 
from O'. 

I'he direction from wl lieli a sound appears to the hearer fce proce(?d 
is determined by the iliroction along which the sonorous pulses are 
propagated, and is alway.s normal to the waves. A normal to a set 
of sound-waves may therefore conveniently be called a, ■rinj of .sound. 

O I is a direct ray, and 1 M the 

._/'* corresponding reflected ray; and it 

\ "X is obvious, from tlio symmetrical 

■ a I r: ~:A Or position of the points 0 0', that 

f these two rays are equally in- 

ESj dined to the surface, or ihe tinijhs 

Fig. COa—Beflectkm from Elliptic Hoof. of iucidcilCC (('ihl d/ii, ilVC 

equal. 

883. Illustrations of Eeflection of Sound, — The reflection of sonorous 
waves explains some well-known phenomena. If ab(t (Fig. 009) 
be an elliptic dome or arch, a sound emitted from either of tbo foci 
// will be reflected from the elliptic surface in such a direction as to 
pass through the other focus. A sound emitted from either focus 



* Sondhans haw sliown that sound, like light, is capable of being refracted. A si>herioaI 
balloon of collodion, filled with carbonic acid gas, acts as a souud-luns. If a watch be 
hung at gome distance from it on one side, an ear hold at the conjhigate focus on the other 
side will hear the ticking. See also a later section oix “ Curved Eays of Sound ” in the 
chapter on the ‘‘ Wave Theory of Light.” 


Fig. 010.-~Eeflcction of Souml from Conjugate llirrurs. 


and let a person liold his ear at the focus of the other; or still better, 
to avoid intercepting the sound before it falls on the second mirror, 
lot him employ an oar-trumpet, holding its further end at the focus. 
Ho will distinctly hear the ticking, even when the mirrors are many 
yards apart.^ 

884. Echo. — Echo is the most familiar instance of the reflection of 
sound. In order to hoar the echo of one’s own voice, there must be 
a distant body capable of reflecting sound directly back, and the 
number of syllables that an echo will repeat is proportiona.1 to the 


may thus he distinctly heard at the other, even when quite inaudible 
at nearer points. This is a consequence of the property, that lines 
drawn to any point on an ellijise from the two foci are equally 
inclined to the curve. 

The experiment of the conjugate mirrors (§ 468) is also applicable 
to sound. Let a watch he himg in the focus of one of them (h ig. 010), 
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distance of this obstacle. Tlio soiiiuls reflected to the sp(\alvor have 
ira veiled first over the dLstanec OA (Fig. Gil) from him to the 
reflecting hotly, ami then back from A to 0. Supposing five syllables 
to be j'ironounecd in a second, and taking the velocity of souml as 
1100 fet-t per second, a distance of 550 feet from tliO sp('akor to 
the refiocting hotly wouhl enable the speaker to coinpletc the fifth 
syllable before the return of the first; this is at the rate of 110 feet 


per syllalde. At distances less than about 100 feet there is not time 
for the distinct reflection of a single syllable; but the rotlected 
sound mingles 'vvith the voice of the speaker. This is particularly 
observable under vaulted roofs. . 

Multiple echoes are not uncommon. They are due, in some 
eases, to independent reflections from obstacles at ditferent dis- 
tances; in others, to reflections of reflections. A position exactly 
midway between two parallel walls, at a sufficient distance apart, is 
favourable for the ohservanco of this latter phenomenon. One of 
the most frequently cited instances of multiple echoes is tluit of the 
old palace of Bimonetta, near Milan, which forms three sides of a 
quadrangle. According to Kircher, it repeats forty times, 

885. Speaking and Hearing Trumpets. — The eompleh'. exjdanation 
of the actioii of these instruments presents considerable difficulty. 
The speaking-trumpet (Fig. G12) consists of a long tube (sometimes 
G feet long), slightly tapering towards the speaker, furnished at this 
end with a hollow mouth-piecc, which nearly fits the lips, and at 
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tlie other with a funnel-shaped enlargement; eallecl^^ hdl, opening 
out to a width of about a footi It is m 
sea, and is found very effectual in making 
lieard at a distance. The explanation usually given of 
its action is, that the slightly conical form of the long 
tube produces a scries of reflections in directions more 
and more nearly parallel to the axis; but this explana- 
tion fails to account for the utility of the 6e^b which 
experience has shown to be coiisiderahle. It appears 
from a theoretical investigation by Lord Kayleigh 
that the speaking-trumpet causes a greater total quan- 
tity of sonorous energy to he produced from the same 
expenditure of breath.^ 

Ear- trumpets have various forms, as represented 
in Fig, 61S; having little in common, except that the 
external opening or hell is much larger than the end 
which is introduced into the ear. Membranes of gold- 
beaters’ skin are sometimes stretched across their 
interior, in the positions indicated by the dotted lines 
in Nos. 4 and 6. No. 6 consists simply of a bell with 
such a membrane stretched across its outer end, while 
its inner end communicates with the ear by an indian- 
rnl)b(‘r tube with an ivory end-piece. These light membranes arc 
j'^eeuliarly susceptible of impression fi'om aerial vibrations. In Reg- 
nault’s experiments above 
cited, it was found that mem- 
branes were aflected at dis- 
tances greater than those 
at which sound was heard. 

886. Interference of Sonor- 
ous Ilndulations. — ‘When 
two s^^stems of waves are 
traversing tlie same mat- 
ter, the actual motion of 
each particle of the matter 
is the resultant of the mo- 
tions due to each system 
separately. When these Fig. eia-E.u-tiumpets. 

component motions are in the same direction the resultant is their 
^ TJtcortj of Sound, vol, ii. p. 102. 


Fij;. tvi2. 

Speaking-li'iuniiDt. 
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sura; \vlien they are in opposite directions it is their dilitirKiice; and 
if they are etpial, as well as opposite, it is zero. Very remarkable 
pliciiouiena are thus produced wlien the two undulations have the 
same, tu’ nearly the same wave-length; and the action which occurs 
ill tins case is called interference. 

When two sonorous luidiilations of exactly equal wave-length 
and amplitude are: traversing the sanra matter in tlie same direction, 
tiiidr jdiases must either be the same, or must o\-erywhere ditler by 
the same amount. It* they are the same, the amplitude of vibration 
tor each particle will be double of that due to either undulation 
.separately. If they are opposite— in other word.s, if one undulation 
he half a wave-length in advance of the other— the motions whieli 
they would separately produce in any particle are equal and oppo- 
site, and the particle will accordingly remain at rest. Two sounds 
will thus, by their conjoint action, produce silence. 

In order that the extinction of sound may be complete, the rare- 
fied portions of each set of waves must he the emct counterparts of 
the condensed portions of tlie other set, a condition which can only 
he approximately attained in practice. 

The following experiment, due to M. Desains, affords a very direct 
illustration of the principle of interference. The bottom of a wooden 
box is pierced with an opening, in which a powerful whistle fits. 
The top of the box has two larger openings symmetrically placed 
with respect to the lower one. The inside of the box. is lined with 
felt, to prevent the vibrations from being coramunicated to tlie box, 
and to weaken internal reflection. When the whistle is sounded, if 
a membrane, with sand strewn on it, is held in various positions in 
the viu'fcical plane which bisects, at right angles, the line joining the 
two openings, the sand wilb be agitated, and will arrange itself in 
nodal lines. But if it is carried out of: this plane, positions will be 
found, at equal distances on both sides of it, at whicli the agitation 
is scarcely perceptible. If, when the membrane is in one of these 
positions, we close one of the two openings, the .sand is again agitated, 
clearly showing that the previous absence of agitation was due to the 
inter feronce of the undulations proceeding from the two oriilees. 

In this experiment the proof is presented to the eye. In the fol- 
lowing experiment, which is due to M. Lissafous, it is prt'.sented to 
tile ear. A circular plate, supported like the plate in Fig. 59-1, is 
made to vibrate in sectors separated by radial nodes. The number 
of sectors will always bo even, and adjacent sectors will vibrato 
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in opposite directions. Let a disk o£ card- board oi the same 
size be divided into the same number of sectors, and let alternate 
sectors be cut away, leaving only enough near the centre to hold the 
remaining sectors together. It* the card be now held just over the 
vibrating disk, in such a manner that the sectors of the one are 
exactly over those of the other, a great increase o£ loudness wdli be 
observed, conso(|uent on the suppression of the sound from alternate 
sectors; Imt if the card-board disk be turned through tlie width of 
half a sector, the etiect no longer occurs. If the card is made to 
rotate rapidly in a continuous manner, the alterations' of loudness 
will form a series of beats. 

It is for a similar reason that, when a large hell is vibrating, a 
person in its centre hears the sound as only moderately loud, while 
within a short distance of some portions of the edge the loudness is 
intolerable. 

887. Interference of Direct and Keflected Waves.^ Kodes and Anti- 
nodes.— -Interference may also occur between undulations travelling in 
opposite directions; for example, between a direct and a reflected sys- 
tem. When waves proceeding along a tube meet a rigid obstacle, form- 
ing a cross section of the tube, they are reflected directly hack again, 
the motion of any particle close to the obstacle being compounded of 
that due to the direct wave, and an equal and opposite motion due 
to tlio reflected wave. The reflected wave.s are in fact tlie imag'cs 
(with reference to the ofjstaclo regarded as a plane miii-or) of the 
waves which would I'xist in the prolongation of the tube if the 
obstacle were withdrawn. At the distance of half a ■\vave-length 
from the obstacle the motions due to the direct and reflected waves 
•will accordingly bo equal and opj)osite, so that the particles situated 
at this distance will be permanently at rest; and the same is tine at 
the distance of any number of half wave-lengths from the obstacle. 
The air in the tube will thus bo divided into a number of vibrating 
segments separated by nodal planes or cross sections of no vibra- 
tion arranged at distances of half a wave-length apart. One of these 
nodes is at the obstacle itself. At the centres of the vibratiiui: sesf- 
meiits — that is to say, at ths distance of a quarter wave-haigth 
any number of half wave-lengths from the obstacle or from any node 
— the vol(.)citios duo to the direct and reflected waves will be equal 
and in tlie same direction, and the amplitude of vibration will ac- 
cordingly he double of that due to the direct wave alone. These 

* See note O, page 895. 
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are tlie sections of greatest disturl'anco as regards change of place. 
We sliall call them a idiao<](‘s. On the other hand, it is to he remem- 
bered that niotiori 'v:it]t. the direct 'vvave is motion o //(.a* /ast the re- 
tlocted waves, and idee versa, so that (§ ?:s(.)9) at points where the 
velocities dne to both have tlio same absolute direction tlnrv corre- 
spond to coiideiisntion in the case t.»f one of these undulations, and 
to rarefaction in the case of the other. Accordingly, these sections of 
maxiniuin mo'V'onient are the ])laces of no change of density; and on 
the otiier hand, the tiodcs are the places wliere the changes of density 
are greatest.- If the reflected undulation is feebler than the direefc 
one, vTs will be the ease, for example, if the obstach; is only inip(u-- 
fectly rigid, the destruction of motion at the nodes and (jf change of 
density at the autinodes will not be complete; the former will merely 
he places of miniiniiin motion, and the latter of minimum change of 
density.' v 

Direct experiments in verification of these principles, a wall being 
the reflecting body, were conducted by Savart, and also Ijv Seebeck, 
the latter of whom employed a testing apparatus called the. acoustic 
pcmdulum. It consists essentially of a small membrane stretched in 
a frame, from tl.u3 top of which hangs a ^'Oiy light penduluni, with 
its hob resting against the centre of the membrane. In the middle 
portions of the vibrating segimints the niombranc, moving with the 
air on its two iVuic's, throws liack the pendulum, while it rc-mainw 
nearly free from vibratitjii at the nodes. 

Kegnault made extensive nse of the aeonstie pendulum in his ex- 
periments on the velocity of sound. Tlie pendulum, when thrown 
hack by the 'membrane, completed an electric circuit, and thus 
effected a record of the in.stant when the sound a7Ti'\T‘d. 
r' 888. Beats Produced by .Interference. — Ildien twn iK.rtes which 
are not rpiite in unison are sounded t(jgether, a peculiar palpitating 
effect is produced; — we hear a series of bursts of souiul, witli inter- 
vals of cornpai-ative silence botwecai them. The bursts of sound are- 
called hmts, and the notes are said to heat together. If we. have the 
power of tuning one of the notes, we shall find that as they are 
brought more nearly into unison, the befits become slower, and that, 
as the departure from unison is increased, the beats become more 
rapid, till they degenerate first into a rattle, and then into a discord. 
The effeefc is .most striking with deep notes. 

Tliese beats are completely explained the principle of interfer- 
ence. As the wave-lengths of the two notes arc sliglitly different, 
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while the velocity of propagation is the same, the two systems of 
waves will, ill some portions of their course, agree in phase, and thus 
strengthen each other; while in other parts they will he opposite in 
phase, and will tiius destroy each other. Let one of the notes, for 
example, have 100 vibrations per second, and the other 101. Then, 
if we start from an instant when the maxima of , condensation from 
the two sources reach the ear together, the next such conjunction 
will occur exactly a second later. Luring the interval tlie maxima 
of one system have been gradually falling behind those of the other, 
till, at the end of the second, the loss has amounted to one wave- 
length. At the middle of the second it will have amounted to half 
a wave-length, and the two sounds will destroy each other. We 
shall thus have one heat and one extinction in each second, as a 
consequence of the fact that the higher note has made one vibration 
more than the lower. In general, the frequency of beats is the dif- 
ference of the frequencies of vibration of the heating’ notes. 


Note A. § 8C9. 

That the particles which are moving forward arc in a state of compression, may he 
shown in the following way : — Consider an imaginary cross section travelling forward 
through the tube with the same velocity as the undirlation. Call this velocity v, and the 
velocity of any particle of air u. Also let the density of any par-tiole bo denoteil bj' p. 
Then ii and p remain constant for the imaginai'y moving sectitm, and the mass of air which 
it travex’sos in its motion per unit time is {v — u) p. As there is no permanent transfer of 
air in either direction tlirough the tube, the mass thus traversed xunst be the same as if 
the air were at rest at its natural density. Hence the v.aliie of {p - ii) p is the same for 
all cross sections; Avlience it follows, that where u is greatest p must be greatest, and 
where M is negati ve p is less than the natural density. 

If po denotu the natural density, we have {v-u} p — vpo, whence * that is to say, 

v.p 

the ratio of the rclocitp of a particle to the velocity of the undulation is equal to the eonclen- 
sntiuii existing at the particle. If ti is negative — that is to say, if the velocity bo retrograde 
— its ratio to v is a measure of the rarefaction. 

From this principle w'e may easily derive a formula for the velocity of sound, bearing in 
mind that u is always very small in comparison with v. 

For, consider a thin lamina of air whose thickness is Sic, and let du, 5p, and op he 
the excesses of the velocity, density, and pressure mi the .second side of the lamina 
above those on the first at the same moment. The aliove oipiation, (r-n) p™7‘prt gives 

(y - w) 5 p - p 6 a — 0, whence -^1 --- — or, since u may be neglected in comparison with r, 

op p " ■ ■ ■ ' 

Su V 
5p”p' 

The time which the moving section occupies in traversing the lamina is and in this 
time the velocity of the lamina changes by the amount - 5 «, since the velocity on the 
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second side of tho Irnnina i.- at tfio lu'chiniiiir ;iu.l n at tin; ciul of tlio time, Tim 

force pro<iiicin|j tills eliaii^e of velocity (if the Keetittn of the tnlio bo unity) is ~~op, nr 

-1'41 dp, and must be erpinl to the ijimtient (>f change of inimumtmii by time, that is 

p ' 

to — po.c , ou ~r ‘’ \ or to — p V ?i li, Ileiicu Equating tliia to the ullmr 

' : ■ » • 0 0 (>“ e 


expression for %ve have 
dp' 


- £-| 




This invotigation is due to Professor Banldne, Phil, Tnou:. 1S69. 

Notb.B. ,...§'',874. .' 

The following is the usual investigation of the velocity of transmission of sound through 
a uniform tube tilled wuth air, friction being' negdected : Let iK denote the orighia-l distance 
of a liartichi of air from the section of the tirbe at which the sound originates, and a:+y its 
distance at time t, so that y is the displacement of the particle from the position of equili- 
brium. Then a particle vvhich was originally at distance, * + 5 . <; will at time t be at tho 
distance 'x--\-dx-\-y-i-hjy and the thickness of the intervening lamina, which was originally 

dx, is now 5a;+ 5 «. Its compression is therefore - or ultimately and if P denote 

' ' ' oic .... aaj ... ^ 


The excus.s of pressuro 


the original prcssiu'e, the increase of |)ressure is — 

behind a lamina Sit above the pressure in front is (I'-il P S x, or l*-il Sx; 

dx ^ dx dx- 

and if II denote the original density of the air, tho acceleration of the lamina will be the 
• • • *?/ 

quotient of this expression by 1 >. Sst, But this acceleration is Hence we have tl;e 

equation 

. . d" y_ 

djd“ 




the integral of which is 


y—F(x^v t) +/ {x + ® f) ; 


where v denotes 


1'41 0 , and P, / denote any functions whatever. 


The term F {x~vt) I’epresents a wave, of the form ij='F (x), travelling forwards with 
velocity r ; for it has the sanu* value fox- H- S « and .<q + r . St as for ti and .r.. The term 
f (x + rt) represents a wave, of tho form y~f [x'j, travelling backwiirds with tho sanu: 
velocity. 

In order to adiipfc this investigation, as well as that given in aSTote. A, to the pvopa.gatiivn 
of longitudinal vibrations through any olastie- material, whothoj- solid, liquid, or gaseous, wtj 
have merely to introduce E in the place of 1-41 P, E denoting i.he eoelli(.'ient of i;]astieity 

(if the pubstanec, as defined by the conditi<in that a (anmprossinu is produced by a force 

CitiC 

(tier unit area) of E 

dx 


Note C. § SS7. 


The following is the regular mathematical investigation of the intei-forence of direct 
and reflected waves of tho simplest type, in a tmiform tube. 
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Uhiii" x, ij, and t in the same sense as in Note B, and measuring x fri'in the reflecting 
surface to meet the incident waves, we have, for the incident waves, 

• Xf\“V t fy ('%\ 

7/i = a. sm - 25r, (I) 

'A ■■■ . 

a denoting the ainj.ditude, and X the wave-length. Nor the reflected waves, we iiave 

• 'J* V fj /4')\ 

“ a siu - 2 TT, ' 

since this equation represents waves equal and opposite to the formei*, ami satisfies the 
condition that at the reflecting surface (whei’e a; is zero) the total disturbance 2/i+?h is 
Ktmo. I’utting y for ?/j + y«, we have, by adding the above equations and employing a well- 
known formula of trigonometry, 

y=.2a sin ? 2 ir . cos — 2 w. (3) 

A A 

The extension (or compression if negative) is and we have 

d v 2 tr ct X, r f CT, , , , 

-A=__-2aeos 2 t.cos — 2 7r. (4) 

ax A A A 

The factor sin — 2 7r vanishes at the points for -which x is either zero or a multiple of 
A 

A A, and attains its greatest values (in arithmetical sense) at those for which x is ;)• A, or 

-{■ A plus a multiple of A A. On the other hand, the factor cos 2 ti- vanishes at the latter 

A ■ ■ 

points, and attains its greatest values at the former. The points for whieh siir — 2 ir 
vanishes are the nodes, since at these points y is constantly zero:; and the points for. 
which cos 2 T vanishes are the antinodes, since at these the extension or eomiiression is 
constantly zero. 

Tlic motion represented by equation (3) is the simplest type of statu >n( 0 '?j undnlaiam. 
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889. Qualities of Musical Sound. — Musical tones differ one from 
another in respect of three qualities; — loudness, pitcli, and character. 

Xo?.n/'>7css. — Tlie loudness of a sound considered .suhjectively is the 
intensity of the sensation with which it affects tlie organs of liearing. 
Regarded ohjeetivoly, it depends, in the case of sounds of the same 
pitch and character, upon the energy of the aerial vilwations in the 
neighbourhood of the ear, and is proportional to the square of the 
amplitude, 

Ofir auditory apparatu.s is, howex’'er, .so constructed as to 1 te more 
susco])tiltle of impression by sounds of high than of low pitch, A 
bass note must have much greater energy of vil;>ration than a treble 
note, in order to .strike the ear as equally loud. The intimsity of 
sonorous vibration at a point in the air is therefore ntit an ai'Sulute 
mea.sure of the intensity of the sensation which will bo received ly 
an car placed at the point. 

The word loud i.s also frequently applied to a sourci' of sound, as 
when we say a loud voice, the reference being to the loudness as 
heard at a given distance from the source. The diminution of loud- 
ness with incu'case of distance according to tlie law of inverse .squares 
is essentially connected with the proportionality of loudness to .scjuarc 
of amplitude. 

Pitch . — Pitch is the quality in re.sj)ect of wlu<‘li an acute sound 
dilfers from a. grave one; for exainple, a trchle nott* fnau a- Imss note. 
All persons are capable of appreciating dillbrenccs of pitch to some 
extent, and the power of forming accurate Judgments of pitch con- 
stitnte.s Avhat i.s called a musical ear. 

Physically, pitch depends solely on frequency of ■vihratam, that 
is to say, on the number of vibrations executed per unit time. In 


S07 


QUALITIES OF SOUNDS. 

ordinary ciremustancos tins frequency is the same for tl)C source of 
sound, the medium of transmission^ and the drum of tlie ear of tlie 
person liearingq aiid in general the transmission of vibrations from 
one body or medium to another produces no change in tlieir fro™ 
rpuincy. Tlio second is universally employed as the unit of time in 
treating of sonorous vibrations; so that frequency means numher of 
nlbmtloiis ‘per second. Increase of frequency corresponds to eleva- 
tion of pitch. 

Veviod in\d fi'C(que,ncy are reciprocals. For example, if the period 
of each vibration is Yurr of’ s(3Cond, the number of vibrations per 
second is 1 00. Period therefore is an absolute measure of pitch, and 
the ionger tlie period tlic lover is the 2 >iteh. 

The wave-length of a note in anj’- medinm is the distance which 
sound travels in that medium during the period corresponding to the 
note. Hence wave-length may be taken as a measure of pitch, ju'o- 
vided the medium bo given; but, in jiassing from one medium to 
another, 'wave-length varies directly as the velocity of sound. The 
wave-length of a given note in air depends upon the temperature of 
the air, and is shortened in transmission from the heated air of a 
concert-room to the colder air outside, while the pitch umlorgoes no 
cliange. 

If -we compare a series of notes rising one above another by ^Yhat 
musicians regard as eipial difleronees of jutch, their fre(|ucnc.ies will 
not bo equidilTerent, but will form an increasing geometrical pi‘o~ 
grossion, and their jicriods (and wave-lengths in a given medium) 
will form a decreasing geometrical jwogression. 

CJaLvaciev. — Musical sounds inaj’', however, be alike as regards pitcli 
and loudness, and may yet be easily distinguishable. We speak <;f 
the quality of a siuge-r’s voice, and the tone of a musical instrument; 
and we characterize the one or the other as rich, sweet, or melloAv; 
on the one hand; or as poor, harsh, nasal, &c., on the other. These 
epitliets arc descripti\'e of "what musicians call timbre — a Trench 
word literally signifying stamp. German writers on acoustics denote 
the same (pudit^’-by a term signifying sound-tint It might equally 
well be called soiind-jiacoiiv. We adopt character as the bo.st 
English des ignati on. 

Pliysically considered, as wave-length and wave-amplitndo fall 
under tlie two I'jreA'ious heads, character must depend upon the only 
remaining point in which aerial waves can diifer — namely their 
form, meaning by this term the law according to which the velo- 
57 
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cities and densities change from point to point of a waYe, This 
subject will be more fully treated in Chapter Ixv. Every musical 
sound is more or less mingled with non-miisieal noises, sueli, as pulfing, 
serapiiig, twanging, hissing, rattling, &c. These are n(jt cinnpre- 
hendod umler ilmhre or character in the usage of the be&t writers 
on acoustics. The gradations of loudness which cliaraeterize the 
coniinoncDinent, progress, and cessation of a note, and upon wliich 
jiiTisical eilbct often greatly depends, arc likewise excluded from this 
designation. In distinguishing the sounds of ditlerent musical in- 
struments, we arc often guided as inueh by these gradations and 
extriuieous accompaniments as by tlic character of the musical tones 
tliemselyes. 

890. Musical Intervals. — When two notes are heard, either .simul- 
taneously or in succession, the ear experiences an impression of a 
.special kind, involving a perception of the relation existing between 
tliem as regards difference of pitch. This impression is often recog- 
nized as identical where absolute pitch is voiy dilfereiit, and wo 
express this identity of impression by saying that the musical iyifer- 
wHs the same. 

Each mu.sical interval, thu.s recognized by the ear as constituting 
a particular relation between two ndtes, is found to correspond to a 
paiticular ratio between their fref|Uoncies of vibration. Thus the 
octave, which of all intervals is that which is most easily recognized 
by tlie ear, is tlie relatiim between two notes whoso Jrcgv.envlt’s are 
as 1 to 2, the upper note making twice as many %ibi'ation.s as tlie 
lower in any given time. 

It is the musician’s businesws so to combine sounds as to awaken 
emotions of the peculiar kind which are associated with work.s of 
art. In attaining this end he employs ^'arions resource's, but musical 
intei’vals occupy the l!oremo.st place. It i.s upon the judicious employ- 
ment of these that successful com])ositioii mainly depeiuls. 

'i 891. G-amut. — The (jinnut or cliatomc scale is a series of eight- 
notes having certain definite relations to one another as regards 
freipiency of vibration. The first and last of the eight are at- an 
interval of an octave from each other, and art; culit'd by {.lie sann' 
name; and Iw taking in like manner tlio octaves <A' the otla'r notes 
of the series, wc obtain a repetition of the gamut huth upwards and 
downwards, which may be continued over as many octaves as we 
please. 

The notes of the gamut are u.sually called by the names 
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Do Re Mi Fa Sol La . Si Do, 

and tlieir vibration-freqnencies are proportional to the numbers 
1 ' £ A A ..A ■ 4 14 . ■ 2 

b 4 i> Ij ^ fcj 

or, clearing fractions, to 

‘2-i: 27 30 32 36 40 45 4S 

The intervals from Bo to each of the others in order are called a 

second, a meteor third, & fourth, o, fifth, a sixth, a seventh, and an 

oc^at '6 respectively. The interval from La to B 03 is called a ''minor 
third, jmd is evidently represented by the ratio 

The interval from Do to Ke, from Fa to Sol, or from La to Si, is 
represented by the ratio f, and is called a 'niajor tone. The interval 
from Re to Mi, or from Sol to La, is represented by the ratio Vband 
is called a 'minor tone. The interval from Mi to Fa, or from Si to 
Doo, is represented by the ratio l-f, and is called a li'min'j. As the 
squai-e of hf is a little greater than -g-, a limma is rather more than 
half a major tone. 

The intervals between the successive notes of the gamut are ac- 
cordingly represented by the following ratios^:-— 

Do Re Mi Fa Sol La Si Doj 
0 10 10 9 10 9 30 

S' "ir xs X , X . : X — ' Xa' 

Bo (with all its octaves) is called the /.»?/-« ojfc of the piece of music, 
and may have any pitch whatever. In order to obtain perfect liar- 
mony, the above I’atios should be accurately maintained whatever 
the key-note may be. 

892. Tempered Gramut.— A great variety of keys are employed in 
music, and it is a practical impossibility, at all events in the case of 
instruments like the piano and organ, which have only a definite set 
of notes, to maintain these ratios strictly for the whole range of pos- 
sible key-notes. Compromise of some kind Ijeeomes neeessaiy, and 
dilierent systcmis of compromise are called different teinpenments or 
difierent modes of temperament. The temperament which is most 
ill favour in the ]'>rescnt day is the simplest possible, and is called 
equal tcirLpcranicnt, because it favours no key above anotbei', but 
makes the tempered gamut exactly the same for all. It ignores the 

^ The logarithniic clifforerines, winch are accurately proportional to the intervals, are 
approximately as under, omitting' superfluous zeros. 

Do Re Mi Fa Sol La Si Do 
51 46 28 51 46 61 28 
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cliffcronco Lv'^twcr-n lunjor ami minor tones, ami makes tlir* linima 
exactly halt' oi' i-ifltor. i’lio interval from I'Su to Doj is thus divided 
into 5 tone.s and 2 semitone, s, a tone ixdng oi‘ an oetaa e. and a 
semitniie octave. The ratio of iVcjjaeneio.s e(a're,sp<mding' to 

a tone will tlicrei'oiu ],.e the sixth root ol! 2, and fur a seuiitunu it will 
he the J21h rout of 2; 

Tin; diliereneo hetwt^on the natural and the tempei'isl gamut for the 
key of t) is .shoivn hy the 'following table, ■which gives the jinndier 
of complete vihr.ations p>er second for each note of tlio rniddl'* octave 
of an ordinal’ V piano: — 


Natural Ouiinifc. 

ysb-o 

4:11 -l 

48:o0 


Ti'iuiiercd Ouinut. NalaVal (rmnuf:. 
. 'i.lS'Z 25.S'7 

. 2rJ(i-;3 2yT0 

. 0’25i> 323-t 

.. ti-liVo oi4*9 


The ahsoluri? pitch hero adopted is that of thii Paris Conservatoire,, 
and is fixed hy the rule that A (the middle A of a jiiano, or tlie. A 
.string of a violin) is to liave 435 complete vibrations p('r .second in 
the tempered gamut. This is rather lower than the etincert-pitcdi 
which has prevailed in this country in recent years., but is pruVtably 
not ,so h.nv as that ivhich jircvailed in the time of llandi'I. It will 
be noto'd that the nniuber of vibrations corre.sjiom.iing to CJ i.s 
apjiroximately equal to a power of 2 {25{) or 512). Any of 

2 accordingly expre.sses (to the same degree of ajiproxim.auun) tl:ie 
number O'f vibrations corresponding to one of tho octai’c.s ui' C. 

The Stntlgard eoiigre.ss (1834) recommended 528 vibrations per 
second for C, and tho C tuning-forks sold iimler the saiieihui of the. 
Sueioty of Arts are guaranteed to have tliis pitcdi. By mnli i}dying 
the numbers 24, 27 . . . 48, in § 891, by 1.1, 'wo .shall obtain the 
frequencies of vibration for the natural gamut in G corre.spomling' to 
this standard, "VYhat is generally called ciman'l- pitch gives Cl alxuit 
538, Tl'ie C of the Italian Opera is 540, l-laiidel’s C is said to liave 
been 49i)h 

893. Limits of Pitch employed in Miisie.—Tlte deepest note re- 
gularl^'’ emphwed in inirsic is the C of 32 vibrations jx-r .siT'ond 
which is emittt'd, by the .longest pipe (the IG-foot pipe) of nio.st 
organs.- Its -vvave-length in air at a tenqierature at which tlio velo- 
city of sound i.s 1120 feet per second, i.s feet. The highest 

note employed seldom exceeds A, the third octave of the A above 
defined. Its number of vibrations per second is 435 x 2'*~3480, and 
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its ■\vavc-lengtli in air is about 4 indies. Above tbiKS limit it is diffi- 
cult to appreciate pitch, but notes of at least ten times this number 
of vibrations are audible. 

Tlie average compass of the human voice is about two octaves. 
The deep F of a bass-singer has 87, and the upper G of the treble 
775 vibrations per second. Voices which exceed either of these 
limits are regarded as deep or high. ■ 1; ,• '.‘ i''' 

894. Minor Seale and Pythagorean Seale. — The difference between 
a major and minor tone is expressed by the ratio called a 

comriut. The ditfereiice between a niinor tone and a lirnma is ex- 
pressed l:>y the ratio and is the smallest value that can be assigned 
to the somewhat indefinite interval denoted by tbe same seinitone-, 
the greatest value being tbo limma itself (l-J)- signs i? and ^ 

(sharp and Hat) appeiifled to a note indicate that it is to be raised or 
lowered by a semitone. The major scale or gamut, as above given, 
is nioilified in the following way to obtain the minor scale: — 

Do He Mi? Fa Sol La? Si> Do. 

!) OR 3_0 £) f no 

U 13 y s' 15 'S' if 

the numbev.s in the second lino being the ratios which ri'pro.sont tbe 
intervals be.tween the succe.s.sivc note.s. 

It i.s worthy of note that Pythagoras, who was tlie 'Hrst to attempt 
the numerical evaluation of musical intervals, laid down a .sclunue of 
values .slightly difierent from that which is now generally adopted. 
According to him, the intervals between the sueces.sivo notes of tlie 
major scale are as follows: — 

Do He Mi Fa Sol La Si Do 

0. : ■ 9 2 5 0 9 n 9 2 5 0 

a. ..'S' 2 .ill 's' ■ 'g: ■ U 

This scheme agrees exactly with the common sy.stem as regards tlie 
values of the fourth, fifth, and octave, and makes tlie values of the 
major third, the .sixth, and tlio seventh eaeli greater liy a comma, 
while the small interval from mi to fa, or from ai to do, is diminished 
by a eomma. In the ordinary system, the prime nuDdoem which 
enter the ratios are 2, 3, and 5; in the Pythagorean .system iiiey are 
only 2 and 3; lienee the interval between any two notes of the 
Pythagorean scale can bo expressed as the .sum or dilference of a 
certain number of octaves and fifth.s. In tuning a violin by making 
the intervals between the strings true fifths, the Pythagorean scheme 
is virtually employed. 
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895. Methods of Oounting Vibrations. Siren.— The instrument 
^Yhiell is chiefly employed for counting the niimbei’ of vibrations 
corresponding to a given note, is called the 'siren, and was devised 
by Cagniard de Latoiir. It is represented in Figs. 614, 015, the 
Ibrmer being a front, and the latter a back view. 

There is a small wind-chest, nearly cylindrical, having its top 
pierced with fifteen holes, disposed at equal distances round the 
circumference of a circle. Just over this, and nearly touching it, is 
a movable circular plate, pierced with the same number of holes 



Fig. (114. Siren. Fig. CIS. 


similarly arranged, and so mounted that it can rotate very freely 
about its centre, carrying with it the vertical axis to which it is 
attached. This rotation is efiected by the action of the wind, wliich 
enters the wind-chest from "below, and escapes through the holes. 
The form of the holes is shown by the section in Fig. 615. flliey do 
not pass perpendicularly through the plates, but slope contrary ways, 
so that tlie air when forced througli the holes in the lowin' plate 
iinpingos upon one side of the holes in the upper plate, and thus 
blows it round in a dcfmito direction. The instrument is di’iven by 
means of the bellows sho-wn in Fig. 625 (§ DIO). As the rotation of 
one plate upon the other causes the holes to bo alternately opened 
and closed, the wind escapes in successive puffs, whose frequency 
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def)ends upon tlie rate of rotation. Hence a note is emitted 'wliieli 
rises in pitch as the rotation becomes more rapid. 

The siren will sound under water, if water is forced throngli it 
instead of air; and it was from this circumstance that it derived its 
name. 

In each revolution, the fifteen holes in the upper plate conn", 
opposite to those in the lower plate 15 times, and allow the cons- 
air in the wind-chest to escape; while in tlic intervening 
almost entirelj prevent<KL Each reyGlutipn; 
ibrations; and in order to know the number 

necessary. 


pressed 

positions its escape is 
thus gives rise to 15 v 

of \dbi-ations coiTespanding to the note einittecl, it is only 
to have a means of counting the revolutions. 

This is furnished by a counter, which is represented in Fig. G15. 
The revolving axis carries an endless screw, driving a wheel of 100 
teeth, wliose axis csirries a hand traversing a dial marked with 100 
divisitjiis. Each revolution of the perforated plate causes this liand 
to advance one division. A second toothed-wheel is drivcsi inter- 
mittently by the first, advancing suddenly one tooth whenever the 
hand belonging to the first wheel passes the zero of its scale. This 
second wheel also carries a hand traversing a: second dial; and at 
each of the suddf'n raovemeilts just described this hand advances oru! 
division. Each division accordingly indicates 100 revolutions of the 
perforated plate, or 1500 vibrations. By pushing in one of the t^Y0 
buttons which are shown, one on each side of tlie box containing 
the toothed- wheels, we can instantaneously connect or disconnect tlu> 
endless screw and the first toothed-wheel. 

In order to determine the number of vibrations corresponding to 
any given sound which we have the power of maintaining steadily, 
we fix the siren on the bellow’s, the screw- and wheel being dis- 
connected, and drive the siren until the note which it emits is judged 
to be in unison with the given note. We then, either by regulating 
the pressure of the wind, or by employing the finger to press with 
more or less friction against the revolving axis, contrive to keep the 
note of the siren constant for a measured interval of time, which we 
observe by a -watch. At the c(.)nnnencement of the interval wo sud- 
denly connect the screw and toothed-wheel, and at its terniination 
we suddenly disconnect them, having taken care to beep the siren 
in unison with the given sound during the interval. As the hands 
do not advance on the dials when the screw is out of connection -with 
the wheels, the readings before and alter the measured interval of 


904) 


N CLERICAL EVALTJATTOX OF SOUND. 



time can be talccn at loisiiro. Eacli reading con.sl.sts ol; fovj* figures, 
iiirlieating the iminber ot* rovulutitjus; from tlici jioro position, luiits 
and tens being read oil' on the iii’.sfc dial, and hundreds and [hoiisands 
on the second The diilbrence <d' the t^vu rea, dings is the number of 
I’evulutions juado in the incasuroil interval, ari'l T^'bcn inidtip.Jied by 
Id eiv('s the number oi vibration, s -in the interval, 'wheuco the 
uuniher vibrations per second is coinpiitod hy division. 

896. Graphic Method,-~^Iii the hand.s of a skilful operaic-r, with a 
gvtod musie.al ear*, the siren is culpable of yielding veiy accurate deter- 
mination, s, especially if, by adding or subtracting the iiiunber of beats, 


Fig. C16. — Vibi’oscope. 


correction be inadG for any slight difference of jntch between the 
siren and the note under investigation. 

The vibrations of a tuning-fork can be counted, without the aid 
of the siren, hy a graphical metho<l, which doe.s not call fur any ex(n- 
cise of mnsical judgment, but .simply involves the performance oi a. 
mod laiiieal opera lion. 

The tuning-fork is fixed in a horizontal ]) 0 .sitiun, as shown in Fig. 
G16, and luis a light stylo, which may he of bra.s.s wire, <.{ulll, or 
bristle, attached to one of il.s prong.s, hy wax or otherwise. To 
receive the trace, a piece of smoked paper is gummed round a 
cylinder, which can be turned by a handle, a screw cut on the axis 
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causing it at the same time to travel endwise. The cylinder is 
placed, so that the style barely touches the blackened surface. The 
fork is then made to vibrate by bowing it, and the cylimier is 
turjied. The result is a v'avy line traced on the blackened 'surface, 
and the number of wave-forms (each including a pair of hends in 
opposite directions) is the number of vibrations. If the experiinoiit 
lasts for a measured interval of time, wo have only to count these 
wave-forms, and di\'idc by the number of secoinis, in order to obtain 
the numher of vibrations per second, for the note of the tuning-fork. 
By plunging the paper in ether, the trace will be fixed, so that the 
paper })!ay be laid aside, and the vibrations counted at leisure. The 
apparatus is called the vihroscoj'ye, and was invented by Duhamel. 

M. Leon Scott has invented an instrument called the pkonemto- 
graph, which is adapted to the graphical representation of sounds in 




Fig. C17.— Traces l)y Phon autograph. 

general. The style, which, is very light, is attached to a momhrane 
stretched across the smaller end of what may be called a large ear- 
trumpet. The membrane is agitated by the aerial waves proceeding 
from ail}" source of sound, and the style leaves a recoi'd of the.se agitta- 
tions on a Waekenod' cylinder, as in Duhamers apparatus. Fig. C17 
repre.sents the traces thus ohtainotl from the sound of a tuning-fork 
, in three tlirterent mode.s of vibratioii. 

897. Tonometer. — When we have determined the frequency of 
vibratioii for a particular tuning-fork, tliat of another fork, nearly 
in unison ■wdili it, can be deduced by making the two forks vibrato 
simultam.wnisly, and counting the beats whicli they pinduce. 

Schciblers tonometer, which i,s constructed by Koenig of Paris, 
consists of a set of 65 tuning-forks, such that any two consecutive 
‘ forks make 4 heats per second, and consequently differ in pitch by 

1 
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4 vibi'iitions per second. The lowest, of tlie scries makes 250 vibra- 
tions, and the highest 512, thus coni 2 )lotmg an octav'o. Any note 
within this range can have its vibratiou-iVoqnency at (mee doter- 
niiiied, ^vith great accuracy, by making it sound simultaneously witli 
tlio fork next above or below it, and counting beats. 

"With tile aid of this instrument, a piano can be tuned with, cer- 
tainty to any desired vsystem of temperament, by lirst tuning the 
notes which come within the conipasrs of the tonometer, and then 
proceeding by octaves. 

Ill the ordinary methods of tuning pianos and organs, tempera- 
ment is to a great extent a matter of chance; and a tuner cannot 
attain the same temperament in two successive attempts. 

898. Pitch modified by Relative Motion. — kVe have stated in § 889 
that, ill ordinary circumstances, the frcquenc}?' of vibration in the 
source of sound, is the same as in the ear of the listener, and in the 
intervening medium. This identity, however, does not hold if the 
source of sound and the ear of the listener are approaching or reced- 
ing from each other. Approach of either to the other pi-oducos in- 
creased frequency of the pulses on the car, and consequent elevation 
of piteli in the sound as heard; while recession has an opposite effect. 
Let -n bo the number of vibrations perfor’incd in a second by the 
source of the sound, v the velocity of sound in the ine<lium, and a, 
the relative velocity of approach. Then the number of waves .vhich 
reach the ear of the listener in a second, will be n f^lus the number 
of waves which cover a length a, that is (since n waves cover a 
length tO.Avill be n-f or Lie'll. 

The following investigation is more rigorous. Let the source 
make n vibrations j)er second. Let the observer move towards the 
source with velocity a. Let the source move away from the observer 
with velocity a'. Let the medium move from the observer towards 
the source with velocity m, and let the velocity of sound in the 
medium be v. 

Then the velocity of the observer relative to the medium is a - m 
towards the source, and the velocity of the source nlutive to the 
medium is a' -on away from the observer. The vi»locity of the 
sound relative to the source will be ditierent in dihevent directions, 
its greatest amount being -u-fa'-w towards the observer, and its 
least being away from the observci'. The length of a 

wave will vary with direction, being ~ of the velocity of the sound 
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relative to the source. The length of those ■waves which iiicet the 
observer will be and the velocity of these waves relative to. 

the observer will be hence the number of waves that meet 

him in a second will be — ^ 

Gareful observation of the sound of a railway whistle, as an express 
train dashes past a station, has confirmed the fact that the sound as 
heard by a person standing* at the station is higher whiie the train 
is approaching than when it is receding. A speed of about 40 miles 
an hour will sharpen the note by a semitone in approaching, and 
flatten it by the same amount in recoding, the natural i)itch being 
heard at the instant of passing.^ 


‘The heist obsoi’vations of this kind were those of Dm’s Ballot, in which trumpeters, 
with their instruments previously tuned to unison, were stationed, one on the litcoinotive, 
and others at tliree stations beside the lino of railway. Each tvuiui>etLT was accompanied 
by musicians, charged with the dut}' of cstijnating tlie difference of pitch between the note 
of his trumpet and those of the others, as heard before and after passing. 
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899. Longitudinal and TransYOrse Vibrations of Solids. — Sonorous 
vibrations are manifestations of elasticity. When the particles of a 
solid body are displaced froui their natural positions relative to one 
another hy tlie application of external force, they teja.l t(j reiann, in 
virtue of the elasticity of tlie body. When the external force is 
removed, they s}>rin^' Itack to their natural position, pass it in virtue 
of the velocity acipired in the return, ami execute isuchruuons vihra- 
tions al'H>ub it until they gradually come to rest. The isoclironism 
t)f the vibrations is proved by the eonsi.aiiey oi* pitch of the sound 
emitted* and from the isochroiiisiu we can infer, by the add tif matlse- 
inatical reasoning, that the restoring force increases diincily as the 
displacement of the parts of the body fi-oiu their natural relati\'e 
position (§ 111). 

The same body is, in general, susceptible of nia,ny difForent modes 
of vibration, winch may be excited by applying forces to it in dif- 
ferent ways. The most important of these are coinpjrehended under 
the two heads of lonjltucUnal and transverse vibrations. 

In the former the particles of the body move to and fro in the 
direction along which the pulses travel, which is always rogavdoil as 
the longitudinal diroetinn, and the deformations jn-odiici-d Ccusist in 
alternate coin})rossions and extensions. In the laUer the iiai'tiele-^ 
move to and fi'O in directioris transverse to that in which the pulses 
travel, and the deformation consists in bending. To produta;; longi- 
tudinal vibrations, we must apply force in the longhudlual dh'octiuu. 
To produce transverse, vibration, we mu,st apply forcii trans^-m'sely, 

900. Transverse Vibrations of Strings, — To the transverse vibra- 
tions of strings, instrumental music is indebted for some of its most 



VIRIIATIONS OF STBIKGS. 


precious resources. lu tlio violin, violoncello, &:c., tlie strings are set 
in \i!:iration liy drawl ngf a bow across them. Tlie part of the bow 
wliich acts on the strings consists of hairs tightly stretched and 
nibl'sed with rosin. The bow adlieres to the string, ami draws it 
aside till tli(i reaction becomes too great for the adhesion to o^’ereoiifc. 
As till! l)Ow continues to he drawn on, slipping takes place, and the 
more fact of slipj)ing diminislies the adhesion, ildio string accordingly 
springs back suddenly through a finite distance. It is then again 
caught by tlse bow, and the same action is repeated. In the 
harp and guitar, the strings are plucked with the finger, and then left 
to vibrate freely. In tbo piano the wires are struck with little ham- 
mers face.d witli leatlier. The pitch of the sound emitted in these 
various cases <lepends only on the string itself, and is tlie same 
whichever mode of excitation be employed. 

901. Laws of the Transverse Vibrations of Strings. — It can ho 
shown by an investigation closely analogous to that which g^ives the 
velochy of sound in air, that the velocity with which transverse 
vibrations travel along a perfectly flexible string is given by the 
formula 


i- denoting the tension of the string, and m the mass of unit lengilx 
of it. If m l)(i expressed in grammes per centinn.'tro of length, ^ 
should he expressed in dynes (§ 87), and the value, obtained for 
will be in centimetres per second. The sudden disturbance of any 
pciint in the string, causes two pulses to start from this point, and 
rim along the string in opposite <lirections. Each of these, on 
an-iving at the end of the free portion of tlui string, is reflected 
from the solid support to which the string is attached, and at the 
same', time undergoes reversal as to side. It runs back, thus reversed, 
ro the ofclit'r end of the fi-ce portion, and there again undergoes 
refloclion and reversal. "When it next arrives at the origin of the 
di.stnrbance, it has travelled over just twice the length of the string; 
and as this is true of lioth the ]mlsos, they must both arrive at this 
point togdher. At the instant of their meeting, tliing.s are in the 
-same condition as whexi the jnilses were originated, and the move- 
ments just described will again take place. Tlie period of a complete, 
vibration of the string is therefore the time required for a pulse to 
travel over twice its length; that is, 
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? denoting tlie lengtli of the string between its 
and % the iiuml.fer of Tibi-ations per second. 


( 2 ).. 

of attacliineiit. 


This loiaaula iiivolves the following laws:— : 

1. 'Wlien the lengtli of the vibrating portion of the stiing is .‘iUered,. 
without eluinge of tension, the frequency of vibration varies iiivvo-.sely 
as the huigth, 

2. If the tension be altered, without change of length in the 
vibrating portion, the frequency of vibration varies as the square 
root of the tension. 

o. Strings of the same length, stretched with the same forces, have 
frequencies of vibration which are inversely as the square roots of 
their masses (or weights). 

4?. Strings of tlic same length and density, hut of ditierent thick- 
nesses, will vibrate in the same time, if they are stretched with 
forces proportional to their sectional areas. 

All those laws are illustrated (qualitatively, if not (:|ua.ntitatively) 
by the strings of a violin. 

The iirsb is illustrated hy the fingering, the pitch being raised as 
the purtidii string liotwoen the finger and the bridge is shortened. 

The second is illusti'ated by the mode of tuning, wliifh consists in 
tightening the string if its pitch is to Ijo raised, or slackerdog the 
string if it is to be lowered. 

The third law is illustrated by the construction of the bass string, 
which is wrapped round with metal wire, for the purpose of adding to 
its mass, and thus attaining slow vibration without undue slaclvuess. 
The tension, of this string is in fact greater than that of the string 
next it, though the latter vibrates more rapidly in the ratio of o to 2. 

The fourth law is imlirectly illustrated by tlie sizes of the first 
’ three strings. The truhle string is the smallest, ami is nevcrlhelu'ss 
stretched with mnch gi'cater force than any of tlu; others, TIu' tlfii'd 
string is the thickest, a..nd is stretched witli less h,)rco than any of 
t].ie others, Tlie incrcaserl thickness is ncicessary in order 1^.) give 
siiflicient 2 :iower in spite of the slackness of the string, 

902. Experimental Illustration; Sonometer. — For the quantitative 
illuskation of these laws, the instrument culled the sonometer, re- 
presented in Fig. CIS, is commonly employed. It consists esseii- 





tially of a string or wire stretclied over a soundmg-box by means ox 
a weight. One end of the string is secured to a fixed point at one 
end of the soiinding-hox. The other end passes over a pulley, and 
carries weights which can be altered at pleasure, ISTcar the two 
ends of the box are two fixed bridges, over wliich the cord passes. 
There is also a movable bridge, which can be employed for altering 
the length of the vibrating portion. 

To verify the law of lengths, the whole length Inotween the fixed 
bridges is made to vibrate, either by plucking or bowing; tlie mov- 


■Sononietor. 


able bridge is then introduced exactly in the middle, and one of the 
lialves is made to vibrate; tlie note thus obtained ■will be found to 
be tlio upper octave of the first. The frequoiicy of vibration is there- 
fore doubled. By making two-thirds of 'the whole leng;th vibrate, 
a note will be obtained which will he recognized as the fifth of the 
fundamental note, its vubratioii-freqnency being therefore greater in 
the ratio {k To obtain the notes of the gamut, wo commence ■with 
the string as a whole, and then employ portions of its length repre- 
sented by the. fractions 4, f, n-, L 

To ■verify the law iinkpendcntly of all knowledge of musical inter- 
vals, a light style may he attached to the cord, and caused to trace 
its vibrations on the vihroscopo. Tliis mode of proof is also inore 
general, inusniueh as it can l>e appilicd to ratios winch do not corre- 
spond to any riaxignized mnsical interval. 

To verii'y the law of tensions, we must change the weight. It 
will he found that, to produce a rise of an octave in pitch, the freight 
must he increased fourfold. 

To verify the third and fourth laws, two strings must be employed, 
their masses having first been determined by weighing them. 
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If the strings are thick, and especially- if lliOT are thick ste^^l wires, 
their tlcxural rin'kllty has a sensihlo etiect hi making the viltratiims 
quicker thnn they mould be if the tensioji acted alone. 

903. Harmonics. — Any person of ordiiuiry musii'nl ear may (‘asily, 
]>y a. little exer<'ise of attention, detect in any note of a- jaano tin; 
presence ef its iq.pc.-r octave, and of another note a, fifth higlu-'i* than 
this; these being tlio noti;s which correspon*! to -frequeiieies i-f vibra- 
tion double and triple that of the fundamental note. A highly 
trained ear can detect, the presence of other notes, oorrespomling to 
still higher multiples of the fimdaniental frequency of vibration. 
Huch notes are called harmcmics. 

When the vlbmt ion-frequency of one .note 'is an exocf- ntvUi/ile 
of iha.t of another note, the former note is callrA a, harritorric of the 
latter. The notes of all stringed instruments contain numerous 
harmonics Idended with the fundamental tones. Bells un'l vibrating 
plates have higdier tcnios mingled with the fundam(;iital tone; but 
these higher tones are not harmonics in the sense in wliieh we use 
the word. 

A violin string sometimes fails to ydeld its fimdamonbal note, and 
gives the octave or some other harmonic instead. This result can be 
brought about at pleasure, by lightly touching the string at a pro- 
perly-selected point in its length, -while the bow is a[tplied in the 
usual Wiif''. If touched at the middle point of its h'ngili, it gives 
the ()cfca\'e. If tcuiehed at one-third of its length from either t*nd, it 

gives the lifth abo-vo tlio octave. Tlie law is, that if touclmd at ■ 

of its length^ from either end, it yields the harim-mic whosf} vibration- 
frequoncy is n times that of the fundamental tone. The string in 
these cases di\ ides itself into a number of equal viljrating-segmcnts, 
as shown in Fig. 019. 

The division into segments is often distinctly risible wlien the 
string of a .sonometer is .strongly bowed, and its existence can be 
verified, when loss evident, by putting paper ridens (-m di-lfcrmit parts 
of the string. These (as shown in the figure) will bo tVirown ufi‘ by 
the vibrations of the .string, iinle.ss they are placed aecuratc-ly at the 
nodal points, in. wliich case they wdll retain their seat.s. If two 
strings tuned to iinison are stretched on the same sononuAcr, the 
vibration of the one induces similar vibrations in the other; and the 
experiment of the rider.s may be varied, in a veiy instructive way. 
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by bowing one string and placing tlie riders on the other. This is 
an instance of a genei'al principle of great importance — ^that a vi- 
brating body communicates its vibrations to other bodies which are 
capable of vibrating in unison with it. The propagation of a sound 
may indeed be regarded as one grand vibration in unison; but, 
besides the general ■ waves of 'projjagation, are waves of /I’C- 



vriforcement, due to the synchronous vibrations of limited portions 
of the transmitting medium. This is the principle of resonance. 

904. Eesonance. — By applying to a pendulum originally at rest 
a series of very feehle impulses, at intervals precisely equal to its 
natural time of vi]:>ration, we shall cause it to swing through an arc 
of considerable magnitude. 

The samt', principle applies to a Iwcly capahlo of executing vibra- 
tions under tlie intiueneo of its own elasticity. A series of Hnj)ulses 
keeping time with its own natural period may set it in powerful 
vibration, thougli any one of them singly would hiave no ai^preciable 
effect. 

Some bodies, such as strings and confined portions of air, have 
definite periods in which they can vibrate freely wdien once started; 

53 
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and -when a note corrospontling to one of tliese periods is sounded in 
their neigh bouihuod, they readily take it up and emit a note of the 
same jjiteli themselves. 

Other bodies, esjioeialiy thin pieces of diy straight-grained deal, 
such as are. employed for the faces of violins an<l the sounding- 
boa rd.s of piano.s, are capable of vibrating, nioro or l.'ss freely, in any 
period lying between certain wide limits. They are accordingly sot 
in vibration bj.- ail the notes of their respective instianuonts; and by 
the hirge surface with which they act upon the air, they contriljiite 
in a very high degice. to increase the sonorous eHeet, Ail stringed 
instruments are. constructed on this principle; ami their quality 
mainly depoaids on the greater or le.ss readiness with whicli they 
re.spoud to the vibrations of the strings. 

All .such inotlio.}s of reinforcing a sound must be included under 
■resonance; but the wor<l is often mom particularly applied to the 
reinhjrccment prodiiee<l hy masses of air. 

905. Longitudinal Vibrations of Strings. — Strings or wires may 
also be made to vibrate longitudiiuill/j, by rubbing tbem, in the 
direction of their length, with a bow or a piece of chamois leather 
covered with ro.si3i. The sounds thus oldaincd are of much higher 
pitch than tho.se produced by transvorso vibration. 

Ill the case of the fundamental note, each of the two halves AO, 
CB ('Figv0:20), i.s alternately extended and eoinpressed, one being 



i'i^. C-20.— .Longitatlinal Vibration. First Tone. 


extended while the other is compresso.h At the middle point C 
there i.s no extension or compression, but there is greater amplitude 
of movement than at any other point. Tlie amplitudes diiniiii-sli in 
passing from 0 towards cither end, and vnni.sli at the oruls, •which 
are tlu'refore nodes. The extensions atid eomjwessions, on the other 
hand, increase as wo travel from the middle towards eith.'i’ end, and 
obtain their greate.st vah.ie.s at the ends. 

But the string may also divide itself into any immher of se] iaratt‘ly- 
vila-ating segments, just a.s in the case of transvej-so vila'atii.ms. 
Fig. G21 repre.sents the motions which occur when there are three 
such segments, separated by two nodOvS D, M. Tlie upper portion of 
the figure is true for one-half of the period of vibration, and the lower 
portion for the remaining half. 
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The frequency of vibration, for longitudinal as well as for trans- 
verse vibrations, varies inversely as the length of the vibrating 
string, or segment of string. We shall return to this subject in § 91(>. 

^ p E i- B 

A . ■ D. .. E. . B .. 

Fig. C2L— longitudinal Vibration. Third Tone. 

908. stringed Instruments. — Only the transversal vibrations of 
strings are employed in music. In the violin and violoncello there 
are four strings, each being tuned a fifth above the next below it; 
and intermediate notes are obtained by fingering, the portion of 
string hetween tlie finger and the bridge being the only part that is 
free to vibrate. The bridge and sounding-post serve to transmit the 
vibrations of the strings to the body of the instrument. In the piano 
there is also a bridge, which is attached to the sounding-board, and 
communicates to it the vibrations of the wires. 

907. Transversal Vibrations of Rigid Bodies: Rods, Plates, Bells. — 
We shall not enter into detail respecting the laws of the transverse 
vibrations of rigid bodies. The relations of their overtones to their 
fundamental tones are usually of an extremely complex character, 
and this fact is closely connected with the unmusical or only semi- 
musical cliaraeter of the sounds emitted. 

When one face of the body is horizontal, the division into separate 
vibrating segments can be rendered, visible by a method devised by 
ChJadni, namely, by strewing sand on this face. During the vibra- 
tion, the sand, as it is tossed about, works its way to certain definite 
lines, where it comes nearly to rest. These nodal lines must be 
regarded as the intersections (fi' internal nodal surfaces with the 
surface on which the sand is streuved, each nodal surf ace being the 
boundary between parts of the body which have opposite motions. 

The figures coinpostid by those nodal linos are often very beautiful, 
and quite startling in the siuldeimess of their production. Chla^lni 
and Sa,vart published the forms of a great number. A complete 
theoretical explanation of them would probably transcend the powers 
of tlie greatest mathematicians. 

Bells and bell-glasses vibrato in segments, which are never less 
than four in number, and are separated by nodal linos meeting in the 
middle of the crown. They are well shown by putting vvater in a 
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Tjeil-glass, and bcwing ifcs edge. The Hiirfaee o£ the water will im- 
niediatelj he covered witli ripples, one set of lipples pr(.iet>eding fi’om 
each of the vi!»rating segments. The division into any possible 
ninnl.'cr <*£ segiuoiits may he etieeted by jirr-ssing tliC! glass with the 
tingfA’s in the places where a pair of eonsecntive- nodes onglit to be 
htrmc.d, while the bow is applied to the inhldlc of one of tlie seg- 
ments. Tlii‘ greater the nnmber of si-gments ilm higher will bo the 
note emitted. 

908. Tuning-fork. — Steel rods, on account of their Citmparativo 
freedom fi'iun. eliange, are well suited for standards of pitch. The 
tuning-furk, wbi(‘b is espeeially used for this purpose, C(>nsjst.s essen- 
tially of a steel rod bent (haiblo, and attached to a handle of the same 
material at its eeufi-e. hesides the fundamental tone, it is capable 
cif yielding two or thi'ee overtones, wliieh are very much higher in 
jiilx'h; Init tliese are never u.'-ed for musical purposes. If the foi’k 
is held by the handle wliile vibrating, its in<dion cuniiniies for a 
long time, but the sound emitte<l is too faint to be lieanl except 

by holding the ear near it. AVI urn the 
hamlie is pressed against a table, the 
latter: acts as a 'SOundingdj and 
cominunicates i; the vibrations ■ : to the 
air, but it also causes the fork to 
come much more speedily to rest. For 
the purposes: of the lecture-room the 
fork is often mounted on a soimdiug- 
box (Fig. 022), which should be sepa- 
Kg. o 22 ,~Fork on Sounciiiig-box. rated fi’oni tho tal)le by two pieces of 

india-rubber tubing. The box can 
then vibrate freely in unison with the fork, and the sound is both 
loud and lasting. The vibrations are nsnally excited eitlua- by bow'- 
ing the fork or by drawing a pif,;ce of wood between its prongs. 

The pitch of a tuning-fork varies slightly w'ith lempevidure, be- 
coming lower as tlie temperature rises, ddds c'H'ect is due in some- 
trifling degree, to expansion, but much more to the diminutic.'ii of 
elastic force. 

:;f909. Law of Linear Bimensions. — The following law is of \'erj wi<le 
application, being applicable alike to solid, li<[uid, and gaseous bodie,s'* 
fxm bodies differmg in- s-i~e, hvt in other respoefft similar 
and si'inilarhj civcwnstancedy idbrate in the same mode, their vihra- 
tmi'-penods are directly as their linear dimensions. Their vibra- 
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tion-frcquencies are consequently in the inverse ratio of their linear 
dimensions.' > 

In applying the law to the transverse vibrations of .strings^ it is 
to he understood that the stretching force per unit of sectional area 
is constant In this case the velocity of a pulse ' (§ 901) is constant, 
and the peHOd of vibration, being the time required for a pulse to 
travel over twice the length of the string, is therefore directly as the 
length. 

910. Organ-pipes. — In organs, and wind-instruments generally, the 
sonorous body is a column of air confined in a tube. To set this air 



Kg. 023.— Blofik Pipe. Fig. 024.— Flue Pipe*. 


ill vibration some kind of mouth-jiiccc must ho employed. Tliat 
which i.s mo.st extensively used in organs is called the flute moiith- 
piecef and is represented, in conjunction with the pipe to which it is 
attached, in Figs. G23, G24. It closely resembles the mouth-piece of 

^ This is not the trade name. English organ-builders have no generic name for this 
mouth-piece. 
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I'ig, 025.— Experiinenliil Organ, 


an ordinary whiKilc. The air from the bellow.s arrives through the 
conical tube at the lower end, and, escaping through a narrow .slit, 
^ grazes, the edge of a 

wedge placed opposite. 
A nrshiiig noise is thus 
produced, which con- 
tains, among its consti- 
tuents, tlie note to Avhich 
the column of air in the 
pipe is capable of re- 
sounding; and as soon as 
thi.s resonance occui’S, the 
pipe speaks. Fig. 62S 
represents a wooden and 
Fig. G24< a metal organ- 
pipe, Ijoth of them being 
furnished with flute 
inouth-piece.s. The two 
arrows in the sections 
are intended to suggest 
the two courses which 
the wind may take as 
it issues from tlie slit, 
one of which it actually 
selects to the exclusion 
of the other. 

The arrangements for 
adrni fcting the wind to 
the pipes by ; 'puttih| 
down ■ thO' keys': "arc 
; sliowm' in Fig. OSA;:' - 
bellows V are worked 
by the treadle P. The force of the blast can be increased ])y weight- 
ing the top of the bellows, or by pressing on the rod T. The air 
passc\s up from the heliows, through a large tube shoum at one cud, 
into a reservoir C, called the wind-chest. In the top of the wind- 
chest there are numerous openings c, d, ka., in which tlio tubo.s are 
to be fixed. The sectional drawing in the upper part of the iiguro 
shows the internal communications. A jdate K, pressed up by a 
spring It, cuts off the tube c from the wind-chest, until the pin a 
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is depressed. The putting down of this pin lowers the plate, and 
admits the wind. This description only applies to the experirueiitai 
oi-gans which are eonstriieted for lecture illustration. In real organs 
the pressure of the wind in the bellows is constant; and as this 
pressure would bo too great for most of the pipes, the several aper- 
tures of admission are partially plugged, to diminish the force of the ,, 
blast. ■/ 

911. The Air is the Sonorous Body. — It is easily shown that the 

sound omitted by an organ-pipe depends, inainlj" at least, on the 
dimensions of tlio inclosed column of air, and not on the thickness 
or material of the pipe itself. For let tln-ee pipes, one of wood, one 
of copper, and the other of thick card, all of the same internal 
<limonsions, be fixed on the wind-chest. On making them speak, it 
will be found that the three sounds have exactly the same pitch, and 
but slight diflerence in character. If, however, the sides of the tube 
are cd]/ thin, their yielding has a sensible influence, and the 

pitch of the sound is modified. 

912. Law of Linear Dimensions, — The law of linear dimension.s, 
si.ated in ^ 909 as applying to the vibrations of similar solid bodies, 


applies tu gases also. Lot 
two box-shaped pipes 
(Fig. (120) of precisely 
similar form, and having 
their linear dimensions in 
the ratio of 2 : 1, bo fixed 
on the wind-chest; it will 
bo feundAsu making t1 unn 
spe-ak, that the note of the 
small one is an octave 
higher than the other; — 
showii ig double freipieiicy 
of \'ibratioii. 



Fi^. fi-JG.— Law of Linear Diinensitnis. 


913. Bernoulli’s Laws. — The law just stated applies to the com- 
parison of similar tubes of any shape whatever. When the length 
of a tube is a large multiple of its diameter, the mjtc mnitted is 
nearly iiidcpendtmt of the diameter, and dc'pemls almost entirely on 
th('. length. The relations between the fundamental note of such a 


tube and its overtones were discovered bj’" Daniel Bmmouili, and are 
as follows: — 


I. Overtones of Open Pipes , — Let the pipe B (Fig. G27), which is 
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opea ati tlie upper end, be fixed on the wind-ehesfc; let the correspond" 
ing key be put down, and the wind gTadunlly turned on, by means 
of the cock below the inoiitli -piece. The first note hoard 
will be feeble and deep; it is the fundamental note of the 
pipe. As the wind is gradually turned full on, and in- 
creasing pressm’o afterwards applied to the bellows, a 
.series of notes will be heard, each higher than its pre- 
decessor. These are the overtones of tlie pipe. They are 
the harmonics of the fundamental note; that is to say, if 
1 denote the frequency of vibration for the fundamental 
tone, the frecpiencies of vibration for the overtones will be 
approximately 2, 3, 4, 5 ... respectively. 

II. Overtones of Stopped Pipes , — If the same experi- 
ment be tried with the pipe A, which is closed at its 
upper end; the overtone.s will form the series of odd 
hannonics of the fundamental note, all the even har- 
monics being absent; in other words, the frequencies of 
vibration of the fundamental tone and overtones will be 
approximately represented by tlm series of odd numbers 

1,3, o,7‘-- . 

It will also be found, that if botli pipes are of tlie same 
foi' ovw-tTmoa buigtli, tlio fundamental noto of the stopped pi] >c is an 
octavo lower than that of the open pipe. 

914, Mode of Production of Overtones. — In the production of the 
overtones, the column of air in a pipe divides it.s4il{: into vibrating 
segments, separated by nudab cross-sections. At equal distances on 
opposite .sides of a node, the particles of air have always equal ajid 
opposite velocitie.s, so that the air at the node is always subjected to 
equal forces in opposite directions, and thus remain.s unmoved by 
their action. The portion of air constituting a vibrating segment, 
sways alternately in opposite directions, and as the movements in 
two consecutive segments are opposite, two consecutive nodes are 
always in oppo.site conditions as regards conqire.ssion and extension. 
The midiUo of a vibrating segment is the place where the iimpdi- 
tude of vibration i.s greatest, and the variation of density h'ast. 
It may b«.'. called an (mthwde. Tlie di.stance fromt one node to the 
next is lialf a wrivo-length, and the distance from a node to an anti- 
node is a quarter of a wave-length. Both ends of an open ])ipe, and 
the end next the month-piece of a stopped pipe, arc antinodes, being 
preserved from changes of density by their free communication with 





the external air. At the closed end of a stopped pipe there must 
always be a node. 

The swaying to and fro of the mternodai portions of air between 
fixed nodal planes, is an example of stationary Mfidulaiion; and the 
vibration (,)f a musical string is another example. A stationary 
undulation may always be analysed into two component undulations 
one aiKjther, and travelling in opposite direc- 
or double of the distance froin 
These undulations are constantly undergoing 


equal and similar to 
tions, their common wave-length being 
node to node (§ SS7). 
reflection from the ends of the pipe or string, and, in the case of pipes, 
the roiieetion is opposite in kind according as it takes place from a 
closed or an open end. In the former case a condensation i>ropagated 
towards the end is reflected as a condensation, the forward-moving 
particles being compelled to recoil by the resistance which they there 
encounter; and a rarefaction is, in like manner, reflected as a rare- 
faction. On the other hand, when a condensation arrives at an open 
end, the sudden opportunity for expansion which is aflbrdcd causes 
an outward movement in excess of that -which wmuld suflico for 
equilibrium of pressure, and a rarefaction is thus produced which is 
pi'opagated back tlirough tbe tube. A condensation is thus reflected 
as a rarefaction; and a rarefaction is, in like manner, reflected as a 
condensation. 

The period of vibration of the fundamental note of a stopped pi]ie 
is the time required for pTOpagating a pulse through four times the 
length of the pipe. For let a condensation he suddenly produced at 
the lower end by the action of tlm vibrating lip. It will be pro- 
qiagated to tlie closed end and reflected back, thus travelling over 
twice the length of the pipe. On aiTi-ving at the aperture whore the 
lip is situated, it is reflected as a rarefaction. This rarefaction travels 
to the closed end and back, as the condensation did before it, and is 
then rejected from the aperture as a Gondensation. Things are now 
in their initial condition, and one complete vibration has been per- 
formed. TJio period of the movements of the lip is determined by 
the arrival of these alttunate condensations and rarefactions; and tlie 
lip, in its turn, serves to divert a portion of the energy of the blast, 
and employ it in maintaining the- energy of the vibrating column. 

The wavo-lengtli of the fundamental note of a stopped pipe is thus 
four times the length of tlie pipe. 

In an ojDcn j^ipe, a eondemsation, sta.rting from 'the inoTith-picce, is 
reflected from tiic other end as a rarefaction. This rarefaction, on 
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Open at the upper en<l, be fixed on the wiinl-ehost; let the correspond' 
iiig key be put down, and the wiii'l gi’.‘ulually turned on, by muans 
of tlie cock bcdow th(3 luoiuk-iueee. The llrst note heard 
jl will be t'eoble and ileep; it is the* iundaniental irjte of the 
pip'.!. As the wind is g’radnnll}' turned iVdl on, and in- 
(*rea,siiig pressure afterwards applied to the bellows, a 
series of notes will be heard, eaeli higher than its pre- 
decessor Tliese are the overtones of the pipe. Thej- are 
the harnionies of the fundainental note; tliat is to say, if 
1 denote the frequency of vibration for tlie fundamental 
b.>no, the frequencies of vibration for the overtones will be 
ap}proxiinately 2, 3, 4, 5 . . . respectively. 

I.I. Overtones of 8topiml Pipes. — If the same experi- 
ment be tried with the pipe A, which is closed at its 
upper end; the overtones will form the series of odd 
harmonics of the fundainental note, all tlie even har- 
monics being absent; in other words, tlio frequencies of 
vibration of the fundamental tone ami overtones will be 
approximately represented by the series of odd numbers 
1 , 3 , 0,7 . . ^ 

It will also be found, that if hi lih pipe.s are of the same 
u-a length, the fundamental note of tiu' stttpps'd jiipe is an 
octave lower than tliat of the open 
914. Mode of Production of Overtones, — In (lie iivodnctinn of tie* 
overtones, the column of air in a pipe divides itself into idbrating 
segments, separated by nodal CTOss-soction.s, At cijual distances on 
opposite sides of a node, the particles of air have always equal and 
opposite velocities, so that the air at the node i.-. always subjected to 
e<][ual forces in opposite directions, and tlius remains unmoved by 
their action. The portion of air constituting a vibrating sognuuit, 
sways alternately in opposite directions, and as the movements in 
two consecutive segments are opimsite, two const. ‘cutii'e nodes are 
always in opposite conditions as regards compression and extension. 
The middle of a vibrating segment is the place is-here tlm ampli- 
tude of vibration is greatest, and the variation of deiisily h'ast. 
3t may be called an aniinode. The di.stanee from one node! to the 
next is half a wave-length, and the distance from a ntsdeio an anti- 
node is a quarter of a W’^ave-length. Both ends of an open pipe, and 
the end next the mouth-piece of a stopped pipe, are antinodes, being 
preserved from changes of density by their free communication with 
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tlie external air. At the closed end of a stopped pipe there must 
always be a node. 

The swaying to and fro of the internodal portions of air between 
lixed nodal planes, is an example of stationary vMclidation; and the 
vibration of a musical string is another example. A stationary 
undulation may always be analysed into two component undulations 
equal and similar to one another, and travelling in opposite direc- 
tions, their common wave-length being double of the distance from 
node to node (§ 887). Tliese undulations are constantly undergoing 
reflection from the ends of the pipe or string, and, in the case of pipes, 
the reliection is opposite in kind according as it takes place from a 
closed or an open end. In the former case a condensation propagated 
towards the end is reflected as a condensation, the forward-moving 
particles being compelled to recoil by the resistance which they there 
encounter; and a rarefaction is, in like manner, reflected as a rare- 
faction. On the other hand, when a condensation arrives at an open 
end, the sudden opportunity for expansion which is afibrded causes 
an outward movement in excess of that w^hich would suffice for 
equilibrium of pressure, and a rarefaction is thus produced which is 
propagated back through the tube. A condensation is thus reflected 
as a rarefaction; and a rarefaction is, in like manner, reflected as a 
condensation. 

The period of vibration of the fundamental note of astopj:>ed pipe 
is the time required for propagating a pulse through four times tlie 
length of the pipe. For let a condensation he suddenly produced at 
the lower end by the action of the vibrating lip. It wdll be pro- 
pagated to the closed end and reflected back, thus travelling over 
twice the length of the pipe. On arriving at the aperture where the 
lip is situated, it is reflected as a rarefaction. Tliis rarefaction travels 
to the closed end and back, as the condensation did before it, and is 
then reflected from the aperture as a condensation. Things are now 
in their initial condition, and one complete vibration has been per- 
formed. The period of the movements of the lip is determined by 
the an’i^■al of tliese alternate condensations and rarefactiou.s; and the 
lip, in its turn, serves to divert a portion of the energy of the blast, 
and employ it in maintaining the energy of the vibrating column. 

The wave-length of the fundamental note of a stopped pipe is tlms 
four times the length of the pipe. ’ . 

In an open pipe, a condensation, starting from the mouth-piece, is 
reflected from the other end as a rarefaction. This rarefaction, oh 



reacliing tlie mcaitb-piece, is refleeted as a condensation; and things 
are tlnis in tlieir initial state alter the length of the pipe lias been 
ti'a versed twice. The period of vibration of the fundamental note is 
accordingly the time of travelling over twice the length of the pipe; 
and its wave-length is twice the length of the pipe. In every case 
of longitudinal vibration, if the reflection is rdike at both ends, the 
wave-length of the fundamental tone is twice the distance hetwoeii 
■'the ends.' • , 

915. Explanatioa of BarnoullTs Laws.- — In investigating the 
tlieoretical relations between the fundamental tone and overtones for ; 

a pipe of either kind, it is convenient to bear ill mind that the dis~ ; 

tanee from an open end to the nearest node is a quarter of a wave- 
length of the note emitted. 

In the case of the open pipe the first or fundamental tone requires 
one node, which is at the middle of the length. The second tone i 

requires two nodes, ivith half a wave-length between them, while 
each of them is a quarter of a wave-length from the nearest end. A 
quarter wave-length has thus only half the length which it had for 
the fundamental tone, and the frequency of vibration is therefore 
doubled. 

The third tone requires three nodes, and the distance from either end 
to the nearest node is -J- of the length of the pipe, instead of 1- the 
length as in the ease of the first tone. The wave-length is thus 
divided by 8, and the frequency of idbration is increased threefold. 

We can evidently account in this way for the. production of the 
complete series of liarmouios of the fundamental note. 

In the case of the stopped pipe, the mouth-piece is alwa}’^ distant 
a quarter wave-length from the nearest node, and this must ho dis- 
tant an even numher of quarter wave-lengths from the stopped end, 
which is itself a node. 

For the fundamental tone, a quarter wavo-longtli is llie whole 
length of the pipe. 

For the second tone, there is one node hesi<Ics that at the closed 
end, and its distance from the open, end is of the length of the ])ipe. 

F(.>r tlie third tone, there are two nodes besides that at tlie clostsl 
end. The distance from the open end to the nearest node is there- 
fore -I of the length of the pipe. 

The wave-lengths of the successive tones, beginning with the 
fundamental, are therefore as 1, J, p, d • • • ; and their vibration- 
frequencies are as 1, 3, 5, 7 ... . 
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Also, since the wave-length of the fundamental tone is four times 
the length of the jhpe if stopped, and only twice its length if open, it 
is obvious that the wave-length is halved, and the frequency 
of vibration doubled, by unstopping the pipe. 

No change of pitch, or only very slight change, will be 
produced by insei'ting a solid partition at a node, or by put- 
ting an antinode in free communication -with the external air. 

These principles can he illustrated by moans of the jointed 
pipe represented in Tig. 628. 

916. Application to Rods and Strings. — I'he same laws 
which apply to open organ-pipes, also apply to the longi- 
tudinal vibrations of rods free at both ends, and to both the 
longitudinal and transverse vibrations of strings. In all these 
cases the overtones form the complete series of harmonics of 
the first or fundamental tone, and the period of vibration 
for this first tone is the time occupied by a pulse in travel- 
ling over twice the length of the given rod or string. In 
the case of longitudinal vibrations the velocity of a pulse is 

denoting the value of Young’s modulus for the 

rod or string, and D its density. This is identical with 
the velocity of sound through the rod or string, and is r'ls- «-3. 
independent of its tension. In the ease of transverse pulses 
in a string (regarded as perfectly flexible), the formula for the 

velocity of transmission (1) § 901, may be written denot- 

ing the stretching force per unit of vscctional area. The ratio of the 

wdiicli is aiwa,ys a smalT frac- 

tion, since expresses the fraction of itself by which the siring is 
lengthened by, the force F. 

If a rod, ft’oe at both ends, is made to vibrate longitudinally, its 
nodes and aniinodes will bo distributed exactly in the same "way as 
those of an ojxui organ-pipe. The experiment can bo performed by 
holding the rod at a node, and rubbing it with rosined chamois 
leather. 

91*?. Application to Measurement of Velocity in Gases. — Let v denote 
the velocity of sound in a particular gas, in feet per second, X the 
wave-length of a particular note in this gas in feet, and n the fre- 
quency of vibration for this note, that is the number of vibrations 
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per second vdiicli produce it. Then X is the distance travelled in -- 
of a second, and the distaneis travelled in a second is 

For the sniiif' iK'le, u is cmistant for all media whatever, and v varies 
directly" as X. Q'he velocities of sound in two gases may thus be 
compared i)y observing the lengths of vibrating columns of the two 
gases which give the same note; or if columns of equal length be 
emploTf'd, the veloeitii's ^vill be diinctly as the freqiiencies of vibra- 
tion, which arc determined by observing the pitch of the notes 
emitted. 

By these methods, Buloiig, and more recently Wer- 
theim, have determined the velocity of sound in several 
different gases. The following are Wertheim’s results, in 
metres per secondj the gases being supposed to be at 0® C. 



Air, . . . . . . 

, . 331 j Carbonic acid, 

. . 262 

Oxygen, . . . , 

. . 317 Nitrous oxide, 

.... 262 

Hytke^gen, . . , 

, . 12(59 1 Olefiant gas, . 

. . 311 

Carbonic oxide, . , 

. . 337 1 



The same principle is 
applicable to liquids 
. and solids ; and it 
was by means of the 
longitudinal vibi'a- 
tions of rods that 
the velocities given 
; in § 880 were ascer- 
tained. 

918. Beed-pipes."— - 
Instead of the flute, 
mouth-piece abox'e: 
described, organ-pipes 
are often furnished 
with what is called 
■' . a "wecl. A,,' reed '■coii-': 
’ tains an elastic' plate 
I (Figs. 029, 030) call- 
rig. g- 20 . -need ripe. Fig. 030,— Ere& Reed. '<^^1 tho foiViyUC, wllicll, 

by its vibrations, al- 
ternately opens and closes or nearly closes an aperture through which 
the wind passes. In Fig. 629, the air from the bellows enters first 
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tlie lower part f of tlie pipe, and thence (when permitted by the 
tongue) passes through the channel^ t into the upper part t\ The 
stiff wire 2 ;, movable with considerable friction through the hole 5, 
limits the vibrating portion of the tongue, and is employed for 
tuning. Ilccd-pipes are often terminated above by a trumpet-shaped 
expansion. 

A striking reed (Fig. 029) is one whose tongue closes the aperture 
by covering it. Tlie tongue should be so shaped as not to strike 
along its wlude length at once, but to roll itself down over the aper- 
ture. Ill the free vmZ (Fig. OSO) the tongue can pass completely 
through. 

The striking reed, i.s generally preferred in organs, its peculiar 
chai'acter rendering it very effective by way of contrast. It is always 
used for the irarrqxd stop. Reed-pipes can be very strongly blown 
without breaking into overtones. Their pitch, however, if they are 
of the striking kind, is not independent of the pressure of the wind, 
but gradimlly rises as the pressure increases. Free reeds, wliich are 
used for harmoniums, accordions, and concertinas, do not change in 
pitch with change of pressure. 

Elevation of temperature sharpens ' pipes with flute moutli-picces, 
and flattens reed-pipes. ' The sharpening is due tP the increased velo- 
city of sound in hot air. The flattening is due to the diminished 
elasticity of the metal tongue. It is thus proved that the pitch of a 
reed-pipe is not always that due to the free vibration of the inclosed 
air, but may be modified by the action of tlie tongue. 

919. 'Win(i-iiistrumeiits.---In all wind-instrinnents, the sound is 
originated by one of the two methods just described. W ith the flu te- 
pipe must be classed the flute, the flageolet, and the Paiidean-pipes, 
The clarionet, hautboy, and bassoon have reed mouth-pieces, the 
vibrating tongue being a piece of reed or cane. In the bugle, trum- 
p)ct, and Frencli-hom, which are mere tubes without keys, the lips 
of the performer act as the reed-tongue, and the notes produced arc 
approximately the natural overtones. These, when of high order, are 
so near together, that a gamut can be formed by properly selecting 
from among them. 

Tlie fingering of the flute and clarionet, has the effect sometimes 
of altering the elfectivo length of the vibrating column of air, and 
sometimes of determining the production of overtones. In the 

‘ The piece r, which is api)roxiniately a half cylinder, is called the reed hy organ- 
builders. 
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trom'boiie and eornet-iVpiston, the length of the vibrating column 
of air is altered. The harmonium, accordion, and concertina are 
reed instruments, the reeds employed being always of the free 
kind. 

930. Manometde Plana es. — Koenig, of Paris, constructs several 

i'tr—, forms of aj)paratus, in which the varia- 

j! 1 I tions of pressure produced by vibrations 

, M of air in a pipe, are rendered evident to 

i, 1 'I'w the eye by their effect upon flames. 

I ’ ' ^ 'B|j One of these is represented in Fig. 631. 

I,'', Three small gas-burners are fixed at 

i'l kr iwfeLJ definite points in the side of a pipe, 
iilili represented in the figure. "When the 

ifniii ' ft pipe gives its second tone, the central 

flame is at an antinode and remains un- 
afiected, while the other two, being at 
nodes, are agitated or blown out. When 
it gives its first tone, the central flame, 
wliich is now at a node, is more power- 
fully affected than the others. The ga.s 
which .supplies these burners is separated 
from the air in tbe pipe only by a thin 
membrane. When the pipe is made to 
speak, the flame at the node is violently 
agitated, in consequence of the changes 
of pre.ssure on the back of the membrane, 
while tho.se at the ventral points are 
scarcely affected. The agitation of the 
flame is a true vibration ; and, when ex- 
amined by the aid of a revolving mirror, 
presents the appearance of tongues of 
flame alternating with nearly dark spaces. If two pipe.s, one an 
octavo higher than the otlier, are connected with the .same gas ilaine, 
or with two gas flames which can be viewed in the same mirror, the 
tongues of liame corresponding to the upper octave are seen to lie 
twice as numerous as the othei's. 


Fig. cni.— Mauometrie Flames. 
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ANALYSIS 01’ VIBKATIONS. CONSTITUTION OF SOUNDS. 


921. Optical Examination of Sonorous Vibrations. — Sound is a 

special sensation belonging to tlie sense of bearing; but the vibra- 
tions which are its physical cause often manifest thoinseives to 
other senses. .For instance, Ave can often feel the ti'emors of a sono- 
rous body by touching it; Ave see the nioA-ements of the sand on a 
Aubrating plate, the curve traced by the style of a vibroscope, Szc. 
The aid Avhich one sense can thus furnish in what seems the peculiar 
proAunce of another is extremely intei'esting. M. Lissajous has 
devised a A’^ery beautiful optical -method of examining sonorouvs 
Aubrations, AAdiich Ave Avill briefly describe. {’) , 

922. Lissajous’ Experiment.— -Suppose Ave introdnec into a dark 
room (Fig. 632) a beam of solar rays, Which, after passing through 
a lens L/ is reflected, first, from a small mirror fixed on one of the 
branches of a tuning-fork D, and then from a second mirror M, Avhicli 
throws it on 'a screen E; Ave can thus, by proj^er adjustments, form 
upon the screen a shai'p and bright image of the sun, AAdiicli Avill 
ap)pGar as a small spot of light. As long as the apparatus remains 
at rest, Ave shall not observe any moA-ement of the imago; hut if the 
tiniiiig-fork Aubrates, tlie image Avill mo Am rapidly up and doAvn 
along the line I, 1', producing, in consequence of the persistence of 
impressions, the appearance of a vertical line of light. If tlie tuning- 
fork remains at rest, but the mirror M is rotated through a small 
angle about a vertical axis, the image Avill move horizontally. Con- 
sequently, if both these motions take place simultaneouscly, the spot 
of light Avill trace out on the screen a sinuous line, as represented in. 
the figure, each S-shaped portion corresponding to one vibration of 
the tuning-fork. 

Noav, let the mirror M be replaced by a small mirror attached to 
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a second tuning-fork, 'wliicli vibrates in a hori/ontal plane, as in 


i'ig. 032.— Principle «I Lisaajous’ E.’Lperimcut. 


If this fork A'ibrates aloiie, the imago will move to and 


Fig. 033— Lissajous’ E-icperinient. 


fro horizontally, presenting the appearance of a horizontal line of 
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light, which gradually shortens as the vibrations die away. If both 
forks vibrate simultaneously, the spot of light will rise and fall ac- 
cording to the movements of the first fork, and will travel left and 
right according to the movements of the second fork. The curve 
actually described, as the resultant of these two component motions, 
is often extremely beautiful. Some varieties of it are represented in 
Fig, 634. 

Instead of throwing the curves on a screen, we may see them by- 
looking into the second mirror, either with a telescope, as in Fig. 633, 


Fig. 034.- lissajous’ Figures, Unison, Octave, and rifili, 

or with the nalced eye. In this form of the experiment, a lamp sur- 
rounded by an opaque cylinder, pierced with a small hole just opposite 
the flame, as represented in the figure, is a very convenient source 
of light. 

Tlie movement of the image depends almost entirely on the angular 
movements of the mirrors, not on their movements of translation; 
but the distinction is of no importance, for, in the case of such small 
movements, the linear and angular changes may be regarded as 
strictly proportional. 

Either fork vibrating alone would cause the image to execute 
siftiplc harmonic motion {§§ 109—111), or, as it may con\enicntly 
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be (Milled, simple so that the movement actually executed 

will be the resultaiic of two simple harmonic motions in directions 
perpendicular to each other. 

jSuppose the two forks to be in unison. Then the two simple har- 
monic motions will have the same period, and the path described 
will always be some kind of ellipse,^ the circle and straight lino boing- 
included as particular cases. It will be a straight line if both forks 
pass through their positions of equilibrium at the same instant. In 
order that it may be a circle, the amplitudes of the two simple har- 
monic motions must be equal, and one fork must be in a position of 
maximum displacement when the other is in the position of c(|ui- 
librium. 

If the unison were rigorous, the curve once obtained wonld remain 
unchanged, except in so far as its breadth and height became reduced 
by the dying away of the vibrations. But this perfect unison is 
never attained in practice, and the eye detects changes depending 
on difierenees of pitch too minute to be perceived by tlie ear. These 
changes are illustrated hy the upper row of forms in Fig. C3I, com- 
mencing, say, with the sloping straight line at the left hand, which 
gradually opens out into an ellipse, and afterwards contracts into a 
straight line, sloping the opposite way. It then retraces its stops, 
the xriotion being now in opposition to the arrows in the figure, and 
then repeats the same changes. 

If the interval between the two forks is an octave, we shall obtain 
the curves represented in the second row if the interval is a fifth, 
we shall obtain the curves in the lowest row. In each ease the ortler 
of the changes will be understood by proceeding from left to right, 

^ Employing horizontal and vertical co-ordinates, and denoting the amplitudes by a and 
It, we have, in the case of txniaon, w =:sin 5, ^ = sin ((? + 13), where § denotes the difference 

ii b 

of phase, and 0 is an angle varying directly as the time. Eliminating we obUiin the 
eipuation to an ellipsis, whose form and dimensions depend upon the given quauti- 
/ ties, «, 6, p. " 

^ The middle curve in this row is a parabola, and corresponds to the elimination of 6 
between the equations ~=cos 20, ^=co3ff. The coefliciont 2 indicates the double 
frequency nf horizontal as compared with vortical vibrations. 

The general oqu.ations to Lissajous’ figures are -- = sin ?» 0, ~ sin (n 0 -f ^), wliere 7n 

and n are proportional to the frequencies of horizontal and vertical vibr.ations. Tlie gradual 
changes from one figure to another depend on the gradual change of and all the figures 
can be inscribed in a rectangle, whose length and breadth are 2« and 2 b. 





and then back again; but the curves obtained in returning will be 
inverted. 

923. Optical Tuning. — By the aid of these principles, tuning-forks 
can bo compared with a standard fork with much greater precision 
than would be attainable by ear. .Fig. C35 represents a convenient 


J’jg. C35.— Optical Comparison of Tuning-forks. 

arrangement for this purpose. A lens f is attached to one of the 
prongs of a standard fork, which vibrates in a horizontal plane ; and 
above it is fixed an eye-piece the combination of the twm being 
equivalent to a microscope. The fork to be compared is placed up- 
right beneath, and vibrates in a vertical plane, the end of one prong 
lieiug in the focus of the microscope. A bright point ?u., produced 
by making a little scratch on the end of the prong with a diamond, 
is observed through the microscope, and ivS illuminated, if necessary, 
by converging a beam of light upon it through the lens c. When 
the forks are set vibrating, the bright point is seen as a luminous 
ellipse, whose permanence of form is a test of the closeness of the 
unison. The ellipse will go through a complete cycle of changes in the 
time required for one fork to gain a complete vibration on the other. 
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934. Other Modes of producing* Lissajous’ Figures . — An arrange- 
ment devised in 1S44 by Professor Blackburn, of (P.asgow, then a 
student at Cambridge, atfords a very easy mode of obtaining, by a 
slow motion, the same series of curves which, in tlie above arrange- 
ments, are obtained by a niotion too quick for the eye to follow. A 
cord A B 0 (Fig. 03(5) is fastened at A and C, leaving more or less 

. ' ■ ' ■ ■ E' 
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Fig. cat).— -Blackbuni's PenduUun. 

alack, according to the curves which it is desired to obtain; and 
to any intermediate point B of tlie cord another string is tied, 
carrying at its lower end a heavy body 1) to servo as pendulum- 
bob. 

If, when the system is in equilibrium, the bob is drawn aside in 
the. plane of ABO and lot go, it will executes vibrations in tliat 
plane, the point B remaining stationary, so that the length of the 
pendulum is B 1), If, on the other hand, it be drawn aside in a 
plane perpendicular to the plane A B C, it will vibrate in this per- 
pendicular plane, carrying the whole of the string with it in its 
motion, so that tlie length of the pendulum is the distance of the 
boh from the point E, in which the straight line AO is cut by I)B 
produced. The frequencies of vibration in the two cases will be 
inversely as the s<|uare roots of the pendulum-lengths B D, E 1). 

If tlie hob i.s drawn aside in any other direction, it will not vibrate 
in one plane, but will perform movements compounded of the two 
independent modes of vibration just described, and will thus describe 
curves identical with Lissajous’. If tlic ratio of E D to B I) is nearly 
equal to unity, as in the left-hand figure, we shall have curves cor- 
responding to approximate unison. If it he approximately 4, as in 
the right-hand figure, we sliali obtain the curves of the octave. 
Traces of the curves can he obtained by employing for the bob a 
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vessel containing sand^ which riins out through a funnel-shaped 
opening at the bottomd 

The curves can also be exhibited by fixing a straight clastic rod 
at one end, and causing the other end to vibrate transversely. This 
was the earliest known method of obtaining them. If the flexural 
rigidity of the rod is precisely the same for all transverse directions, 
the vibrations will be executed in one plane; but if there be any 
inequality in this rcsjDCct, there will be two mutually peiq^endicular 
directions possessing tbe same propierties as the tw^o principal direc- 
tions of vibration in Blackburn’s pendulum. A small bright metal 
knob is usually fixed on tbe vibrating extremity to render its path 
visible. The instrument constructed for this mode of exhibiting the 
figures is called a kaleidcqyhone. In its best form (devised by 
Professor Barrett) the upper and lower halves of the rod (which is 
vertical) are fiat pieces of steel, with their planes at right angles, 
and a stand is provided for clamping the lower piece at any point 
of its length that may be desired, so as to obtain any required com- 
bination. 

9^^5. Character . — diameter or thnhre, wdiich w-e have already 
defined in § 889, must of necessity depend on the form of the vibra- 
tion of the aerial particles by wdiich sound is transmitted, the -word 
form being used in the metaphorical sense there explained, for in 
the literal sense the form is always a straight line. When the 
changes of density are represented by ordinates of a curve, as in 
Fig. (>03, the form of this curve is "what is meant by the form of 
vibi’ation. 

The subject of timbre has been very thoroughly investigated in 
recent years by Helmholtz; and the results at which ho has arrived 
are now generally accepted as correct. 

The first essential of a musical note is, that the aerial movements 
which constitute it shall be strictly 'periodic; that is to say, that 
each vibration shall be exactly like its successor, or at all events, 
that, if there be any deviation from strict periodicity, it shall be so 
gradual as not to produce sensible dissimilarity between several con- 
secutive vibrations of the same particle. 

Tliere is scarcely any proposition more important in its application 

^ Mr. Hubert Airy has obtained very Ijeautiful traces by attaching a glass pen to the 
bob (see Nature, Aug. 17 and Sei)t. 7, 1871), and in Tisloy’s har7mnograph the same 
result is obtained by means of two pendulums, one of which moves the paper and the 
other the pen. 



to modern physical investigations than the following mathematical 
theorem, which was discovered by Fourier:-— ylny 
tion executed in one line cmi be definitely resolved into simple 
vibrations, of which one has the same frequency as the given vibra- 
tion, mid. the others have f requencies 2, o, 4, 5 . . . Umes as great, 
no fractional multiples being admissible. The tlieorem may be 
briefly expressed by sajdng that every qieriodiG vihrcition consists of 
d fmidarnental simple vibraMon mid its kannonics. 

We cannot but associate this inatbematical law witli the experi- 
mental fact, that a trained ear can detect the presence of harmonics 
in all but the very simplest musical notes. The analysis which 
Fourier’s theorem indicates, appears to be actually performed by the 
auditory apparatus. 

The constitution of a periodic vibration may be said to be known 
if we know the ratios of the amplitudes of the simple vibrations 
which compose it; and in like manner the constitution of a sound 
may be said to be known if we know tlie relative intensities of tlie 
different elementary tones which compose it. 

Helmholtz infers from his experiments that the character of a 
musical note depends upon its as thus defined; and 

that, while change of intensity in any of the components produces 
a modification of character, change of phase has no influence \ipon it 
whatever. Sir W. Thomson, in a paper “ On Beats of Imperfect 
Harmonies,”^ adduces strong evidence to show that change of phase 
has, in some cases at least, an intliienco on character. 

The harmonics wldch are present in a note, usually find tlieir 
origin in the vibrations of the musical instrunient itself. In the 
case of stringed instruments, for example, along witli the vibration 
of the string as a whole, a number of segmental vibrations are sim- 
ultaneously going on. Fig. 637 represents curves oldaiiied by the 
composition of the fundamental mode of vibivition with another an 
octave higher. Tlie broken linos indicate the forms which the string 
would assume if yielding only its fundamental note." The continu- 
ous lines in the first and third figures arc forms ^Yhich a string nuiy 
assum(‘. in its two positions of greatest displacement, when yielding 
tlie- octave along with the fundamental, the time roipiired for the 

Uyo\RS.E. 1878. 

® The form of a string vibrating so as to give only one tone (whether fumlaniental or 
harrnoiuc) is a curve of sines, all its orLiinates inetjasing or diiniixishing iu the same pro- 
portion, as the string moves. 




string to pass from one of these 

as the time 
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rig. C37 . — String giving first Two Tones. 


again. The second and fourth figures must in like manner he taken 
together, as representing a pair of extreme positions. The number 
of harmonics thus yielded by a pianoforte -wire is usually some four 
or fvc; and a still larger number are yielded by the stidngs of a violin. 

The notes emitted from wide organ-pipes with flute mouth-pieces 
are very deficient in harmonies. This defect is remedied ly- combining 
with each of the larger pipes a scries of smaller x^ipes,'^ cacfli yielding 
one of its harmonics. An ordinary listener hears only one note, of 
the same pitch as the fundamental, but much richer in character 
than that which the fundamental x^ipe yields alone. A trained 
can recognize the individual harmonics in this case as in any other. 


* The stops called ojieii diapason and stop diapason (consisting respectively of open and 
stopped pipes), give the fundamental tone, almost free from harmonics. Tho stop absurdly 
c;alk;d pi'incipal gives the .second tone, that is the octave above the fundamental. The 
stop.s called tivdfth and jiftesnth give the third and fourth tones, which are a twelfth 
(octave + fifth), and a fifteentli (double octave) above the fundamental. Tho fifth, sixth, 
and eighth tones are combined to form the stop called mixture. 

As many of our readers will be unacquainted with the structure of organs, it may 
desirable, to state that an org.an contains a number of complete instruments, each consisting 
of several octaves of pipes. 35acli of these complete instruments is called a stop, and i.s 
brought into use at the pleasure of the organist by pulling out a slide, by means of a knob- 
handle, on which the name of the stop is marked. To throw it out 
the slide. A large number of stops are 
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It is important to remark, iliat tliougli tlie presence o£ harmonic 
subdivisions in a vibrating body necessarily produces harmonics in 
the Bjuntl emitted, the converse cannot be asserted. Simple vibra- 
tions, executed by a vil:)rating body, produce vibrations of the smne 
frequency as their own, in any medium to whicli they are trans- 
mitted, but not necessarily vibrations. If they produce com- 

j)ound vibrations, these, as we have seen (§ .925), must consist of a 
fnnJarueiital simple vibration and its harmonics. 

928. Helmholta’s Besonators.— -Helmholtz derived material aid in 
his researches from an instrument devised by himself, and called a 
TesonatoT or resonance globe (Fig. 638). It is a hollow globe of thin 



Fig. C;iS. —Resonator. 


brass, with an opening at each end, the larger one serving for the 
admission of sound, while the smaller one is introduced into the ear. 
The inclosed mass of air has, like the column of air in an organ-pipe, 
a particular fundamental note of its own, depending upon its size; 
and whenever a note of this particular pitch is sounded in its neigh- 
bourhood, the inclosed air takes it up and intensities it by resonance. 
In order to test the presence or absence of a particular harmonic in 
a given musical tone, a resonator, in imison with this harmonic, is 
applied to the ear, and if the resonator speaks it is knowm that the 
harjuonie is present. These instruments are commonly constructed 
so as to form a series, whoso notes correspond to tlic bass U of a 
man’s voice, and its successive harmonics as far as the 30th or 12th. 

Koenig has applied tlie principle of manomotrie tlanie.s to enable a 
large number of persons to witness the analysis of sounds by rcsomi- 
tors. A series of C resonators, whose notes have frequencies propor- 
tional to 1, 2, 3, 4, 5, 6, are fixed on a stand (Fig. 639), and their 
smaller ends, instead of being applied to the ear, are connected each 




fig. <339^ -^Analysis by ifanametrie Flames. 


A .simplo tone, iinaccompaniecl by harmonics, is dull and uninter- 
esting, and, i£ oi' low pitch, is very destitute of penetrating quality. 

Sounds composed of the first six’ elenientary tones in fair propor- 
tion, are rich and sweet. 

The higher harmonics, if sufficiently subdued, may also be present 
without sensible detriment to sweetness, and are useful as contribut- 
ing to expression. When too loud, they render a sound harsh and 
grating; an cfFect which is easily explained by the discordant com- 
binations which they form one with another; the 8th and 9th tone.s, 
for example, arc at the same interval as the notes Do and Re. 

927. Vowel Sounds, — The human voice is extremely rich in har- 
monics, UvS may be proved by applying the series of resonators to the 
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ear while the fundamental note is sung. The origin of the tones of 
the Yoiee is in the vocal chords, which, when in use, form a ’dia- 
phragm with a slit along its middle. Tlie edges of this slit vibrate 
when air is forced through, and, b3'- alternately opening and closing 
the passage, perform the part of a reed. The cavity of the month 
serves as a resonance chamber, and reinforces paidicular notes de- 
pending on the position of the organs of speech. It is by this reson- 
ance that the various vowel sounds are pu'oduced. The deepest pitch 
belongs to the vowel sound which is expressed In English by oo (as 
in moon), and the highest to ee (as in screech). 

Willis in 1828^ succeeded in producing the princip>al vowel sounds 
by a single reed -fitted to various lengths of tube. Wheatstone, a 
few years later, made some advances in theory,^ and constructed a 
machine by which nearly all articulate sounds could be imitated. 

Excellent imitations of some of the vowel sounds can be obtained 
by placing Helmholtz’s resonators, one at a time, on a free-reed pipe, 
the small end of the resonator being inserted in the hole at the top 
of the pipe. 

The best determinations of the particular notes which are rein- 
forced in the case of the several vowel sounds, have been made by 
Helmholtz, who emploj-ed several methods, but chiefly the two fol- 
lowing:— - 

1. Holding resonators to the ear, while a particular vowel sound 
was loudly sung. 

2. Holding vibrating tuning-forks in front of the mouth when in 
the proper position for pronouncing a given vowel; and observing 
which of them had their sounds reinforced by resonance.^ 

Helmholtz has verified his determinations synthetically^ He em- 
ploys a set of tuning-forks which are kep)t in vibration by the alter- 
nate making and unmaking of electro-magnets, the circuit being 
made and broken by the vibrations of one large fork of 64 vibrations 
per second. The notes of the other forks are the successive har- 
monics of this fundamental note, Each fork is accompanied by a 

Catithriih/e Trangactlonii, vol, iii. , 

’ London and /I'm’m', October, 1S87, 

* Accfu'cliii!;? to Koenig {Oompfes I'endus, 1870) the notes of strongest resonance for the 
vowels w, 0 , a, e, i, as pronounced in North Germany, are the five successive oota^'cs of 
B fiat, coimocncing -with that which corresponds to the space above the top line of the 
base clef, Willis, Helmholtz, and Koenig all agree as regards the note of the vowel o, 
which is very nearly that of a common A tuning-fork. They are also agreed respecting 
the note of a (as in father), which is an octave higher. 
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resonancG-tube, ■\vhicli, wKen open, renders the note of the fork 
aiidthle at a distance; and by means of a set of keys, like those of a 
piano, any of these tubes can be opened at pleasure. Tlie different 
vowel-sounds can thus be produced by employing the proper com- 
binations. 

The same apparatus served for establishing the principle (§ 925), 
that the character of a musical sound depends only on constitution, 
irrespective of change of phase. 

928. Phonograph. — Mr. Edison of New York has been successful 
in constructing an instrument which can reproduce articulate sounds 
spoken into it. The voice of the speaker is directed into a funnel, 
which converges the sonorous waves upon a diaphragm carrying a 
style. The vibrations of the diaphragm are impressed by means of 
this style upon a sheet of tin-foil, which is fixed on the outside of a 
cylinder to which a spiral motion is given as in the vibroscope (Fig, 
GIG), After this has been done, the cylinder with the tin-foil on it is 
shifted back to its original position, the style is brought into contact 



O' 10. —I'honognipli. 


with the tin-foil as at first, and the cylinder is then turned as before. 
The indentoil record is thus passed beneath the style, and forces it 
and tlie attaclicil diapliragm to execute movements resembling their 
original movements. The dio-phragm accordingly emits sounds %vhich 
are imitations of those previously spoken to it. Times sung into the 
funnel are thus reproduced with great fidelity, and sentences clearly 
spoken into it are reproduced with sufficient distincfcne,ss to be 
understood. 

The insti'iiment is represented in Fig. 640. By turning the handle 
E, which is attached to a- massive fly-wheel, the cylinder B is made 
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to revolve and at- the saine time to travel longitudinally, as the axle 
on which it is mounted is a screw working in a fixed iiiit. The sur- 
face of the cylinder is also fluted screw-fashion, the distance between 
its fluting's being the sarne as tie} distance betrveen the threads on 
the- axle. A is the diaphragm, of thin sheet-iron, liav.ing the stylo 
fixed to its centr<> hut not visible in the figure. The diaphragm and 
funnel are carried by the frame which turns on a hinge at the 
bottom. C C are adjusting screws for bi‘inging the style exactly 
opposite tile centre of the groove on the cylinder, and anotliei* screw 
is provided beneath the frame 1), for making tlie style project so 
far as to indent the tin-foil without piercing it. Tlu; tin-foil is put 
round the cylinder, and lightly fastened with cement, so that it can 
he quickly taken off and clianged. 

In another form of the instrument, the rotation of the cylinder is 
effected by means of a driving weight and governor, wliich gii'O it a 
constant velocity. This is a groat advantage in reproducing music, 
but ia of little or no benefit for speech. 
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CONSONANCE, DISSONANCE, AND RESULTANT TONES. 


929, Concord and Discord. — Every one not utterly destitute of 
musical ear is familiar with the fact that certain notes, when sounded 
together, produce a pleasing effect by their combination, while cer- 
tain others produce an unpleasing effect. The combination of two 
or more notes, when agreeable, is called concord ov consonance; 
when disagreeable, discord or dissonance. The distinction is found 
to depend almost entirely on difference of pitch, that is, on relative 
frequency of vibration; so that the epithets consonant and dissonant 
can with propriety be applied to intervals. 

.The following intervals are consonant: unison (1 : 1), octave (1 : 2), 
octave -f- fifth (1 : S), double octave (1 : 4), fifth (2 : 3), fourth (3 ; 4). 

The major third (4 : 5) and major sixth (3 : 5), together with the 
minor thh’d (5 : G) and minor sixth (5 : 8), are less perfect in their 
consonance. 

The second and the seventh, whether majjor or minor, are dis- 
sonant intervals, wdiatever system of temperament be employed, as 
ai'e also an indefinite number of other intervals not recognized in 
music. 

Besides the difference as regards pleasing or iinpleasing effect, it 
is to be remarked that consonant intervals can be identified by the ear 
with much greater accuracy than those which are dissonant. Musi- 
cal instruments are generally tuned by octaves and fifths, because 
very slight errors of excess or defect in these intervals are easily 
detected by the ear. To tune a piano by the mere comparison 
of successive notes would be beyond the power of the most skilful 
musician. A sharply marked interval is always a consonant 
interval. 
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■ 930. Jarring Effect of Dissonance.— According to tlie theory pro- 
pounded by Helmholtz, the unpleasant effect of a dissonant interval 
■consists essentially in the production of beats. These have a jarring 
effect upon the auditory apparatus, which becomes increasingly dis- 
agreeable as the beats increase in frequency up to a certain limit 
(about 33 jrer second for notes of medium pitch), and becomes 
gradually less disagreeable as the frequency is still further increased. 
The sensation produced by beats is comx)arable to that which the 
eye experiences from the bobbing oi a gas flame in a roonl lighted 
by it; hut the frequency which entails the maximum of annoyance 
is smaller for the eye than for the ear, on account of the greater pei’- 
sistence of visible impressions. The annoyance must evidently cease 
when the succession becomes so rapid as to produce the effect of a 
continuous impression. 

We have already (§ 888) described a mode of producing beats with 
any degree of frequency at pleasure; and this experiment is one of 
the main foundations on which Helmholtz bases his view. 

R 931. Beats of Harmonics.— The beats in the experiment above 
alluded to, are produced by the imperfect unison of two notes, and 
‘ indicate the number of vibrations gained by one note upon the other. 
Their existence is easily and completely explained by the considera- 
tions adduced in § 888. But it is well known to musicians, and 
easily established by experiment, that beats are also produced be- 
tween notes whose interval is approximately an octave, a fifth, or 
some other consonance; and that, in these cases also, the beats become 
more rapid as the interval becomes more faulty. 

These beats are ascribed by Helmholtz to. the common harmonic 
of the two fundamental notes. For example, in the case of the fifth 
(2 ; 3), the third tone of the lower note would be identical with the 
second tone of the upper, if the interval were exact; and the beats 
which occur are due to the imperfect unison consequent on the devia- 
tion from exact truth. All beats are tbus explained as duo to im- 
perfect itrw.s'on. 

This explanation is not merely conjectural, hut is established by 
the following proofs;— - 

1. When an arrangement is employed by which the fifth is made 
false by a known amount, the number of beats is found to agree 
with the above explanation. Thus, if the interval is made to cor- 
respond to the ratio 200 ; 301, it is observed that there are 2 heats to 
every 200 vibrations of the lower note. Now the harmonics which 
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are in approximate unison are represented by COO and G02, and the 
diiierence o£ these is 2. 

2. When the resonator corresponding to this common harmonic is 
held to the ear, it responds to tlie heats, showing thai^ this harmonic 
is undergoing variations of strength; but when a resonator corre- 
sponding to either of tlm fundamental notes is employed, it does not 
respond to the boats, but indicates steady continuance of its appro- 
priate note. 

3. By a careful exercise of attention, a person with a good ear can 

hear, -without any artificial aids, that it is the common harmonic 
which undergoes variations of intensity, and that the fundamental 
notes continue steady. , 

982. Beating Notes must be Near Together. — In order that two 
simple tones may yield audible beats, it is necessary that the musical 
interval between them should be small; in other words, that the ratio 
of their frequencies of vibration should be nearly equal to unity. 
Two simple notes of 300 and 320 vibrations per second will- yield 20 
beats in a second, and will be eminently discordant, the interval 
between them being only a semitone (15 : 16), hut simple notes of 
40 and 60 vibrations per second wrill ^lot give beats, the interval 
between them being a fifth (2 ; 3), The wider the interval between 
two simple notes, the feebler will be their beats; and accordingly, 
for a given frequency of beats, the harshness of ilie effect increases 
with the nearness of the notes to each Other on the musical scale."'- 
By taking joint account of the number of beats and the nearness of 
the beating tones, Helmholtz has endeavoured to express numeri- 
cally the severity of the discords resulting from the combination of 
the note 0 of 256 vibrations |:»er second with any possible note lying 
within an. octave on the upper side of it, a particular constitution 
(approximately that of the violin) being assumed for both notes. 
He finds a complete absence of discord for tlie intervals of uni- 
son, the octavo, and the fifth, and very small amounts of discord 
for the fourth, the sixth, and the third. By far the worst discords 
are found for the intervals of the semitone and major seventh. 


^ The explanation adopted by Helmholtz is, that a certain part of the ear — the mem- 
brana hasilaris — is composed of tightly stretched elastic fibres, each of which is attuned to 
a particular simple tone, and is thrown into vibration lyhcn tliis tone, or one nearly in 
unison with it, is sounded. Tw’o tones in approximate unison, 'when sounded together, 
affect several fibres in common, and cause them to heat. Tones not in approximate unison 
affect entirely distinct sots of fibres, and thus cannot produce interference. 
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and the next worst are for intervals a little greater or less than the 
fifth. 

933. Imperfect Concord. — When there is a complete absence of 
discord hetwoon two notes, they are said to form a perfect concord. 
The intervals unison, fifth, octave, octave + fifth, and the interval 
from any note to any of its harmonics, are of this class. The third, 
fourth, and sixth are instances of imperfect concord. Suppose, for 
example," that the two notes sounded together are G of 256 and E 
of S20 vibrations per second, the interval between these notes being 
a true major third (4:5); and suppose each of these notes to consist 
of the first six simple tones. 

The first six multiples of 4 are 


4, 

s, 

12, 

10, 

20, 

24, 

The first six 

5, 

multiples 

10, 

of 5 are 

15, 

20, 

25, 

SO. 


In searching for elements of discord, we select (one from each lino) 
two multiples difiering by unity. 

Those -which satisfy this condition are 

4 and 5; 16 and 15; and 25. 

But the first pair (4 and 5).niay be neglected., because theii ratio 
differs too much from unity. Discordance will result froi-a each of 
tlie two remaining pairs; that is to say, the 4th elmncnt of the lower 
of our two given notes is in discordance -with the 3d element of tlm 
upper; and the 6tli element of the lower is in discordance with the 
5th element of the higher. To find the frequencies of the beats, we 
must multiply all these numbers by 64, since 256 is 4 times 64, and 
320 is 5 times 64. Instead of a difference of 1, we shall then find a 
differemee of 64, that is to say, the number of beats per second is 64 
ill the case of each of tlie two discordant combinations wliich ive 
have been considering. 

, 934. Besultant Tones.— Under certain conditions it is found that 
two notes, ivhen sounded together, produce by their combination 
other notes, vdiich are not constituents of either. They are called 
resultant tones, and are of two kinds, difference-tones stPoA summa- 
tion-tones. A difierenec-tone has a fre(j[uency of vibration which 
is the difference of the frequencies of its components. A summa- 
tion-tone has a frequency of vibration which is the sum of the 
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froquciicics of its components. As tine components may cither be 
fundamental tones or overtones, two notes which are rich in har- 
monies may yield, by their combination, a large number of resultant 
tones. 

The difference- tones were observed in the last century by Sorge, 
and by Tartini, and were, until recently, attributed to beats. The fre- 
quenc}’ of beats is always the ditferenee of the frequencies of vibra- 
tion of the two tdeme.ntary tones which produce them; aitcl it was 
supposed that a rapid succession of beats produced a note of pitcli 
corresponding to this freipioncy. 

This explanation, if a<lmittc(l, would furnish an exception to wdiat 
otluu-wise apjtears to be the universal law, tliat every (‘Jementary 
tovQ arises from a corresponding simiile vibration} Such an excep- 
tion should not be admitted Avitliout necessity; and in the present 
instance it is not only unnecessary, but also msiifHcdent, inasmuch as 
it fails to render any account of the summation-tones. 

Helmholtz has sliowigbya matliematical investigation, tlnat when 
two systems of simple waves agitate the same mass of air, their 
mutual induoneo must, accauding to the recognized laws of dynamics, 
give rise to t\ro <l‘ei'ivod systems, having frequencies wdueli are re- 
spectively the sun'i ami the ditferenee of the frequencies of the two 
primary systems. Both classes of I'osultant tones are thus completely 
accounted h ir. 

Tlic resultant tones — especially the summation-tones, which are 
fainter than the others — are only audible when the primary tones 
are loud; for their existence depends upon small quantities of the 
second order, the amplitudes of the primaries being rega.rded (in 
comparison with the wave-lengths) as small quantities of the first 
orclur. 

If any further proof he required that the difierence tones are not 
duo to the coalescence of beats, it is furnished by the fact that, under 
favourable conditions, the rattle of the heats and the booming of the 
difference-tones can both bo heard together. 

: 935. Beats due to Besultant Tones. — The existence of resultant 
tones serves to explain, in certain cases, the production of beats 
between notes which arc wanting in harmonics. For example, if 
two simple sounds, of 100 and 201 vibrations per second respectively, 
are sounded togetlier, one beat per second will be x^roduced between 

^ The discovery of lawls; 4ue -to Ohpi, ■ v ■; i 
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G4G CONSONANCE, DISSONANCE, . AND RESULTANT TONES. : 

the clifierence-tone of 101 vibrations and the primary toiie of 100 
vibrations. By the beats to which they thus give rise, resultant 
tones exercise an influence on consonance and dissonance. 

Resultant tones, when siifiieiently lond, are themselves capable of 
perfonning the part of primaries, and yielding what are called result- 
aid tones of the second order, by their combination with other pri- 
jiiaries. Several higher orders of resultant tones can, under pecu- 
liarly favourable circumstances, be sometimes detected. 


I 
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CHAPTER LXVII 

PROPAGATION OF LIGHT. 

936. Light. — Light is the immediate external cause of our visual 
impressions. Objects, except such as are styled self-luminous, 
become invisible when brought into a dark room. The presence of 
something additional is necessary to render them visible, and that 
mysterious agent, wdiatever its real nature may be, we call lii/Jit 

Liglit, like sound, is believed to consist in vibration; but it docs 
not, like sound, require the presence of air or other gross matter to 
enable its vibiations to be pro 2 :)agated from the source to the per- 
cipient. When we exhaust a receiver, objects in its interior do not 
become less visible ; and the light of the heavenly bodies is not pre- 
vented from reaching us by the highly -vacuous spaces which lie 
between. 

It sooins noeessary to assume the existence of a mediiun far more 
subtle than ordinary matter; a medium which pervades alike the 
most vacuous s])aces and the interior of all bodies, whether solid, 
liquid, or gaseous: and which is so higlily elastic, in proportion to its 
density, that it is capable of transmitting vibrations with a velocity 
enormously transcending that of sound. 

This hypothetical medium is called ceilier. From the extreme 
facility with which bodies move about in it, we might be disposed 
to call it a suljtle fluid; hut the undulations which it serves to 
propagate are not such as can he propagated by fluids. Its elastic 
properties are rather those of a solid; and its %vaves are analogous 
to the pulses •which travel along the wires of a piano rather than to 
the waves of extension and compression by which sound is propa- 
gated through air. Liiminous vihroMons are transverse, voMle those 
of sound are longitudinal. 

A self-luminous body, such as a red-hot poker or the flame of a 
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candle, is in a peculiar state of vibration. This vibration is com- 
iminicated to the surrounding’ aTliei’, and is thus propagated to the 
eye, enabling us to see the body. In the majority of cases, however, 
we see bodies not by their own but by reflected light; and we are 
enabled to recognize the various kinds of bodies by the different 
modifications which light undergoes in reflection from their surfaces. 

As all bodies can become sonorous, so also all bodies can become 
solf-lumiiious. To render them so, it is onl^v necessary to raise them 
to a sufficiently high teniperature, whether by the communication 
of heat from a furnace, or by the passage of an electric current, or 
by causing them to enter into chemical combination. It is to cbemi- 
eal combination, in the active form of combustion, that we are in- 
debted for all the sources of artificial light in ordinary u.se. 

The vibrations of the letlier are capable of producing other effects 
besides illumination. They constitute what is called radiant heat, 
and they are also capable of producing chemical effects, as in photo- 
graphy. Vibrations of high frequency, or short period, are the most 
active chemically. Those of low frequency or long period have 
usually the most powerful heating effects; while those which affect 
the eye with the sense of light are of moderate frequency. 

937. Rectilinear Propagation of Light. — ^All the remarks -whieli 
have been made respecting tbo relations betAveen period, frequency, 
and wave-length, in the case of sound, are equally applicable to light, 
inasmuch as all kinds of luminous waves (like all kinds of sonorous 
waves) have sensibly the same velocity in air; but this weloeity is 
many hundreds of thousands of tiincs greater for light than for sound, 
and the wave-lengths of light are at the same time very much shorter 
than those of sound. Frequency, being the quotient of A’-clocity by 
waA"G-length, is accordingly about a million of millions of times 
greater for light than for sound. The colour of loAvest pitch is deep 
red, its frequency being about 400 million million A^ibrations per 
second, and its Acave-Iength in air 700 millionths of a millimetre. 
The colour of highest pitch is deep violet; its frequency is about 700 
million million Aubratioiis per second, and its AvaA^e-lcngth in air 400 
millionths of a millimetre. It thus appears that the range of seeing is 
‘ much smaller than tliat of hearing, being only about one octave. 

The excessive shortness of luminous as compared Avith sonorous 
AvaA'es is closely connected Avitli the strength of the shadoAA^s cast by 
a light, as compared Avith the A^ery inodta-ate loss of intensity pro- 
duced by interposing an obstacle in the case of sound. Sound may, 
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for ordinary purposes^ bo said to be capable of turning a corner, and 
light to be only capable of travelling in straight lines. The latter 
fact may be establisluMi ly such an arrangoincnt as is represented in 
Fig. Gdl. Two screens, 
each pierced with a 
hole, are arranged so 
that these holes are in 
a lino with the 11a, me 
of a candle. An eye 
placed in this line, he- 
hind tlie screens, is then 
able to see the flame; 
but a slight lateral dis- 
pflacenient, either of the 
eye, the candle, or cither 
of the screens, puts 
the flame out of sight. Elg. GH.— nectilmeiirPropasiition. 

It is to be noted that, 

in this experiment, the same mG<lium (air) extends from the eye 
to the candle. We shall hereafter find that, when light has to 
pass from one medium to another, it is often bent out of a straight 
line. 

We have said that the strength of light-shadows as compared with 
sound-shadows is connected with the shortness of luminous waves. 
Theory shows that, if light is transmitted through a hole or slit, 
whose diameter is a very large multiple of the length of a light- 
wave, a strong shadow should be cast in all oblique directions; but 
that, if tlic hole or slit is so nairow that its diameter is comparable 
to the length of a wave, a large area not in the direct path of the 
beam will be illuminated. The experiment is easily performed in a 
dark room, by admitting sunlight through an exceedingly fine slit, 
and r<?.ceiving it on a screen of wdiite pjaper. The illuminated area 
will be marked with coloured bands, called diffraction-fringes; and 
if the slit is made narrower, these bands become wider. 

On the other hand, Colladon, in his experiments on the transmis- 
sion of sound through the water of the Lake of Geneva, established 
the presence of a very sharplj^ defined sound-shadow in the water, 
behind the end of a projecting wall. 

For the present we shall ignore diffraction,^ and confine our atteii- 

* See Chap, Ixxiv. . : ' ■ 
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tion to the numerous phenomena which result from the rectilinear 
propagation of light. 

938. Images produced hy Small Apertures. — If a white screen is 
placed ojiposite a hole in the shutter of a room otherwise quite dark, 


I’ig. 0‘i'2.--lniage formed by Small Aperture, 


an inverted picture of the external landscape will he formed upon it, 
in the natural colours. The outlines will be sharper in proportion 
as the hole is smaller, and distant objects will 
bo more distinctly represented than those which 
are very near. 

These results are easily explained. Consider, 
in fact, an external object AB (Fig. 643), and 
ict 0 be the hole in the shutter. The point A 
A' I ^ sends rays in all directions into space, and among 

I “ them a small pencil, which, after passing through 

1 . the opening 0, falls upon the screen at A'. A' 


fig. c 43 .-icxpianati<)n. xeccives light from no other point but A, and 


A sends light to no part of the screen cxcejit A'. 


The colour and brightness of the spot A' will accordingly depend 
upon the colour and brightness of A; in other words. A' will be the 


m 





image o£ A. In like manner B' wiU be tlie image of B, and of 

the object between A and B will have their images between A' and B . 
An inverted image A'B' will thus be formed of the object AB. 

As the image thus formed of an external point is not a point, but 
a spot, whose size increases with that of the opening, there nius 
{dways be a little blurring of the outlines from the overlapping ot 
the spots which represent neighbouring points; but this will be com- 
paratively slight if the opening is very small. 

An experiment, substantially the same as the above, may e 
formed by piercing a card with a large pin-hole, and holding it between 


Fig. 644. — ^linage formed by Hole in a Card. 

a candle and a screen, as in Fig. GII;. An inverted image of the 
candle will thus be formed upon the screen. 

When the sun shines through a small hole into a room with the 
blinds down (Fig. G4o), the cone of rays thus admitted is easily 
traced hy the lighting up of the particles of dust w^hich lie in its 
course. The image of the sun which is formed at its further ex- 
tremity will he either circular or elliptical, according as the incidence 
of the rays is normal or oblique. Fine images of the sun are some- 
times thus formed hy the chinks of a venetian-blind, especially when 
the sun is low, and there is a white wall opposite' to receive the 
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image. In these circumstances it is sometimes possible to detect the 
presence of spots on the sun by examining the iinag'c. 

When the sun’s rays shine through the folia, ge of a tT'cc (Fig. (j 4G), 
the spots of light whicli they form upon the ground are always round 
or oval, whatever may bo the sliape of the interstices tlu'ough which 
they have passed, provided always that these interstices are small, 
When the sun is undergoing eclipse, the progress of the eclipse can 



Pig. 645.— Conical Sunbeam. 


be traced by watching the shape of these images, which resembles 
that of the uneclipsed portion of the sun’s disc. 

939. Theory of Shadows. — The rectilinear propagation of light is 
the foundation of the geometiy of shadows. Let the source of light 
be a luminous point, and let an opaque body be placed so as to inter- 
cept a portion of its rays (Fig. 647). If we construct a conical 
surface touching the body all round, and having its vertex at the 
luminous point, it is evident that all the space within this surface on 
the further side of the opaque body is completely screened from the 
rays. The cone thus constructed is called the shadow-cone, and its 
intersection with any surface behind the opaque body defines the 
shadow cast upon that surface. In the case which we have been 
supposing — that of a luminous point — the shadow-cone and the 
shadow itself will be sharply defined. 
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Actual sources of liglit, however, are not mere luminous points, 
hut have finite dimensions. Hence some complication arises. Con- 
sider, in fact (Fig. G48), a luminous body situated between two opaque 
bodies, one of them larger, and the other smaller than itself. Con- 
ceive a cone touching the luminous body and either of the opaque 
bodies This will be the cone of sActc-Zoiy, or the 

cone of the wm&m. All points lying within it are completely ex- 
cluded from view of the luminous body. This cone narrows or en- 
larges as it recedes, according as the opaque body is smaller or larger 
than the luminons body. In the former case it terminates at a 
finite distance. In the latter case it extends to infinite distance. 

Now conceive a double cone touching the luminous body and 
either of the opaque bodies internally. This cone will he wider 
than the cone of total shadow, and will include it. It is called the 


Fig. 648.— tTmlira and Penumbra. 


cone of partial shadow, or the cone of the penwmhra. All points 
lying within it are excluded from the view of some portion of the 
luminous body, and are thus partially shaded by the opaque body. 
If they are near its outer boundary, they are very slightly shaded. 
If they are so far within it as to he near the total shadow, they are 
almost completely shaded. Accordingly, if the shadow of the opaque 
body is received upon a screen, it will not have sharply defined 
edges, hut will show a gradual transition from the total shadow 
which covers a finite central area to a complete absence of shadow 
at the outer boundary of the penumbra. Thus neither the edges 
of the umbra nor those of the penumbra are sharply defined. 

The umbra and penumbra show themselves on the surface of the 
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opaqiio body itself, the line of contact of the umbral cone being 
further back from the source of light than the line of contact of the 
penumbral cone. The zone between these two lines 'is in partial 
shadow, and separates the portion of the surface whicli is in total 
shadow fi'om the part which is not shaded at all. 

940. Velocity of Light.~-Liimihous undulations, unlike those of 
soimd, advance with a velocity which may fairly be styled incon- 
ceivable, being about 300 million metres per second, or 180,000 
miles per second. As the circumference of the earth is only 40 mil- 
lion metres, light would travel seven and a half times immd the 
earth in a second. 

Hopeless as it might appear to attempt the measurement of such 
an enormous velocity by mere terrestrial experiments, the feat has 
actually been performed, and that by two distinct methods. In 
Fizeaus expeiiments the distance between the tw^o experimental 
stations "was about 51- miles. In Foucault’s experiments the whole 
apparatus was contained in one room, and the movement of light 
within this room served to determine the velocity. 

We will first describe Fizeau’s experiment. 

941. Fizeau’s Experiment. — Imagine a source of light placed di- 
rectly in front of a plane mirror, at a great distance. The mirror 
will send hack a relieeted beam along the line of the incident beam, 
and an observer stationed bebiiut the source will see its image in the 
mirror as a luminous point. 

Now imagine a toothed- wheel, with its plane perpendicular to the 
path of the beam, revolving uniforinly in front of the source, in 
such a position that its teeth pass directly between the source of 
light and the mirror. The incident beam will he stopped by the 
teeth, as they successively come up, hut wdll pass through the spaces 
between them. Now the velocity of the wdieel may be such that 
the light wdiich has thus passed through a space shall be reflected 
back from the mirror just in time to meet a tooth and be stopped. 
In this case it will not reach the observer’s eye, and the image may 
thus become permanently invisible to him. From the velocity of 
the wdicel, and the iiiinibcr of its teeth, it w-ill ho possible to com- 
pute the time occupied by the light in travelling from the wheel to 
the mirror, and back again. If the velocity of the wheel is such 
that the light is sometimes intercepted on its return, and sometimes 
allowed to pass, the imago will appear steadily visible, in conse- 
quence of the persistence of impressions on the retina, but with a 



loss of brightness proportioned to the time that the liglit is inter- 
cepted. The wheel employed by Fizeim had 720 teetlg the distance 
between the two stations was 8C()S metres, and 12-0 revolutions per 
second produced disappearance of the image. The width of the 
teeth being equal to the width of the si)aces, the time required to 
turn through the width of a tooth was iXTlo-Xyb-o of a second, 
that is Yiri jt of a second. 

In this time the light travelled a distance of 2 x SCd.S = I782i> 
metres. The distance traversed by light in a second would therefore 
be 17,320 X 18, 14)4=:314*, 202, 944' metres. This determination of M. 
Fizeau’s is believed to be somewhat in excess of the truth. 

A double velocity of the wheel would allow the reflected beam to 
pass through the space succeeding that through which the incident 
beam had passed; a triple velocity would again produce total eclipse, 
and so on. Several independent determinations of the velocity of 
light may thus he obtained. 


Fig. 649.— Fizeau's Experiment. 

Thus far, we have merely indicated the principle of calculation. 
It will easily he understood that special means were necessary to 
prevent scattering of the light, and render the image visible at so 
great a distance. Fig, 649 will serve to give an idea of the apparatus 
actually employed. 

A beam of liglit from a lamp, after passing through a lens, falls 
on a plate of unsilvered glass M, placed at an angle of 4.5°, by 
which it is reflected along the tube of a telescope; the object- 
glass of the telescope is so adjusted as to render the rays parallel 
on emergence, and in this condition they traverse the interval 


PBOPAGATION OF LIGHT. 


956 




VELOCITY OF LIGHT. 


between tlie two .stations. At the second station they arc collected 
by a Ions, which brings them to a focus on the surface of a mirror, 
which sends them Lack along the same course by which they 
came. A portion of the light thus sent back to the glass plate M 
passes through it, and is viewed by the observer through an eye- 
piece. 

The wheel R is driven by clock-work. Figs. GoO, G51, 052 respec- 


Fig. G60.— Wheel at Rest. Fig. 651.— Total lolipsa Fig. 662.— Tartial Etlipfie. 

tively represent tbe appearance of the luminous point as seen between 
the teeth of the wheel when not revolving, the total eclipse produced 
by an appropriate .speed of rotation, and the partial eclipse produced 
by a dillerent speed. 

More recently M. Cornu has carried out an extensive series of 
experiments on the same plan, with more powerful appliances, the 
distance betiveen the two stations being 23 kilometres, and the 
extinctions being carried to the 21st order. His result is that the 
velocity of ligiit (in millions of metre.s per second) is 300‘33 in air, 
or 300A in vacua. 

j 942. Foucault’s Experiment. — ^Foucault employed the principle of 
the rotating mirror, tirst adopted by Wheatstone in his experiments 
on the duration of the elcctiac .spark and the velocity of electricity 
(§ 591, GSO). The following was tbe construction of his original 
apparatii.s 

A beam of light enters a room by a square Iiolo, w'hich has a fine 
platinum wire stretched across it, to serve as a mark ; it is then 
concentrated by an achromatic len.s, and, before coming’ to a focus, 
falls upon a piano mirror, revolving about an axis in its own plane. 
In one part of the' revolution the reflected beam is directed upon a 
concave mirror, whose centre of curvature i.s in the axis of rotation, 
so tha.t 'the beam is reflected back to tlio revolving mirror, and 
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tlience back to the bole at which it first entered. Before reaching 
the hole, it has to traverse a sheet of glass, placed at an angle of 45°, 
which reflects a portion of it towards the observers eyig and the 
image whicli it forms (an image of the platinum wire) is viewed 
through a powerful eye-piece. The image is (,)nly formed during a 
small part of each i-evolution; but when 30 turns are made per second, 
the appearance presented, in consequence of the persistence of im- 
pressions, is that of a permanent image occupying a fixed, position. 
When the speed is considerably greater, the mirror turns tlirongb 
a sensible angle while tlie light is travelling from it to the concave 
mirror and back again, and a sensible displacement of the imago is 
accordingly observed. The actual speed of rotation was from 700 to 
800 revolutions per second.''' 


Fig. 653.— Foucault's lixporiiueiit. 


On interposing a tube filled with water between the two mirrors, 
it was found that the displacement vvas increased, showdng tlvat a 
longer time was occupied in traversing the water than in traversing 
the same length of air. 

This result, as we shall have occasion, to point out later, is very 
important as confirming the undulatoiy theory and disproving the 
emission theory of light. 

In Fig. G53, a is the position of the platmurn wire, L is the 
achromatic lens, m the revolving inirrox’, o the axis of revolution, M 

^ It was found that, at this high speed, the amalgam at the back of ordinary looking- 
glasses was driven off by centrifugal force. The mirror actually employed was silvered in 
front with real silver. 
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the concave mirror, a' tlie image of the platinum wire, displaced from 
a in virtue of the rotation of the mirror; a, a images of a, a', formed 
by the glass plate g, and viewed through the eye-piece 0. 

M' is a second concave mirror, at the same distance as II from the 
revolving mirror; T is a tube filled with water, and having plane 
glass ends, and L' a lens necessary for completing the focal adjust- 
ment; a' and a'' are the images formed by the light wdiich has tra- 
versed the 'water.^ 

Foucault’s experiment, as thus described, was iDcrformcd in 1850, 
very shortly after that of Fizeau. Some important improvements 
were afteius-ards introduced in the method, especially as regards the 
measurenient of the speed of rotation of the mirror, which is evi- 
dently a principal element in the calculation. In the later arrange- 
ments the mirror was driven by means of a bellows, furnished with 
a special arrangement for keeping up a constant pressure of air, and 
driving’ a kind of siren, on which the mirror was mounted. Instead 
of making a separate determination of the speed of rotation in each 
experiment, means were employed for keeping it aUvays at one 
constant value, namely, 400 revolutions per second. This was less 
than the speed attained in the earlier experiments; but, on the otlier 
liand, the length of the path traversed h}'' the light bet'ween its two 
refiections from the revolving mirror 'was increased, by means of 
successive reflections, so as to be about 20 metros, instead of 4 as in 
the original experiments. 


^ The distances are sradi that La and Ln + cM are conjugate focal distances with 
respect to the lens L. An imago of the wire a is tlms formed at M, and an image of this 
im.age is formed at «, the mirror being supposed stationary; and this relation holds luit 
only for the central point of the concave mirror, but for any part of it on which the light 
may hapi-ieu to fall at the instant considered. 

Let I denote the distance cAI between the revolving and the fixed mirror, Z'tlie distance 
cL of the revolving mirror from the centre of the lens, r the distance «L of the platinum 
wire from the centre of the lens, n the manlier of revolutions per second, V the space tra- 
vei’sed by light in a second, t the time occupied by light in travelling from one mirror to 


the other and back, 0 the angle turned by the mirror in this time, and 5 the angle sub- 
tended at the centi-e of the lens liy the distance a a' between the wire and its displaced image. 


Then obviously t 


21 

■y , but also t~ 


; hence V 


4 ir « Z 

-~-Q— . 


Now the distance between the two images (corresponding to a, a' rc.spectivcly) at the 

iTjul’S S 

back of the revolving mirror is (l + l') S, and is also 2 &l (§ 9C4). Hence ^ 


™_8irnZ- 

(I+lTs' 


The observed distance a o' between the two images is equal to the distance 


between a, a', that is to r d. Calling this distance c?, we liave finally, 

y 8 T T n 
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The constant rate of revolution is maintained by comparison with 
a clock. A wheel with 400 teeth, driven by the clock, makes exactly 
cfce revolution per second. A tooth and a space alternately cover 
the part of the licld where the image of the wire-grating (which has 
been substituted for the single wire) is formed. The same instan- 
taneous flashes of light from the revolving mirror which form the 
image, also illuminato the rini of the wheel. If the wheel advances 
exactly one tooth and space between consecutive flashes, its illumi- 
nated positions are undistinguishable one from another, and the 
wheel accordingly appears stationary. When this is the case, it is 
known that tire mirror is making exactly 400 turns per- second. A 
slight departure from this rate either way, makes the wdioel appear 
to be slowly revolving either forwards or backwards, and the bellow^s 
must be regulated until the stationary appearance is presented. 

By means of this admirable combination, Foucault made by far 
the best determination that had up to that time been oldained of 
the velocity of light. His result was 298 million metros per second. 

943. McMlspnls Determination. — Captain Michelson of the United 
States’ navy has recently effected some improvements in Foucault’s 
method. He places the lens L not between the slit and the revolv- 
ing mirror, but between the revolving and the fixed mirror, in -such 
a position that the sum of the distances of the slit and lens from 
the revolving mirror is a very little greater than the focal lengtli of 
the lens. The imago of the slit is accordingly formed at a very 
great distance on the other side of the lens, and it is at this distanee 
that the fixed mirror M is placed. The focal length of the lens was 
150 ft, and the distance between the two mirrors neatly 2000 ft. 
The measured deviation of the imago of the Kslit from the slit itself 
is due to the angle through which the mirror turns -while light 
travels over twice this distance, or nearly 4000 ft,, and the distance 
of the slit from the mirror being about SO ft., the deviation of the 
image from the slit amounted to more than 133 millimetres, wdiereas 
the deviation obtained by Foucault was less than 1 millimetre. 

The velocity deduced by Captain Michelson as the final result of 
his observations is 299740 million metres per second in air, or 
299*828 in vacuo} This latter is about 180,300 miles per second. 

I 944. Velocity of Light deduced from Observations of the Eclipses of 
Jupiter’s Satellites. — The fact that light occupies a sensible time in 
travelling over celestial distances, was first established about 1075, 

. ^ For further details see Nature, Nov. 27 and Doc. 4, 1879. 
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by Roomer, a Danish astronomer, who also made the first computa- 
tion of its velocity. He was led to this discovery by comparing the 
observed times of the eclipses of Jupiter’s first satellite, as contained 
in records extending over many successive years. 

The four satellites of Jupiter revolve nearly in the plane of the 
planet’s orbit, and undergo very frequent eclipse b^r entering the 
cone of total shadow cast by Jupiter. The satellites and their 
eclipses are easily seen, even with telescopes of very moderate power; 
and being visible at the same absolute time at all parts of tlic earth’s 
surface at which they are visible at all, they serve as signals for 
coinparing local time at diflerent places, and thus for dctenriining 
longitudes. The first satellite (that is, the one nearest to Jupiter), 
from its more rapid motion and shorter time of revolution, affords 
both the best and tlie most frequent signals. Tire interval of time 
between two successive eclipses of thivS satellite is about 421- hours, 
but was found by Koemer to vary by a regular law according to the 
position of the earth with re.spect to Jupiter. It is longest when 
the earth is increasing its distance from Jupiter most rapidly, and is 
shortest when the earth is diminish- j 

ing its distance most rapidly. Start- 

ino' from the time when the earth is / ^ N 

nearest to Jupiter, as at T, J (Fig. / A" ■ \ \ 

054), the intervals between successive / / { \ \ 

eclipses are always longer than the / \ y’’ \ 

mean value, until the greatest dis- 1 '-‘j | 

tance has been attained, as at T' J', \ \ /" j / 

and the sum of the excesses amounts \ / j 

to IG min. 20'G sec. From this time X. ' 

until tlie nearest distance is again. 

attained, as at T", J", the intervals are irjg. c 3 i.-r.arUi ana Jupiter, 
always shorter than the mean, and the 

sum of the defects amounts to IG min. 20G sec. It is evident, then, 
that the eclipses are visible IG m. 2G‘G s. eailier at the nearest than 
at the remotest point of the earth’s orbit; in other words, that thi,s i.s 
the time required for the propagation of light across the diameter of 
the orbit. Taking thi.s diameter as 184 millions of niiles,^ we have 
a resulting velocity of about 186,500 miles per second. 

945. Velocity of Light deduced from Aberration, — About fifty 

^ The sun’s mean distance from the earth was, until recentlj, estimated at 95 million.'^ 
of miles. It is now estimated at 92 or 92J millions 
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years after Roomer’s discovery, Bradley, the English astronomer, 
employed the velocity of light to explain the astronomical pheno- 
menon called ahermiion. This consists in a regular periodic displace- 
ment of the stars as seen from the earth, the period of the displace- 
ment being a year. If the direction in which the earth is moving 
in its orbit at any instant bo regarded as the forivard direction 
every star constantly appears on the forward side of its true place, 
so that, as the earth moves once round its orbit in a year, each star 
describes in this time a small apparent orbit about its true place. 

The phenomenon is explained in the same way as the familiar 
fact, that a shower of rain falling vertically, seems, to a person run- 
ning forwards, to be coming in his face. The relative 
motion of the rain-drops with respect to liis body, is 
found by compounding the actual velocity of the 
drops (whether vertical or oblique) with a velocity 
equal and opposite to that with which he runs. Thus 
if AB (Fig. 655) represents the velocity with which 
he runs, and C A, the true velocity of the drops, the 
apparent velocity of the drops will be represented 
by D A. If a tube pointed along AD mofes forward 
parallel to itself with the velocity A B, a drop ehter- 
ing at its upper end will pass through its whole length 
without wetting its sides; for while the drop is falling 
along D B (we suppose with uniform velocity) the 
tube moves along A B, so that the lower end of the tube reaches B 
at. the- same time as the rain-drop. 

In like manner, if A B is the velocity of the earth, and C A the 
velocity of light, a telescope must be pointed along AD to see a star 
which really lies in the direction of A 0 or B D produced. When 
the angle B A C is a right angle {in other words, when the star, lies 
in a direction perpendicular to that in which the earth is moving), 
the angle C A D, which is called the aberration of the star, i.s 20"‘5, 
and the tangent of this angle is the ratio of the velocity of the earth 
to the velocity of light. Hence it is found by computation that the 
velocity of light is about ten thousand times greater than that with 
which the earth moves in its orbit. The latter is easily computed, 
if the sun’s distance is known, and is about 18h miles per second. 
Hence the velocity of light is about 185,000 miles per second. It 
will be noted that both these astronomical methods of comj)uting the 
velocity of light, depend upon the knowledge of the sun’s distance 



Fig. 055. 
Aben-iition. 



Fig. eSfl.—Botiguer’s riiofcometer. 

semi-transparent screen, of -white tissue paper, ground glass, or thin 
white porcelain, divided into two parts by an opaque partition at 
right angles to it. The two lamps which are to he compared are 


from the earth, and that, if this distance is overestimated, the com- 
puted velocity of light will be too great in the same ratio. 

Conversely, the velocity of light, as determined by Foucault’s 
method, can be employed in connection either with aberration or 
the eclipses of the satellites, for .computing the distance; and 
the first correct determination of the siitfs dista-nce was, in fact, that 
deduced by FoiicaiUlt from his own results, 

948. Photometry.— -Photometry is the measurement of the relative 
amounts of light emitted by difterent sources. The methods em- 
ployed for this purpose all consist in determinations of the relative 
distances at which two sources produce equal intensities of illumina- 
tion, Tlie eye would be quite incompetent to measure the ratio of 
two unequal illuminations; but a pretty accurate judgment can he 
formed as to equality or inequality of illumination, at least when the 
surfaces compared are similar, and the lights by which they are illu- 
minated are of the same colour. The la\y of inverse squares is alwa3^s 
made the basis of the resulting calculations; and this law may itself, 
be verified by showing that the illumination produced by one candle 
at a given distance is equal to that jiroduced by four candles at a 
distance twice as great. , ^ 

947. Bouguer’s Photometer^— Bouguor’s photometer consists of a 
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placed one on each side of this partition, so that each of them Illu- 
minates one-half of the transparent screen. The distances of the 
two lam])s are adjusted until the two portions of the screen, as seen 
from the back, appear equally bright. Tlio .distances are then mea- 
sured, and their squares are assumed to .be directly proportional to 
the illuminating powers of the lamps. 

948. Eumford’s Photometer. — Rumford’s photometer is based on 
the comparison of shadows. A cylindric rod is so placed that each of 
tlie two lamps casfe a shadow of it on a screen; and the distances 


Fig. C57.— lluuifoi'd’s riiotometei', 
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tion so far that tlie dark strip shall just vanish. The two illuminate«i 
portions, being then exactly contiguous, can be more easily and 
certainly compared. 

950. Bunsen’s Photometer. — In the instruments above described 
the two sources to be cpiiipai'ed qa'q both on the same side of the 
screen, and illuminate different portions of it. Bunsen introdiice{l 
the plan of placing tlie sources on opposite sides of the screen, and 
making the screen consist of two parts, one of them more translucent 
than the other. In his original pattern the screen wms a sheet of 
white paper, with a large grease spot in the centre. In Dr. Letheby’s 
pattern it is composed of three sheets of paper, laid face to face, the 
middle one being very thin, and the other two being cut away in 
the centre, so that the central part of the screen consists of one 
thickness, and the outer part of three. 

When such a screen is more strongly illuminated on one side than 
on the other, the more transluceht imrt appears brighter than the 
less translucent when seen from the darker side, while the reverse 
appearance is presented on the brighter side. It is therefore the 
business of the observer so to adjust the distances that the central 
and circumferential parts ap- 
pear equally bright. When they 
appear equally bright from one 
side they will also appear j, 
equally bright from the other; 
but as there is always some- 
little difference of tint, the ob- 
server’s judgimuff is aide<l by seeing both sides at once. This is 
aceomidished in Dr. Letliel>y’s photometer by means of tw'O mirrors^ 
one for each .eye, as represented in the accompanying ground-plan 
(Fig. (>58), 

s is the screen, and n in are the two mirrors, in whicli images s' s’ 
are scon by an. ob.server in front. Tbo fraiuc which carries the 
screen and mirrors travels along a graduated bar AB, on wltich the 
distances of the screen from the two lights are indicated. 

In all delicate photometric obser^'ations, the eye should bo shielded 
from direct view of the lights, and, as much as possible, from all 
extraneous lights. The objects to be compared should be brigliter 
than anything else in the held of view. ; , ^ '( 

951. Photometers for very Powerful Lights. — In comparing two 
very unequal lights, for example, a powerful electric light and a 
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standard candle, it is scarcely possible to obtain an observing-room 
long enough for a direct eomparisoii by any of the above methods. 
To overcome this difficulty a lens (either convex or concave), of 
short focal length, may be employed to form an image of the more 
powerful source near its principal focus. Then all the light which 
this source sends to the lens may be regarded as diverging from the 
image and iilling a solid angle eqiial to that which the lens subtends 
at the image. In other Words; the illuminations of the lens itself 
due to the source and the image are equal. Hence, if S and I are 
the distances of the source and image from the lens, the image is 
weaker than the source in the ratio of T-^ to S^, and a direct com- 
parison can be made between the light from the image and that 
from a standard candle. Thus, if a screen at distance D from the 
image has tlie same illumination from the image as from a candle 

at distance 0 on the other side, the image is equal to candles, and 

the source itself to p candles. A correction must, however, be 

applied to this result for the light lost by reflection at the surfaces 
of the lens. 


CHAPTER LXVIII 


REFLECTION OF LIGHT. 

952. Reflection. — If a beam of the smi’s rays AB (Fig. C59) be 
admitted through a small hole in the shutter of a dark room, and 
allowed to fall on a polished plane surface, it will be seen to continue 
its course in a different direction B O. This is an example of reflec- 
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tion. AB is called the incident beam, and BC the reflected beam. 
The angle A B 1) contained between an incident ray and the normal 
is called the angle of incidence; and the angle CBl) contained 
between the corresponding reflected ray and the normal is called 
the angle of reflection. The plane A. B D containing the incident 
ray and the normal is called the plane of incidence. 

'I 953. Laws of Reflection. — ^^fhe reflection of light from polished 
surfaces takes place according to the following laws : — 

1. The reflected ray lies in the plane of incidence. 


OOB 


REFLECTION OF LIGHT. 


2. The angle o^ reflection is ecpiai to the angle of incidence. 

These laivs may he verilied by means of the apparatus represented 



Fig, fi3o,™\\^rmcatum of precisely parallel to tlie axis of the tube. The 
observer then looks through the other tube, 


and moves it along the eircuinfereiice till he finds the position in 
which the reflected light is visible through it. On examining the 
graduations, it will be found that the two tubes are at the same 
distance from the zero point, on opposite sides. ‘ Hence the angles 
of incidence and reflection are equal. Moreover the plane of the 
circle is the plane of incidence, and this also contains the reflected 
rays. Both the laws are thus verified. 

d Q54:. Artificial Horizon.— These laws furnish the basis of a method 
of observation which is frequently employed for determining the 
altitude of a star, and which, by the consistency of its results, fur- 
nishes a VGiy rigorous proof of the laws, 

A vertical divided circle (Fig. GGl) is set in a vertical plane by 
proper adjustments. A tcdcscopc movable about the axis of the 
circle is pointed to a particular star, so that its line of colli rnation 
rS' passes through the apparent place of the star. Another tele- 
scope,’- similarly mounted on the other side of the -circle, is directed 
downwards along the line T 11 towards the image of the star as seen 
in a trough of mercury I. Assuming the truth of the laws of reflec- 
tion as above stated, the altitude of the star is half the angle between 
the directions of the two telescopes; for the ray SI from the star to 
the mercury is parallel to the line S' I', by reason of the excessively 
great distance of the star; and since the rays SI, IR are equally 
inclined to the normal IN, which is a vertical line, the linos I'S, I'R 
are also equally inclined to the vertical, or, what is the same thing, 

’ In practice, a single telescope usuaiy serves for both observations. 


Fig. C61.— Artificial Horizon, 


horizon. Observations thus made give even more accurate results 
than those in which the natural horizon presented by the sea is made 
tlie standard o£ referf^nee. 

955. Irregular Beflection. — The reflection which we have thus far 
"been discussing is called regiilar vefiectUm. It is more marked as 
the reflecting surface is more highly polished, and. (eKcopt in tlie 
ease of metals) as the incidence is more oblique. But there is an- 
other kind of reflection, in virtue of which bodies, when illuminated, 
send out light in all directions, and thus become visible. This is 
called irregular reflection or diffusion. Regular reflection does not 
render the reflecting body visible, but exhibits images of surrounding 
objects. A perfectly reflecting mirror would be itself unseen, and 
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2. The angle of reflection is equal to the angle of incidence. 

These laws may be verified by means of the apparatus represented 
in Fif'-. CGO. A vertical divided circle lias a small polished plate 
fixed at its centre, at right angles to its plane, 
and two tubes trav(dling on its circumference 
with their axes ahrays directed towards the 
centre. The 2 ero of the di visions is the highest 
point of the circle, the plate being horizontal. 

A source of light, such as the flame of a; 
candle, is placed so that its rays shine through 
one of the tubes upon the plate at the centre. 
As the tubes are blackened internally, no light; 
passes through except in a direction almost 
Fig. precisely parallel to the axis of the tube. The 

observer then looks through the other tube, 
and 'moves it along the circumferonco till he finds the position in 
which the reflected light is visible through it. On examining the 
graduations, it will he found that the two tubes are at the same 
distance from the zero point, on opposite sides. ' Hence the angles 
of incidence and reflection are equal. Moreover the plane of the 
circle is the plane of incidence, and this also contains the rtdlected 
rays. Both the laws are thus verified. 

i 954, Artificial Horizon. — ^Theso laws furnish Ihe basis of a method 
of observation which is frequently employed for determining the 
altitude of a star, and which, by the consistency of its results, fur- 
nishes a very rigorous proof of the laws, 

A vertical divided circle (Fig. 6G1) is set in a vertical plane by 
proper adjustments. A telescope movable about the axis of the 
circle is pointed to a particular star, so that its line of collimation 
r S' passes through the apparent place of the star. Another tele- 
scope, ^ similarly mounted on the other sitle of the .circle, is directed 
dowmwards aleng the line FR towards the image of the star as stKui 
in a tremgh of mercury I. Assuming the truth of the laws of reflec- 
tion as above stated, the altitude of the star is half the angle hetweevn 
the directions of the two telescopes; for the ray S I from the star to 
the mercury is parallel to the line BT, by reason of the excessively 
great distance of the star; and since the rays S I, I R are equally 
inclined to the normal IN, which is a vertical line, the lines I'S, I'R 
are also equally inclined to the vertical, or, what is the same thing, 

^ In practice, a single telescope usuaRy serves for both observations. 
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Fig, 661.— Arfclficial Horizon. 


horizon. Observations tlins made give even more accurate results 
than those in whicli the natural horizon presented by the sea is made 
the standard of reference. 

955. Irregular Reflection. — The reflection vdiich we have thus far 
‘been discussing is called regular refieciio'ii. It is more marked as 
the rcfiecting surface is more highly polished, and (excejit in the 
case of metals) as the incidence is more oblique. But there is an- 
other kind of reflection, in virtue of which bodies, when illuminated, 
send out light in all directions, and thus become visible. This is 
called irregular reflection or diffusion. Regular reflection does not 
render the reflecting body visible, but exhibits images of surrounding 
objects. A perfectly reflecting mirror would be itself unseen, and 
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actual mirrors are only visible iii virtue of the small quantity of 
diffused liqlit which they usually emit. The transformation of iii- 
cidont into diffused liglrt is usually selective; so that, though the 
incident Loam may be white, the diffused light is usually coloured. 
The power which a body possesses of making such selection consti- 
tutes its colour. 

The word refleGtion i.s often used by itself to denote what we have 
here called regular rejection, and we shall generally so employ it. 

956. Mirrors. — ^The mirrors of the ancients were of metal, usually 
of the compound now known as speculum-metal. Looking-r/hisscs 
date from the twelfth century. They are plates of glass, coated at 
the back wuth an amalgam of quicksilver and tin, which forms the 
reflecting surface. This arrangement has the great advantage of 
excluding the air, and thus preventing oxidation. It is attended, 
hownver, with the disadvantage that the surface of the glass and 
the surface of the amalgam form two mirrors ; and the superposition 
of the two sets of images produces a confusion w^hich would be in- 
tolerable in delicate optical arrangements. The mirrors, or specula 
as they are called, of reflecting telescopes are usually made of specu- 
lum-metal, wbicli is a bronze composed of about 32 parts of copper 
to 15 of tin. Lead, antimony, and arsenic are sometimes added. Of 
late years specula of glass coated in front with real silver have been 
extensively used; they are knowm as silvered specula. A coating 
of platinum has also been tried, but not wdth much success. The 

mirrors employed in optics arc usually 
either plane or spherical. , . 

957. Plane Mirrors.~Ly a^^ p^ 
mirror wm uiean, ..any plane . reflecting 
surface. Its effect, as is well known 
is to produce,bebind tIie mirror, image.s 
exactly similar, both in form and size, 
to the real objects in front of 
phenomenon is easily explained by the 
law^s of reflection. 

Let M N (Fig. 6C2) be a plane mir- 
ror, and S a luminous point. Rays 
SI, Sr, SF proceeding from this point 
give rise to reflected rays I 0, T O', F 0"; and each of tlicso, if 
produced backwards, will meet the normal S K in a point S', which 
is at the same distance behind the mirror that S is in front of 
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The reflected rays have therefore the same directions as if they 
had come from S', and the eye receives the same impression as if 
S' were a luminous point. 

Fig. CCS represents a pencil of rays emitted by the highest J^oint 
of a candle-flame, and re- 
fleeted fr 


■om a plane mir- 
ror to the eye of an ob- 
server. The reflected rays 
are <livergent (like the in- 
cident rays), and if pro- 
duced backwards would 
meet in a point, which is 
the jiosition of the image 
of the top of the flame. 

As an object is made up 
of points, these jirinciples 
{.how that the image Of 

an object formed by a plane mirror must bo equal to the object, 
and symmetrically situated with respect to the plane of the iiiirrov, 
For example, if A B (Fig.OG‘1) is 

an object in front of the miiTor, ^ 

an eye placed at 0 will SCO the 

image of the point A at A', the j I \ 

image of B at B', and so on for ^ .Jx. i ."^..1'' , 

all tlie other points of the ob- / ! ' q ' 

ject. The position of the image / J'p- — __ y, / 

A' B' depends only on the ]iosi- / | /'' / 

tions of the object and of the / , — j. j y / 

mirror, and remains stationary 
as the eye is moved about. It 
is possible, however, to find 
positions from winch the eye 
wdll not SCO the image at all, the 
conditions of vis.ll)ility being 
the same as if the image were a real object, and the mirror wore an 
opening tlirough which it could be seen. 

The images formed by a plane mirror are erect. They are not \ 
however exact duplicates of the objects from which they are formed, } 

^ This is evident from the comparison of the two triangles S K I, S' K I, hearing in mind 
that the angle N I S is equal to the alternate angle I S K, and N 1 0 to K S' L 


Fig. 063.— Image of Candle. 


Fig. fiGJ.— Tiicideui and Kellacted roncils. 
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but differ from them j^recisely in the same way as the loft foot or 
hand differs from the right. The image of a printed page is like the 
xC appearance of the page as 

through the paper from 
the back, or like the type 
^ from which the page was 

^'y /' jj printed. 

j ' ''‘958. Images of Images. — 

^ /'XJ ' “ When rays from a luminous 

i.?' " point m have been reflected 

rW ■ ■ ■ •; ^ ■ 

Fi". Cas.-Kefleetion from two Mirrors. irom a mirror A B (Fig. GG5), 

. their subsequent course is 

the same as if they had come from the image qii at the back of 
the mirror. Hence, if they fall upon a second mirror 0 D, an imago 
m " . of the first image will be formed at the back of the second 
mirror. If, after this, they undergo a third reflection, an image 
of m" will be formed, and so on indefinitely. The figure shows the 
actual paths of two rays Tnir s, s'. They diverge first from 


Fig. C66. — rarallel Slirrors. 

, and lastly from m". This is the principle of the 
formed by two or more mirrors, as in the followino- 

. O 

Mirrors, ^Let an object O be placed between two 
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is on the line in which the reflecting surfaces would intersect if pro- 
duced. This principle is sometimes em;^loyed as a means of adjusting 
mirrors to exact parallelism. f ^ 

960. Min’ors at Right Angles. — Let two mirrors 0 A, 0 B (Fig. 607), 


Fig. 6C8.— Mirrors at Xiglit Angles. 


parallel mirrors which face each other, as in Fig CGC. The first 
reflections will form images o^. The second reflections will form 
images of the first images; and the third reflections will form 
images a., of the second images. The figure represents an eye re- 
ceiving the rays which form the third ■imuyes, and shows the paths 
which tJicse rays have taken in their whole course from the object 0 
to the eye. The rays by which 
the same eye sees the other images 
are omitted, to avoid confusing 
the figure. A long row of images 
can thus be seen at once, becom- 
ing more and more dim as they 
recede in the distance, inasmuch 
as each reflection involves a loss 


of light. 

If the mirrors are truly parallel, 
all the images will he ranged in 
one straight line, which will be 

normal to the mirrors. If the mirrors are inclined at any angle, the 
imaores will be ranged on the circumference of a circle, whose centre 


Fig. (507,— Mirrors at Right Angles. 
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be set at right angles to each other, facing inwards, and let m be a 
Inminoiis point placed between them. Images m' m" will be formed 
by first refioctions, and two coincident images will be formed at m'" by 
second reflections. No third reflection will occur, for the point m"', 
being behind the planes of both the mirrors, cannot be reflected in 
either of them. Coimfing the two coincident images as one, and also 
counting the object as one, there will be in all four images, placed 
at the four corners of a rectangle. Fig. G()8 will give an idea of the 
appearance actually presented when one of the mirrors is vertical 
and the other horizontal. When both the mirrors are vertical, an 
observer sees his own image constantly bisected by their common 
section in a way which appears at first sight very paradoxical. ’ , 

961. Mirrors Inclined at 60 Degrees. — A symmetrical distribution 

images may be obtained by placing 
a pair of mirrors at any angle wdiich 
is an aliquot part of 8G0“. If, for 
example, they be inclined at 00° to 
each other, the number of images, 
yQS counting the object itself as one, will 
be six. Their position is illustrated 
by Fig. 6G9. The object is placed in 
the sector A C B. The images formed 
by first reflections are situated in the 
two neighbouring sectors B C A A C B' ; 

He. 6«9.-i™e»toK.iaiao„op.. ‘f*® ’-'y f®™''* 

tions are in the sectors B' C A", A'O B" 

and these yield, by third reflections, two coincident images in the 
.sector B" G A.", which is vertically opposite to the sector A C B in 
which the object lies, and is therefore behind the pianos of botli 
mirrors, so that no further reflection can occur. ' , , , // 

962. Kaleidoscope. — The symmetrical distribution of images, ob- 
tained by two mirrors inclined at an angle which is an alicpiot part 
of four right angles, is the principle of the kaleidosoojw, an optical 
toy invented by Sir David Brewster. It consists of a tube containing 
two glass plates, extending along its wdiole length, and inclined at 
an angle of G0°. One end of the tube is closed by a metal plate, with 
the exception of a hole in the centre, through which the observer 
looks in; at the other end there are two plates, one of ground and the 
other of clear glass (the latter being next the eye), with a number 
of little pieces of coloured glas.s lying loo,sely between^them. These 
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coloured objects, together with their images in the mirrors, form sym- 
metrical patterns of great beauty, which can be varied by turning or 
shaking the tube, so as to cause the pieces of glass to change their 
positions. 

A third reflecting plate is sometimes eihployed, the cross-section 
of the three forming an equilateral triangle. As each pair of plates 
]:)roduces a kaleidoscopic pattern, the arrangement is nearly equiva- 
lent to a combination of three kaleidoscopes. 

The kaleidoscope is ca 2 ')able of rendering imj)ortant aid to designers. 


Fig. 670.'-r-Kaleidoaoopio Pattera. 

Fig. G70 represents a pattern produced by the equilateral arrange- 
ment of three reflectors just described. ( / 

963. Pepper’s Ghost. — Many ingenious illusions have been con- 
trived, do])onding on the laws of reflection from jilane surfaces. Wo 
shall mention two of the most modern. 

In the magiG cahinet, there are two vertical mirrors hinged at the 
two back corners of the cabinet, and meetina: each other at a rio-Tit 
angle, so as to make angles of 45° with the sides, and also with the 
back. A spectator seeing the images of the two sides, mistakes 
them for the hack, w-hieh they precisely resemble; and performers 
may be concealed behind the mirrors when the cabinet appears 
empty. If one of the persons thus concealed raises his head above 
the mirrors, it will app)ea,r to be suspended in mid-air without a body. 
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The striking spectral illusion known as Feirpers Glmt is produced 
by reflection from ai large sheet of uiisilvered glass, which is so ar- 
ran^md that the actors on the stage are seen tlirough it, while other 
actors, placed in strong' illumination, and out of the direct view oi the 
spectators, are seen by reflection in it, and appear a,s ghosts on tlic stage, 

964. Deviation produced by Rotation of Mirror.— Lot AB (Fig. 
G71) represent a mirror perpendicular to the plane of the paper, and 

^ A capable of being rotated about an axis 
\ through 0, also perpendicular to the paper ; 
^ iC and let 1 0 represent an incident ray. 

/ \ .When the mirror is in the position AB, 
^ ® perpendicular to I C, the ray will be re- 

/ fleeted directly back upon its course; but 

/ when the mirror is turned through the 

/ acute angle A C A', the reflected ray will 

take the direction OR, making with the 
Pia. 67 i.-EffectofrotatingaMirror. j^^mal ON an angle N 0 R, equal to the 

angle of incidence N 0 1. The deviation I C R of the reflected rav, 
produced by rotating the mirror, is therefore double of the angle I ON 
or A C A', through which the mirror has been turned; and if, starting 
^ from the position A' B', we turn the 

\ mirror through a further angle 0, the 

\ reflected ray OR will be turned 

\f through a furtlier angle 2 Q. It thus 

appears, that, ivhen a pheruj mirror 

///\\\ rotated in the plane, of incidence, 

H aV^ direction of th.e refected ray is 

// u \\ changed by double the angle through 

/y \\ \\ . which the mirror is turned. Con- 

// \ \ XV/v versely, if wm as.'^ign a constant direc- 

\ ' tion 01 to the reflected ray, the 

direction of the incident ray R. 0 must 
Fig.cr2.-Sestanfe '■ % double the angle through 

which the mirror is tinned. 

965. Hadley’s Sextant. — ^The' above principle is illustrated in the 
nautical instrument called .the sextant or quadrant] which was in- 
vented by Newton, and reinvented by Hadley. It serves for mea- 
suring the angle between any two distant objects as seen from the 
station occupied by the observer. Its essential parts are represented 
in Fig. 672. . 
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It has two plane mirrors A, B, one of which, A, is fixed to the 
frame of the instrument, and is only partially silvered, so that a dis- 
tant object in the direction A H can be seen through the unsilvered 
part. Tlic otlier mirror B is mounted on a movable arm B I, which 
carries an index I, traversing a graduated arc P Q. When the two 
mirrors are parallel, tlie index is at P, the 5:ero of the graduations, 
and a ray H'B incident on B parallel to HA, will be reflected first 
along B A,, and then along AT, the continuation of HA. The ob- 
server looking through the telescoxjc T tlius sees, Ijy two reflections, 
the same objects ■which he also sees directly through the imsilvered 
part of the mirror, Now let the index ho advanced tlirougli an angle 
0; then, by the iDrinciples of last section, the incident ray SB makes 
with H'B, or HA, an angle 2 &. The angle between SB and HA 
would therefore he given by reading ofi‘ the angle through which the 
index has been advanced, and doubling; hut in practice the arc P Q 
is always graduated on the principle of marking half degrees as whole 
ones, so that the reading at I is the required angle 2^?. In using the 
instrument, the two objects which are to he observed are brought 
into apparent coincidence, one of them being seen directly, and the 
other by successive reflection from the twm mirrors. This coincidence 
is not disturbed by the motion of the vship; but unpractised observers 
often find a difficulty in keeping both objects in the field of view. 
Dark glasses, not shown in the figure, are provided for protecting the 
eye in observations of the sun, and a vernier and reading microscope 
are provided instead of the pointer I. 

966. Spherical Mirrors. — By a spherical mirror is meant a mirror 



Fig. 6TS . — Principal Focus. 


whose reflecting surface is a portion {usually a very small portion) 
of the surface of a sphere. It is concave or conv’‘ex according as the 
inside or outside of the spherical surface yields the reflection. The 
centre of the sphere (0, Pig. 673) is called the cantTe of cuTvature of 
63 
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Fig. 674.— Tiieory of Conjugate Foci 

to refleetj in a definite direction, the rays of a lamp placed at the 
focus. 

Eays reflected from the circninferential 2 :)ortion of a sjflierical mir- 
ror arc alway.s too convergent to concur exactly -vvitli those reflected 
from the central portion. '"This deviation from exact concurrence is 
called s'pherical ahermtioTi, ■■ 

98?. Conjugate Foci. — ^Let P (Fig. 674) he a luminous point situ- 
ated on the principal axis of a spherical mirror, and let P I be one of 
the rays which it sends to the mirror. Draw the normal 0 1, which 
is simply a radius of the sphere. Then 0 1 P is the angle of incid- 


the mirror. If the mirror has a circular boundary, as is usually the 
ease, the central point A of the reflecting surface may conveniently 
be called the poZe ofc‘ the mirror. Centre of the mirror is an ambigu- 
ous phrase, being employed sometimes to denote the pole, and some- 
times the centre of cur^Titure. The line A 0 is called the principal 
axis of the mirror, and any other straight lino through 0 which 
nieets the mirror is called a secondary axis, 

AVlu'-n the incident rays are parallel to the principal axis, the re- 
flected rays converge to a point F, which is called the principal 
focus. Tins law is rigorously true for parabolic mirrors (generated 
by the revolution of a parabola about its principal axis). For sphe- 
rical mirrors it is only approximately true, but the approximation 
is very close if the mirror is only a very small portion of an entire 
sphere. In grinding and polishing the specula of large reflecting 
telescopes, the attempt is made to give them, as nearly as possible, 
the parabolic form. Parabolic mirrors are also frequently employed 
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ence, and the angle o£ reflection OIP' must be equal to it; lienee 
0 1 bisects an angle o£ the triangle P I P', and therefore we have 

IP _ GP 
IP' bP''* 

Let 2'>,p denote A P, A P' respectively, and let r denote the radius of 
the sphere. Then, if the angular aperture of the mirror is small, I P 
is sensibly equal to p, and I P’ to p'. Substituting these approxi- 
mate values, the preceding equation becomes 

i’ = Lx’ • whence nr + »'}• = 
p' r~p' ^ 


or, dividing by pp'?’, 


1 ,1 

+ -7 

P P 


This formula determines the position of the point P', in which the 
reflected ray cuts the principal axis, and shows that it is, to the 
accuracy of our approximation, independent of the position of the 
point I; that is to say, all the rays whicli P sends to the mirror are 
reflected to the same point P'. We have assumed P to be on the 
principal axis. If we had taken it on a secondary axis, as at p (Fig- 
071), we should have found, by.! the same process of reasoning, that 
the reflected rays would ail meet in a point p' on that secondary 
axis. The di.stinctioii between primary and secondary axes, in the 
case of a spherical luirror, is in fa;et merely a matter of convenience', 
not re]^resenting any essential difiereiiee of property. Hence W'e can 
lay down the following general proposition as true within limits of 
eiTor corresponding to the, approximate equalities which we havt' 
above assumed as exact: — 

Rii'tjs 2 ^'i'‘oeeeding from UTiy given poi^it in front of a eoncavp 
fipliortcLil mirror, are reflected so as to meet in another 2 '^omt; and 
the I'hie joiningihe two 2 nnnts dMsses. throicgh the centre of the sphere. 

It is evident that rays proceeding from the second point to the 
mirror, would be reflected to the first. The relation between them 
is therefore mutual, aiid they are hence called conjugate foci. By a 
focus in general is meant a point in wdiich a number of rays, which 
originally came from the same point, meet (or would meet if pro- 
duced); and the rays which thus meet, taken collectively, are called 
a pencil. Fig. C75 represents two pencils of rays whose foci Ss are 
conjugate, so that, if either of them be regarded as an incident pencil, 
the oth(^, will be the corresponding reflected pencil. 
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■Wo can now explain the formation of images by concave mirrors. 
Each point of the object sends a pencil of rays to the mirror, which 
converge, after reflection, to the conjugate focus. If the eye of the 
observer be placed beyond this point of concourse, and in the path 
of the rays, they will present to him the same appea, ranee as if they 


Fig. 676. —Conjugate TocL 

. . 

had come from this point as origin. The image is thus composed of 
points which are the conjugate foci of the several points of the object. 
-\ 968. Principal Focus. — If, in formula (a) of last section, we make 

20 increase continually, the term ~ will continually decrease, and will 

vanish as p becomes infinite. This is the case of rays parallel to the 
principal axis, for parallel rays may be regarded as coming from a 
point at infinite distance. The formula then becomes 

L -whence p' =T • 


that is to say, the principal jocal distance is half the radius of cur- 
vature. This distance is often called the focal length of the mirror. 
If we denote it by f the general formula becomes 


’ ■' 969. Discussion of the Formula. — By the aid of this formula v/e 
can easily trace the corresponding movements of conjugate foci. 

If p is positive and very large, p' is a very little greater than /; 
that is to say, the conjugate focus is a very little beyond the princi- 
pal focus. 

As p diminishes, p' increases, until they become equal, in which 
case each of them is equal to r or 2 /; that is to say, the conjugate 
foci move towards each other till they coincide at the centre of cur- 
vature. This last result is obvious in itself; for rays from the centre 





Fig. 670.— Virtual Focus. 
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of curvature are normal to the mirror, and are therefore reflected 
directly back. 

A.S p continues to diminish, the two foci, as it were, change places; 
the luminous point advancing from the centre of curvature to the 
principal focus, while the conjugate focus move.s away from the centre 
of curvature to infinity. 

As the luminous point continues to approach the mirror, - is 

greater than L and hence L, and therefore also j)', must be nega- 

if !P 

tive. The physical interpretation of this result is that the conjugate 
focus is heJdnd the mirror, as at s (Fig. 07 G), and that the reflected 


rays diverge as if they had come from this point. •Such a focus is 
called viriual, \YlnlQ a focus in which rays actually meet is called 
real As the luminous point moves up from F to the mirror, the 
conjugate focus moves up from an infinite distance at the back, and 
mef.ds it at the surface of the mirror. 

If S is a real luminous point sending rajrg to the mirror, it must 
of necessity lie in front of the mirror, and therefore cannot bo nega- 
tive; but when wo are considering imagc.s of images this restriction 
no loiig(‘r liohls. If an incident beam, for example, converges to- 
wards a point s at the back of the mirror, it will bo reflected to a 
point S in front. In tliis ease p is negative, and p’ positive.. The 
conjugate foci S s have in fact changed places. 

It appears from the above investigation that there are two prin- 
cipal cases, as regards the positions of conjugate foci of a concave mirror. 

1. One focus between F and C;, and the other beyond C. 

2. One focus between F and the mirror; and the other hehind 
the mirror. 

In the former case, the foci move to meet each other at 0; in the 
latter, they move to meet each other at the surface of the mirror. 
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' 970. Formation of Iniages,-r---We are now in a position to discuss 
tlie formation of images by concaye mirrors. Let AB (Fig. C77) be 
an object placed in front of a eonca^'e mirror, at a distance greater 
than its radius of curvature. All the rays which diverge from A 
will be reflected to the conjugate focus a. Hence this point can lie 
found by the following construction. Draw through A the ray AA' 
joarallel to the principal axis, and draw its path after reflection, which 
inust of necessity pass through the principal focus. The intersection 
of this reflected ray with the secondary axis through A will be the 
point required. A similar construction will give the conjugate focus 


Fig, eJT.—Forraation of Image. 


corresponding to any other point of the object; h, for example,^ is 
the foens conjugate to B. Points of the object lying between A and 
B will have their conjugate foci between a and h. An eye placed 
behind the object A B will accordingly receive the same impression 
from the reflected rays as if the image ah were a real object. 

Since tbo linos joining corresponding points of oliject and image 
cross at the point C, which lies between them when the image is 
real, a real image formed by a concave mirror is always inverted. 

971. Size of Image. — ^As regards the comparative sizes of object 
and image, it is obvious, from similar triangles, that their linear 
dimensions are directly as their distances from 0, the centre of 
enrvatwre. 

Again, we have proved in § 907 that, in the notation of that 
section, 


^ It is only by accident that h happens to lie on A A' in the fignre. 
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or, the distances of object and image from the mirror are directly as 
their distances from the centre of curvature. Their linear dimen- 
sions are therefore directly as their distances from the mirroT. 
Again, by equation (h), 

L - I - 2 =: 
p' f r Ip ' 

whence 

S, = ?-/, (c) 

p f 

where p—f is the distance of the object from the principal focus. 
Hence the linear dimensions of object and image are in the ratio of 
the distance of the object from the principal focus to the focal length. 

These tlirce rules are perfectly general, both for concave and 
convex mirrors. 


The first rule shows that the object and image are equal when 



Fig. 678.— Exporinieiit of Phantom Bouquet. 


they coincide at the reflecting surface, and that, as they separate 
from this point in opposite directions, that which moves away from 
the centre of curvature continually gains in size upon the other. 

The second rule shows that the object and image are equal when 



Fig. 679.~Iinage on Screen. 


can only be seen by a few persons at once, since they require the 
spectator to be in a line with the image and the mirror. When an 
image is projected on a screen, it can be seen by a whole audience 


they coincide at the centre of curvature, and that as they separate 
from this point, in opposite directions, that which moves away from 
the mirror continually gains in size upon the other. 

The third rule shows that, when the object is at the principal 
focus, the size of the image is infinite, 

973. jEzperiment of the Phantom Bouquet. — Let a box, open on one 
side, be placed in front of a concave mirror (Fig, C78), at a distance 
about equal to its radius of curvature, and let an inverted bouquet be 
suspended within it, the open side of the box being next the mirror. 
By giving a proper inclination to the mirror, an image of the bouquet 
will be obtained in mid-air, just above the top of the box. As the 
bouquet is inverted, its image is erect, and a real vase may be placed 
in such a position that the phantom bouquet shall appear to he stand- 
ing in it. The spectator must be full in front of the mirror, and at a 
sufficient distance for all parts of the image to lie between bis eyes 
and the mirror. When the colours of the bouquet are bright, the 
image is generally bright enough to render the illusion very complete. 
973. Images on a Screen.— Such experiments as that just described 
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IMAGES ON SCREEN AND IN MID AIE. y50 

at once, if tlie room be darkened and the image be lai’ge and bright. 
Let a lighted candle, for example, be placed in front of a concave 
mirror, at a distance exceeding the focal length, and let a screen be 
placed at the conjugate focus; an inverted image of the candle will 
be depicted on the screen. Fig. 079 represents the case in which the 
candle is at a distance less than the radius of curvature, and the 
image is accordingly magnitied. 

By this mode of operating, the formula for conjugate focal dis- 
tances can he experimentally verified with considerable rigour, care 
being taken, in each experiment, to place the screen in the position 
wdiich gives the most sharply delined image. 


Mid-air. Caustics. — For the sake of simplicity we have made some 
statements regarding visible images which are not quite accurate; 
and -we must now indicate the necessary corrections. ■ 

Images thrown on a screen have a determinate position, and are 
really the loci of the conjugate foci of the points of the object; but 


I‘jg. OSO.— Position of Image in Oblique llefleetion. 

this is not rigorously true of images seen directh’'. They change their 
position to sonic extent, according to the position of the observer. 

The actual state of things is explained by Fig. 080. Tlie plane 
of the figure^ is a principal plane (that is, a plane containing the prin- 
cipal axis) of a concave hemispherical mirror, and the incident rays 
Figs. 680 a7icl 698 are borrowed, by permission, from Mr. Osmund Airy’s Geomtrical 
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are parallel to the principal axis. All the rays reflected in the plane 
of the figure touch a certain curve called a caustic curve, which has 
a cusp at F, the principal focus; and the direction in which the 
image is seen by an eye situated in the plane of the figure is deter- 
mined by drawing from the eye a tangent to this caustic. If the 
eye be at E, on the principal axis, the point of contact will be F ; 
but when the rays are received obliquely, as at E', it will be at a 
point a not lying in the direction of F. For an eye thus situated, a 
is called the primary focus, and the point where the tangent at a 
cuts the principal axis is called the secondary focus. When the eye 
is moved in the plane of the diagram, the apparent position of the 
image (as determined by its remaining in coincidence with a cross of 
threads or other mark) is the primary focus; and when the eye is 
moved perpendicular to the plane of the diagram, the apparent posi- 
tion of the image is the secondary focus.^ If we suppose the diagram 
to rotate about the principal axis, it will still remain true in all 
positions, and the surface generated by this revolution of the caustic 
curve is the caustic surface. Its form and position vary witli the 
position of the point from which the incident rays proceed; and it 
has a cusp at the focus conjugate to this point. 

There is always more or less blurring, in the case of images seen 
obliquely (except in plane mirrors), by reason of the fact that the 
point of contact with the caustic surface is not the same for rays 

entering different parts of the 
.:pupil:of''the'eye.': 

A caustic curve can be exhibited 
experimenta-lly by allowing the 
■:rays ,bf the; sun;, or ; of a; lamp ; to^ 
fall on the concave surface of a 
strip of polished metal bent into 
the form of a circular are, as in 
Fig. GSl, the reflected light being 
received on a sheet of white paper 
on which the strip rests. The 
6ai.~CaTistio by Reflection. Same effect luaj oftcn ho observed 

on the surface of a cup of tea, the 
reflector in this case being the inside of the tea-cup. 


-Since every ray incident parallel to tLe principal axis, is reflected through the principal 
aids. If the incident rays diverged from » point on the principal axis, they would still he 
reflected through the principal axis,' 
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The image of a luminous point received upon a .screen is formed 
by all the rays which touch the corresponding caustic surface. The 
brightest and most distinct image will be fonned at the cusp, which 
is, in fact, the conjugate focus; but there will be a border of fainter 
light surrounding it. This source of indistinctness in images is an 
example of s'pherical aherration 967). 

975. Image on a Screen by Oblique Befleetion. — If we attempt to 
throw upon a screen the image of a luminous point by means of a 
concave mirror very oblique to the incident rays, we shall find that 
no image can bo obtained at all resembling a point; but that there 
are two positions of the screen in which the imago liccoraes a 
line. 

In the annexed figure (Fig. 682), which represents on a larger 
scale a portion of Fig. 680, ac,hd are rays from the highest and 
lowest points of the portion 
R S of the hemispherical mir- 
ror, which portion we suppose 
to bo small in both its dimen- 
sions ill comparison with the 
radius of curvature; and we 
may suppose the rest of the 
hemisphere to bo removed, so 
that E. S will represent a small 
concav(,i mirror receiving a 
pencil very obliquely. 

Tlieu, if a screen be held 
perpendicular to the plane of 
the diagram, at m, where the 
section of tlie ])encil by tlie jilane of the diagram is narrowest, a 
bluiTod lino of light will be formed upon it, the length of the line 
being pcrp(;ndicular to the plane of the diagram. This is called the 
^rnmary foonl line. 

The seeomhiry foml line is cd, which, if produced, passes through 
the centre of curvature of the mirror, and also through the point 
from which the incident light proceeds. This line is very sharply 
formed upon a screen held so as to coincide with c d and to be per- 
pendicular to the plane of the diagram. Its edges are much better 
defined than those of the primary line; and its position in space is 
also more definite. If the mirror is used as a burning-glass to collect 
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tlie sun’s rays, ignition -vvill be more easily obtained at one of these 
lines than in any intermediate position. 

Focal lines can also be seen directly. In this case a small element 
of the mirror sends all its reflected rays to the eje, the rays from 
opposite sides of the element crossing each other at the focal lines, 
before they reach the eye. It is possible, in certain positions of the 
eye, to see either focal line at pleasure, by altering the focal adjust- 
ment of the eye; or the two may be seen with imperfect definition 
crossing each other* at.* right angles. The experiment is easily made 
by employing a gas flame, turned very low, as the source of light. One 
j line is in the plane of incidence, and the other is normal to this plane. 

976. Virtual Image in Concave Mirror. — Let an object be placed, as 
in Figs. 683, 084?, in front of a concave mirror, at a distance less than 

that of the principal focus. 
The rays incident on the 
mirror from any point of it, 
as A (Fig. 683), will he re- 
flected as a divergent pencil, 
the focus from which they 
diverge being a point h at 
the back of tbe mirror. To 
■ flnd this 'point, we: may trace ; 
the course of a ray through 
A parallel to the principal 
axis, : Such a ray will he 
reflected to the principal 
focus F, and by producing this reflected ray backwards till it 
meets the -secondary axis 0 A, tbe point b, wliicli is the conjugate 
focus of A, is determined. 'Wo can find in the same way the posi- 
tion of a, the conjugate focus of B, and it is obvious that the image 
of AB will be erect and magnified, ; . . = 

'977. Eemarks on Virtual Images. — ^A virtual image cannot be pro- 
jected on a screen; for tbe rays which produce it do not actually 
pass through its place, but only seem to do so. A screen placed at 
a h would obviously receive none of the reflected light whatever. 

^ The “elongated figure of 8” which is often mentioned in connection with the secondary 
focal line, is obtained by turning the screen about n the middle point of cd, so as to lilnr 
both ends of the image by bad focussing. It vvill be observed, from an inspection of th(! 
diagram, that is very oblique to the reflected rays. 

If we neglect tlie blurring of the primary line, we may describe the part of the pencil 
lying between the two lines as a tetrahedron, of which the two lines are opposite edges. 
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' CONVEX MIBBOB. iibU 

The images seen in a plane mirror are virtual; and any spherical 
mirror, whether concave or con'vex, is nearly equivalent to a plane 
mirroi-, when the distance o£ the object from its surface is small in 
comparison with the radius 

to th^^^^ mirrors^ 

we I'lave only to alter the 

sign of the., term .y ,.:or' : 4;- .-. - 

so that for a convex mirror ^^iliiiiillliffl 
we shall have 


Fig. '684. — Virtual Image in Concave Mirror. 


-7’ and / being here regarded as essentially positive. 

From this formula it is obvious that one at least of the two di.s- 
tane<.*s p, // must be negative; that is to say, one at least of any pair 
of C'Onj ligate foci innst iio heliind the mirror. 

The construction for an image (Fig. G85) is the same as in the 
case of concave mirrors. Through any selected point of the object 
draw a ray parallel to the principal axis; the rollccted ray, if pro- 
duced l.iackwards, must pass through the principal focus, and its 
intersection with the secondary axis through the selected point deter- 
mines th(‘, corresponding point of the image. The image of an external 
object will evidently be erect, and smaller than the object. Repeat- 
ing the same construction when the object is nearer to the mirror, we 
see that the image will be larger than before. 

The linear dimensions of an object and its image, whether in the 
case of a convex or a concave mirror, are directly proportional to 
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their distances from the centre of curvature, and are also directly 
X^roportional to their distances from the mirror. The image is in- 
verted or erect according as the centre of curvature does or does not 


Fig. 085.— Formaiaou of Image in Convex Mirror. 


He between the object and its image. In the case of a convex 
mirror the centre never lies between them (if the object be real), 
and therefore the image is always erect. 

Convex mirrors are very seldom employed in optical instru- 
ments. 

The silvered globes which are frequently used as ornaments, are 
examples of convex mirrors, and present to the observer at one view 
an image of nearly the whole surrounding landscape. As the part 
of the mirror in vhich he sees this image is nearly an entire hemi- 
sphere, the deformation of the image is very notable, straight lines 
being reflected as cin^'es. 

979. Anamorphosis. — ]\[uch greater deformations are produced by 
cylindrie mirrors. A cylindric miiTor, when the axis of the cylinder 
is vertical, behaves like a plane mirror as regards the angular magni- 
tude under which the height of the image is seen, and like a spherical 
mirror as regards the breadth of the image. If it be a convex cylin- 
der, it causes bodies to appear unduly contracted horizontally in pro- 
portion to their heights. Distorted pictures are sometimes drawn 
upon paper, according to such a system that when they are seen 
rellected in a cylindric mirror properly placed, as in Fig'. 086, the 
distortion is corrected, and while the picture appears a mass of con- 
fusion, the image is instantly recognized. This restoration of true 
proportion in a picture is called anamorphosis. 

980. Medical Applications. — Concave mirrors are frequently used 



OPHTHALMOSCOPE AND LAEYNGOSCOPE. UJl 

t 3 concentrate light upon an object for the purpose of rendering it 
more distinctly visible. 

The ophihalmosco^ie is a small concave mirror, -with a small hole in 
its centre, through which the observer looks from behind, while he 
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directs a beam o: rellf.'ctod light from a lamp into the pupil of the 
patient’s eye. In this way (with the hel}) sometimes of a lens) tlic 
retina can be rendered visible, and can be minutely examined. 

The larijiigoscoiiG consists of two mirrors. One is a small jjlane 
mirror, with a liandlc attacdied, at an angle of al jont 45° to its jdaiio. 
Tliis small mirror is licld at the back of the patient’s month, so that 
the observer, looking into it, is able by rodection to see down the 
patient’s throat, the necessary illumination being supplied by a con- 
cave mirror, strapped to the observer’s forehead, by means of which 
the light from a lamp is reflected upon the plane mirror, which again 
reflects it down the throat. 
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I 981. Refraction. — When a ray of light passes from one transparent 
medium to another, it undergoes a cliange of direction at the surface 

of ^ separation, so ^ that its course in 

which lie in its course. 

The following experiment is a 
well’-known illustration pf refrae- 
tion:--~A s coin : 088) is; 

laid at the bottom of a vessel with 
opaque sides, and a spectator places himself so that the coin is just 
hidden from him by the side of the vessel; that is to say, so that the 
line m A in the figure passes just above his eye. Let water now be 
poured into the vessel, care being taken not to displace the coin. 
The bottom of the vessel will appear to rise, and the coin will come 
into sight. Hence a pencil of rays from m must have entered the 
spectator s eye. The pencil in fact undergoes a sudden bend at the 
surface of the water, and thus reaches the eye by a crooked course, 


Fig. 0S7. —Refraction, 
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Fig. GSS.— Experimont of Coin in Basin. 


in which the obstacle A is evaded. If the part of the pencil in air 
bo produced backwards, its rays will app:^"Oxiiimtely meet in a point 
m', which is therefore the 
image of m. Its position is 
not correctly indicated in the 
figure, being placed too much 
to the left (§ 990). 

The broken appearance 
presented by a stick (Bhg. 

689) when partly immersed 
in water in an oblique 
position, is similarly ex- ^ 

plained, the part beneath the water being lifted up by refraction. 

' 983. Eefractive Powers of Different Media. — In the experiments of 
the coin and stick, the rays, in leaving the water, are bent away 
from the normals Z I N, Z' I' N' 
at the points of ' emergence; in 
the experiment first described 
(Fig. G87), on the other hand, 
the rays, in passing from air into 
w’-ater, are bent nearer to the 
normal. In every case the path 
which the rays pursue in going 
is the same as they would pur- 
sue in returning; and of the 
two media concerned, that in 
which the ray makes the smaller 
angle with the normal is said to 

have greater refractive power than the other, or to bo more highly 
refracting,' 

Liquids liavo greater refractive poAver than gases, and as a general 
rule (subject to some exceptions in the comparison of dissimiJar sub- 
stances) the denser of two substances has the greater refracting power. 
Hence it has become customary, in enunciating some of the laws of 
optics, to speak of the denser medium and the rarer medium, wdien the 
more correct designations would be more refractive and less refractive. 

■ ' 983, Laws of Refraction. — The quantitative law of refraction was 
not discovered till quite modern times. It was first stated by Snell, 
a Dutch philosopher, and was made more generally known by Des- 
cartes, who has often been called its discoverer. 
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Let R I (Fig. (>00) bo a ray incident at I on the surface of separa- 
tion of two media, and let i S be the course of the ray after refrac- 
tion. Then the angles which R I and 1 S make with the normal 
are called the migU of incidence and the angle of refraction respec- 
tively; and the first law of refraction 


discovered by Snell, can only be 
stated either by reference to a geo- 
metrical construction, or by employ- 
ing the language of trigonoinetry. 
Describe a circle about the point of 
incidence I as centre, and drop per- 
pendiculars, from the points where 
it cuts the rays, on the normal. The 
law is that these perpendiculars R' P', S P, wall have a constant ratio; 
or ihe sines of the angles of incidence and refracLion are in a con- 
stant ratio. It is often referred to as the laiu of sines. 

The angle by which a ray is turned out of its original course in 
undergoing refraction is called its deviation. It is zero if the in- 
cident ray is normal, and always increases with the angle of inci- 
dence. . ’ 

' 984, Veriflcatiou of the Law of Sines. — These laws can be verified 
■'by means of the apparatus represented in Fig. G91, which is very 
similar to tliat employed by Descartes. It lias a vertical divided 
circle, to the front of which is attached a cylindrical vessel, half-filled 
with water or some other transparent liquid. The surface of the 
liquid must pass exactly through the centre of the circle. I is a 
movable mirror for directing a reflected beam of solar light on the 
centre 0. The beam must be directed centrally through a short 
tube attached to the mirror, and to facilitate this adjustment the 
tube is furnished with a diaphragm with a hole in its centre. The 
arm O a is movable about the centre of the circle, and carries a ver- 
nier for measuring the angle of incidence. The ray undergoes refrac- 


Flg. 690.—Law of Eefractioa. 
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occurs at emergence, since the emergent beam is normal to the sur- 
faces of th e liquid and 
glass; the position of ^ / 

sured by employing . 
sliding-scales as indi- 

the readings hbng ■ 
taken at the cxtre- 

mity of each arm. Pig. 691 .— Apparatus for Verifying the law. 

It would be easy 

to make a beam of light enter at the lower side of the apparatus, in 
a radial direction; and it would he a 

found that the ratio of the sines was y;y 

precisely the same as when the light yy 

entered from above. This is merely y'!/^ 

an instance of the general law, that 

the course of a returning ray is the 

samo as that of a direct ray. ■ . ! ~rz r. :^y^y- - ~.~t - 
986. Airy^s Apparatus. — The fol- 

lowing apparatus for the same pur- ■ - - ~ - -----~ -jizi -:::,- — 

yiose was invented, many years ago, ■. ' r~izn:r_ jrir'rir : r : 

by the present astronomer royal. ~ 

B' is a slider travelling up and down ~T-jzirE l.!i :-r £l : 
a vertical stem. A G' and B 0 are — — 
two rods pivoted on a fixed point 
B of the vertical stem. C' B' and 
G B' are two other rods jointed to 
the former at G' and G, and pivoted at their lower ends on the centre 


Fig. 692.— Airy’s Appai’atus. 
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of the slider. B C is equal to B' C', and B C' to B' C. Hence the. 
two triangles BOB'. B'O'B are equal to one another in all posi- 
tions of the slider, their common side B B' being variable, while the 
other two sides of each remain unchanged in length though altered 
ill position. 

The ratio o^-or^, is made equal to the index of refraction of the 


liquid in wdiich the obser^'ation is to be made. For water this ratio 
will be g. Then, if the apparatus is surrounded with water up to the 

level of B, A B 0 ivill be the path of a ray, and a stud at 0 ivill 
appear in the same line wdth studs at A and B ; for w'^e have 


siipCripB' _ smG'_BB'_ _ O'B' _ 4 

sin.OBB'' ~ siirC'B'B " C'B' ~ 8 


986. Indices of Eefraction. — The ratio of the sine of the angle of 
incidence to the sine of the angle of refraction when a ray passes 
from one medium into another, is called the relative index of refrao- 
tion from the former medium to the latter. When a ray passes 
from, vacuum into any medium this ratio is always greater than 
unity, and is called the absolute index of refraction, or simply the 
index of refraction, for the medium in question. The relative 
index of refraction from any medium A into another B is always 
equal to the absolute index of B divided by the absolute index of A. 
The absolute index of air is so small that it may usually be neglected 
in comparison with those of solids and liqui<ls: but strictly speaking, 
the relative index for a ray passing from air into a given substance 
must be multiplied by the absolute index for air, in order to obtain 
the absolute index of refraction for the substance. 

The following table gives tlie indices of refraction of several sub- 
stances; — 

Indices op Rephaction.' 


' Diamnnd, ...... 2'44 to 2'755 

Sapphire, 1"794 

> Blint-glass, l‘576to 1'642 

Ciwvn-glass, 1‘531 to 1*568 

Rock-salt 1*545 

Canada halsam, ...... 1 *540 

Bisulphide of carbon, .... 1 *678 

liinseed oil (sji. gi*. ■93*2), . . , 1*48*2 

Oil of turpentine (sp. gr. *885), , 1*478 


Alcohol, 1*372 

A(pieons humour of eye, .... 1*.837 

Vitreous humour, ...... 1*339 

Crystalline lens, outer coat, . . . 1*387 
„ „ undercoat, , . . I*37i5 

„ „ central portion, . 1*401) 

Sea water, 1*343 

Pure water, 1*336 

Air at 0° C. and 760 . . 1*000294 


V -F' 987. Critical Angle. — We see, from the law of sines, 'that when the 

^ The index of refraction is always greater for violet than for red (see Chap. Ixxii.), The 
numbers in this table are to be understood as mean values, 
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incident ray is in tlie less refractive of the two media, to every pos- 
sible angle of incidence there is a corresponding angle of refraction. 
This, however, is not the case when the incident ray is in the more 
refractive of the two media. Let S 0, S' 0, S" 0 (Fig. 693) be inci- 


dent rays in the less refractive medium, and 0 R, 0 R', 0 R" the 
corresponding refracted rays. There will be a particular direction 
of refraction O L corresponding to the angle of incidence of 90°. 
Conversely, incident rays R O, R' O, R" 0, in the more refractive 
medium, will emerge in the directions O S, O S', 0 S", and the direc- 
tion of emergence for the incident ray L O will be 0 B, which is 
coincident with the l^ojinding surface. 

The angle LON is called the critical angle, and is easily computed 
when the relative index of refraction i.s given. For let ia denote this 
index (the incident ray being supposed to be in the less refractive 
medium), then we are to have 

sin 00° 1 

— = a, whence sin « = 

■ . sin M . fij 

that is, the sine of the critical angle is the reciprocal of the index of 
refraction. 

When the media are air and water, this angle is about 48° 30'. 
For air and different kinds of glass its value ranges from 38° to 41°. 

If a ray, as I 0, is incident in the more. refractive medium, at an 
angle greater than the critical angle, the law of sines becomes nuga- 
tory, and experiment shows that such a ray undergoes internal re- 
flection in the direction 0 1', the angle of reflection being equal to 





Fig. 604. — Total Reflection. 

the surface of the water is seen, to shine like a brilliant mirror, and 
the lower part of the spoon is seen reflected in it. Beautiful effects 
of the same kind may be observed in aquariums. / 
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the angle of incidence. Reflection occurring in these circumstances 
is nearly perfect, and has received the name of total refiection. Total 
Tefledion occurs vjhcn rays are incident in the more refractive 
medium at an angle greater than the critical angle. 

The phenomenon of total refiection may be observed in several 
familiar instances. For example, if a glass of winter, with a spoon 
in it (hig. 00*1?), is held above the level of the eye, the under side of 
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938. Camera Lucida. — The cam&m lucida is an instrument some- 
times employed to facilitate the sketching of objects from nature. 
It acts by total reflection, and may have various form.s,, of vdiicli 
that ]Droposud by Wolla.ston, and represented in Fig.s, G95, GOG, is 


I’ig. 698.— Camera tuciila. 


Fig. 005. — Section of rrisin. 


one of the commone,st. The essential pai't i.s a totally-reflecting 
prism with four angles, one of which i.s 90°, the opposite one 135", 
and the other two each G7° 30'. One of the two faces which contain 
the right angle is turned towards the object.s to ho sketched. Rays 
incident normally on this face, as wr, make an angle greatly exceed- 
ing the critical angle with the face c cl, and are totally reflected from 
it to the next facii d a, whence they are again totally reflected to the 
fourth face, from which they emerge normally.^ An eye placed so 
as to receive the emergent rays will see a virtual image in. a direc- 
tion at right angles to that in which the object lies. In practice, the 
eye is held over the angle a of the prism, in such a position that one- 
half of the pupil receives these reflected rays, while the other half 
receives light in a parallel direction outside the prism. The observer 
thus secs the rofiected image projected on a real hack-ground, which 
consists of a sheet of paper for sketching. He is thus enabled to pas.s 
a pencil over the outlines of the image; itoncil, image, and paper being 
simultaneously visil.)ie. It is very desirable that the image should lie 
in the pdane of the paper, not only because the pencil point and the 
image will then bo seen with the same focussing of the eye, but also 
because parallax is thus obviated, .so that when the observer shifts 
his eye the pencil point is not displaced on the imago. A concave 
lens, with a focal length of something less than a foot, is therefore 


^ The use of having two reflections is to obtain an erect image. An image obtained by 
one reflection would be upside dowm 
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placed close in front of the prism, in clra^ving distant objects. By 
raising or lowering- tlie prism in its stand (Fig. 000), the image of 
the object to be sketched may be made to coincide with the plane of 
the paper. 

The prism is mounted in such a way that it can be rotated either 
about a horizontal or a vertical axis; and 
r its top is usually covered with a movable 

/ plate of blackened metal, liaving a seini- 

/ circular notch at one edge, for the observer 

/ to look through. 

sf 989. Images hy Refraction at a Plane 
Surface. — Let 0 (Fig. 607) be a small ob- 
--iLZIEf ject in the interior of a solid or liquid 
bounded by a plane surface AB. Let 
0 B C be the path of a nearly normal ray, 
■Er£r - " - r i^ r HEl--: :'' '5^ and Ict BO (the portion in air) be pro- 
cluced backwards to meet the normal in I. 
Fig. 697. -Image by Eefraction. Then, smce AIB and A OB are the in- 
clinations of the two portions of the ray 
to the normal, we have (if ^ be the index of refraction from air into 
the substance)— 

_ sin A IB OB 
^ - sin AOB “ IB' 

But 0 B is ultimately equal to 0 A, and I B to I A. Hence, if we 
make A I equal to all the emergent rays of a small and nearly 

normal pencil emitted by 0 will, if produced backwards, intersect 
0 A at points indefinitely near to the point I thus determined. If 
the eye of an observer be situated on the production of the normal 
OA, the rays hy which he sees the object 0 constitute such a 
pencil. He accordingly sees the image at I. As the value of is 

g for w^ater, and about ^ for glass, it follows that the apparent depth 
of a pool of clear water when viewed vertically is j of the true 
depth, and that the apparent thickness of a piece of plate-glass 
when viewed normally is only | of the true thickness. 

990. — When the incident pencil (Fig. 698) is not small, but includes 
rays of all obliquities, those of them which make angles with the 
normal less than the critical angle N Q R will emerge into air; and 
the emergent rays, if produced backwards, will all touch a certain 
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caustic surface, wliicli has the normal Q N for its axis of revolution, 
and touches the surface at all points of a circle of which N II is the 



radius. . lYhcrevcr the eve maj’- he situated, a tangent drawn from 
it to the caustic will be the direction of the visible image. If the 
observer sees the image with both eyes, both being equidistant from 
the surface and also equidistant from the normal, the two lines of 
sight thus determined (one for each eye) will meet at a point on the 
normal, which will accordingly be the apparent position of the image. 
If, on the other hand, both eyes are in the same plane containing the 
normal, the two lines of sight will intersect at a point between the 
normal and the observer. 

The image, whether seen with one eye or two, approaches nearer 
to the surface as the direction of vision becomes more obIi(|ue, and 
ultimately coincides with it. The apparent depth of water, which 

O' ■■ ■ 

is only of the real depth when seen vertically, is accordingly less 

than -j- when seen obliquely, and becomes a vanishing quantity as 

the direction of vision approaches to parallelism with the surface. 
Tlie focus I determined in the preceding section is at the cusp of the 
caustic. 

• 991. Parallel Plate. — Eays falling normally on a uniform trans- 
parent plate wdtli parallel faces, keep their course unchanged; but 
this is not the case with rays incident obliquely. A ray S I (Fig. 
G99), incident at the angle S I N, is refracted in the direction I R. 
The angle of incidence at R is equal to the angle of refraction at I, 
and hence the angle of emergence S' R N' is equal to the original 
angle of incidence S I N, The emergent ray R S' is therefore parallel 
to the incident ray S I, hut is not in the same' straight line with it. 



wliicli sends light to an eye not directly opposite to it, on the other 
side of a parallel plate. The emergent rays which enter the eye are 
parallel to the incident rays; but as they have undergone lateral 
displacement, their point of concourse^ is changed from S to S', which 
is accordingly the image of S. 

The displacement thus produced increases with the thickness of 
the plate, its index of refrac- 
tion, and the obliquity of in- 
cidence. It furnishes one of 
the simplest means of mea- 
suring the index of refraction 
of a substance, and is thus 
employed in Pichot’s refrac- 
tomoter, 

992. Multiple Images pro- 
duced by a Plate. — Let S 
(Fig. 701) be a luminous 
point in front of a transpar- 
ent plate with parallel faces. 

Of the rays which it sends 
to the plate, some will be 
reflected from the front, thus 
giving rise to an image S'. 

^ The rays which compose the pencil that enters the eye will not exactly meet (when 

There will be two focal lines, just as in the case 


-Parallel Plate. 


Fig. TOl.—Multiple Images in Plate. 


produced backw’arda) in any one point, 
of spherical mirrors {§ 974, 975). 
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undergo reflection at the hack, and emerge with refraction at the 
front, giving rise to a second image S®. Another portion will undergo 
internal reflection at the front, then again at the back, and by emerg- 
ing in front will form a third image The same process may be 
repeated several times; and if the luminous object he a candle, or a 
piece of briglit metal, a number of images, one behind another, will 

be visible to an eyo properly placed in 
front (Fig. 702). All the suecessiye 
image.s, after the first two, contiimalljr 
diminish in brightness. If the glass 
be silvered at the back, the secohd 
image is much brighter than the first, 
when the incidence is nearly normal, 
but as the angle of incidence increases, 
the first image gains upon the second, 
and ultimately surpasses it. This is 
due to the fact that the reflecting 
power of a surface of glass increases 
with the angle of incidence. ^ ^ 

; If the luminous body is at a dis- 
tance which may be regarded as im 
;finite,— -if itds - a star, for example,— 
all the images should coincide, and 
form only a single image, occupying a position which does not 
vary with the position of the observer, provided that the plate 
is perfectly homogeneous, and its faces perfectly plane and par- 
allel. A severe test is thus furnished of the fulfiliiiont of these 
conditions. 

Iflates are sometimes tested, for parallelism and uniformity, by 
supporting them in a horizontal position on three points, viewing 
the image of a star in them wdth a telescope furnished -with cross 
w’ircs, and obserAung ■whether the image is dis]'>laced on the wires 
when the plate is sliifted into a different posi-tion, still resting on 
the same three points. 

993. Superimposed Plates. Astronomical Befraction. — We have 
stated in § OSG that the relative index from one medium, into an- 
other is equal to the absolute index of the second divided by that of 
the first. Hence if are the absolute indices, and <p^^ ffie angles 
which the two parts of the refracted ray make wdth the normal, 'we 
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Tinagos of Candle in Looking-glass. 
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When a number of plates are superimposed, they will have a com- 
mon normal. Let a ray pass through them all; let denote the 
a,bsolute index of any one of the plates, and the angle which the 
portion of the ray that lies in this plate makes with the normal; 
then equation (1) shows that ^ sin <p will have the same value for all 
parts of the ray. Hence if the value of <P for the first plate be given, 
its value for any plate in the series depends only on the value of ^ 
for that p)late, and will not he altered by removing some or all of 
the intervening plates. 

This reasoning can he applied to the transmission of a ray from a 
star through the earth’s atmosphere, if the distance of the star from 
the zenith does not exceed 20® or 30°. The portion of atmosphere 
traversed may he regarded as a series of horizt.)ntai plates, and the 
slope of the ray in the lowest plate will he the same as if all the 
plates above it were removed. In the case of stars near the horizon, 
the length of the path in air is so great that the curvature of the 
earth cannot bo left oiit of account, in other words, the layers tra- 
vei'sed cannot be regarded as parallel plates. 

■ 994. Refraction through a Prism. — For optical purposes, any por- 
tion of a transparent body lying between two plane faces which arc 
not parallel may be regarded as a prism.^ The line in ^vhicli tlicse 
faces meet, or would meet if produced, is called the edge of the prism, 
and a section made by^a plane perpendicular to them both is called 
a 2^'^'i'nGipal section. The prisms chiefly employed are really prisms 
in the geometrical sense of the word. Their principal sections are 
usually triangulai', and are very frequently equilateral, as in Fig. 703, 
The stand usually employed for prisms when mounted separately is 
represented in Fig. 704, It contains several joints. The uppermost 
is for rotating the prism about its own axis. The second is for turn- 
ing the prism so that its edges shall make any required angle with 
the vertical. The third gives motion about a vertical axis, and also 
furnishes the means of raising and lowexlng the prism through a range 
of several inches. 

Let SI (Fig. 705) be an incident ray in the piano of a principal 
section of the prism. If 'the external medium he air, or any other 

; ^ This amounts to saying that the word jprisni in optics means u'cdye. 
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substance of less refractive power than the prism, the ray in entering 
the prism will be bent nearer to the normal, taking such a course as 
I E, and in leaving the prism will be bent away from the nm-mal, 


-Pi'ism mounted on Stand. 


Fig. 708.— Equilateral Prism. 


taking the course E B. The effect of these two refractions is, there- 
fore, to turn the ray away from the edge (or refracting angle) of the 

prism. In practice, the prism is 
usually so placed that I E, the path 
of the ray through the prism, 
makes equal angles with the two 
faces at which refraction oecurs 
(§ 995). If the prisiii is turned 
very far from this position, the 
course of ;hlie ray may' :be' ; altd- 
gether different from that repre- 
sented in the figure; it may, for 
example, enter at one face, be in- 
ternally reflected at another, and come out at the third; but we at 
present exclude such eases from consideration. 

The direction of deviation is easily shown experimentally, by 
admitting a narrow beam of sunlight into a dark room, and intro- 
ducing a prism in its course. It will be found that the refracted 


Fig. 705.— Kefraction through Prism. 
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beam, in tlie circumstances represented in Fig. 705, is turned aside 
some 40° or 50° from its original course.^ 

Since the rays which traverse a prism are bent away from the 
edge, the object from which they proceed will appear, to an observer 
looking through the prism, to be more nearly in the direction of the 



Fig. 700. “Vision tlirough Vrism. 


edge than it really is. If, for example, he looks at the flame of a 
candle through a prism placed so that the edge which corresponds 
to the refracting angle is at the top (Fig. 700), the apparent place, of 
\ the flame will he above its true place. 

995. Formulae for Eefraction tlirough Prisms, Minimum Deviation. 
— Let S I (Fig. 707) be an incident ray in the plane of a principal 
section A B C of a prism. Let i be the angle of incidence SIN, and 

^ The phenomena here described are complicated in practice by the unequal refrangi- 
bility of rays of different colours (Chap. Ixxii.). The complication may be avoided by 
employing homogeneous light, of which a spirit-lamp, with common salt sprinkled on the 
wick, affords a nearty perfect example. 
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r the angle of refraction MU', Then, denoting the index of refrac- 
tion by fx, we have sin i—fi sin r. In like manner, putting r' for 
the angle of internal incidence on the second face 1 1' M, and for 
the angle of external refraction hf'!' E, we have sin i'—p. sin r. 


Pig. 707.— Refraction tliroiigli Prism. 

The deviation produced at I is i - 1 % and that at I' is i' - t', so that 
the total deviation, which is the acute angle I) contained between 
the rays S I, R I', when produced to meet at o, is 

D— i-r+i'-r'. (1) 

But if we drop a perpendicular from the angular point A on the ray 
1 1', it will divide the refracting angle BAG into two parts, of which 
that on the left will be equal to r, and that on the right to r', since 
the angle contained between two lines is equal to that contained 
between their perpendiculars. We have therefore A=:?’+')'', and by 
substitution in the above equation 

+ ( 2 ) 

When the path of the ray through the prism 1 1' makes equal angles 
with the two faces, the whole course of the ray is symmetrical with 
respect to a plane bisecting the refracting angle, so that we have 


Equation (2) thus becomes 


A, whence t 


A + D 
2 


This last result is of great practical importance, as it enables us to 
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calculate the index of refraction ^ from measuremeiit.s of the refract- 
ing angle A of the prism, and of the deviation D which occurs Avhen 
the ray passes syininetrically. 

Wlion a beam of sunlight in a dark room is transmitted through 
a prism, it will be found, on rotating the prism about its axis, that 
there is a certain mean position wliicli gi\ms smaller deviation of the 
transmitted light than positions on either side of it; and that, avIkui 
the prism is in this position, a small rotation of it has no sensible 
otfect on the amount of deviation. The position determined experi- 
mentally by these conditions, and knoAvn as the 'position ofminiminn 
deviation, is the position in which the ray passes symmetrically. 

996. Construction for Deviation. — The following geometrical con- 
struction furnishes a very sim- 
^ pie method of representing the 

\ \ V variation of deviation with the 

\ \ \ N. angle of incidence; — 

. j,,. \ \ / 1. When the refraction is at 

\ n ’ \ single surface, describe tAvo 

\ \ circular arcs about a common 

centre 0 (Fig. 708), the ratio 
of their radii being the index 
erf refraction. Then if the in- 
cidence is from rare to dense, 
draAv a radius O A of the smaller circle to represent the direction of 
the incident ray, and lot NAB be the direction of the normal to 
the surface at the point of incidence, so that 0 A. N is the angle of 
incidence. Join 0 B. Then, 0 B N is the angle of refraction, since 

sin'§“h'N =o'X = iii-<iex of refraction; lienee OB is paralici to the re- 
fracted ray. If the incidence is from dense to rare, avo must draw 
O B to represent the incident ray, make O B N equal to the angle 
of incidence, and join 0 A. In cither case the angle A 0 B is the 
deviation, and it evidently increases with the angle of incidence 
O A N, attaining its greatest value when this angle (0 A W' in the 
figure) is a right angle, in. Avhich case the angle of refraction 0 B" N" 
is the critical angle. 

2. To find the deviation in refraction through a prism, describe 
tvvo concentric circular arcs as before (Fig. 709), the ratio of their 
radii being the index of refraction. DraAv tlie radius 0 A of the 
smaller circle to represent the incident ray, NB to represent the 


Fig. 70S. 

General Coustruotion for Deviation. 



O B represents the dii ection of the ray in the prism, 0 A' the direction 
of the emergent ray, and A O A' is accordingly the total deviation. 

In fact wo have 

angle of inciiltjnce; at first surfa-o. 

„ vjfractkm 

„ iiiciilence at second siu'facQ. 

■ „ refraction ■ ■„ . 

deviation at first surface. 

„ second „ 

angle between nonuids = angle of prism. 

Again, the deviation AO A', being the angle at the centre of 
a circle, is measured hy the arc A A', which subtends it. To obtain 
the minimum deviation, we must so arrange matters that the angle 
ABA' being given (= angle of prism), the arc A A' shall be a mini- 
mum. Let A B A', a B a (Fig. 710), he two consecutive positions, 


OAK 
OBX 
CBN' 
OA'N' 
AOB 
B 0 A' 
ABA' 


I’i" 703. — Application to PrLsm. Fig. 710.— -Proof of Minimum Deviation. 

.B A' and B a' being greater than B A and B a. Then, since tiie 
small angles A B a, A! B a' are equal, it is obvious, for a double 
reason, that the small arc A.' a is greater than A a, and hence the 
whole arc a a' is greater than A A'. The deviation is therefore in- 
creased by altering the position in such a way as to make BA and 
B A' di;[)arfc further from cfiuality, and is a minimum when they 
are equal. 

997. Conjugate Foci for Minimum Deviation. — When tlie angle of 
iiieidenco is nearly that corresponding to minimum deviation, a 
small change in this angle has no sensible effect on the amount of 
deviation. 

Hence a small pencil of rays sent in this direction from a luminous 
point, and incident near the refracting edge, will emerge with their 
divergence sensibly unaltered,, so that if produced backwards they 
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would meet in a virtual focus at the same distance (but of course 
not in the same direction) as the point from which they came. 

In like manner, if a small pencil of rays converging towards a 
point, are turned aside by interposing the edge of a prism in the 
position of minimum deviation, they will on emergence converge to 
another point at the same distance. We may therefore assert that, 
neglecting the thickness of a prism, conjugate foci are at the earae 
didance from it, and on the same side, lulten the deviation is a 
minimum. 

^ 998. Double Refraction.—Thus far we have been treating of what 
is called single refraction. We have assumed that to each given 
incident ray there corresponds only one refracted ray. This is true 
when the refraction is into a liquid, or into well-annealed glass, or 
into a ci^ystal belonging to the cubic system. 

On the other hand, when an incident ray is refracted into a 
crystal of any other than the cubic sj'stem, or into glass which is 
unequally stretched or compressed in difierent directions; for example, 
into unannealed glass, it gives rise in general to two refracted rays 
which take ditferent paths; and this phenomenon is called double 

rig. 711.— iceiand-spar. and is found in large quan- 

•, 1 . ^^^y country from 

ich It derives its name. Xt is raiialiy found in rhombohedral form 
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In order to state the laws of the phenomena with precision, it is 
necessary to attend to the crystalline form of Iceland-spar. 

At the corner which is represented next ns in Fig. 711 three 
e(|ual obtuse angles meet; and this is also the case at the opposite 



Pig. 712. — Double Reiraction of Iccland-spar. 


corner which is out of sight. If a line he drawn through one of 
these corners, making equal angles with the three edges which meet 
there, it or any line parallel to it is called the axis of the crystal; 
the axis being properly speaking not a definite line but a definite 
direction. 

The angles of the crystal are the same in all specimens; hut the 



iug. 713. '—Axis of the Crystal. 


lengths of the three edges (which may be called the oblique length, 
breadth, and thickness) may have any ratios wdiatever. If the crystal 
is of such proportions that these three edges are equal, as in the first 
part of Fig. 713, the axis is the direction of one of its diagonals, 
which is represented in the figure. 

Any plane containing (or parallel to) the axis is called a prinoij>al 
plane of the crystal. 

If the crystal is laid over a dot on a sheet of paper, and is made 


■ 
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to rotate while remaining always in contact with the paper, it will 
be observed that, of the two images of the dot, one reniains nn- 
.. moved, and the other revolves round it. The fonnesr is called the 
ordliifir/j, and the latter the t'Xh'aoi'dlnar}j imago. It will also be 
observed tliat the former appears nearer than the latter, being more 
lifted 11 ]') by refraction. 

The rays which form the ordinary image- follow the ordinary law 
of sines (§ 083). They are called the ordinary rays. Tliose which 
form the extraordinary image (called the extraordinary rays) do not 
follow the law of sines, except when the ivd’racting surface is parallel 
to the axis, and the plane of incidence perpendicular to the axis; ami 
in this case their index of refraction (called the extraordinary index) 
is different from that of the ordinary rays. The ordinary index is 
1'65, and the extraordinary 1‘48. 

When the plane of incidence is parallel to the axis, the extra- 
ordinary ray always lies in this plane, whatever be the direction of 
the refracting surface; hut the ratio of the sines of the angles of 
ineidence and refraction is variable. 

When the plane of incidence is oblicpio to the axis, the extra- 
ordinary ray generally lies in a Jih'erent jdane. 

We shall recur to the subject of double refraction in the concluding 
chapter of this volume. 



CHAPTER LXX. 


LENSES. 


' 1000. Poms of Lenses. — A lens is usually a piece of glass boundefl 
by two surfaces whicli are portions of spheres. There are two prin- 
cipal classes of lenses. 

1. Converging lenses or cojircic lenses, which have one or other of 
the three forms represented in Fig. 714. The first of these is cahed 
double convex, the second plano-convex, and the third eoncavo- 
eonvex. This last is also called a converging meniscus. All three 


ri^. 714.— Convcrgiua reuse.?. 


Fig. ri.'i.—Uivei'giiig Lenses. 


are thicker in the middle than at the edges. They are called con- 
verging, because raj’s arc always more convergent or less divergent 
after passing through them than before. 

2. Diverging lenses or concave lenses (Fig. 715) produce the oppo- 
site effect, ami are characterized by being thinner in the middle than 
at the edges. Of the three forms represented, the first is double con- 
cave, the second plano-concave, and the third convexo-concave (also 
called a diverging meniscus), , 



Fig. 716.— Principal Foena of Convex lens. 


From the iininonse importance of lense.s, e-specially convex lenses, 
in practical optios, it will be necessary to explain tlieir properties at 
;Somo length. 

' 1001. Principal Focus. — lens is usually a solid of revolution, atul 
the axis of revolution is called the amts of the lens, or sometimes the 
im.ndpid When the surfaces are spherical, it is the lino joiii- 

iiig their centres of curvature. ■ 

When rays which were originally parallel to the principal axis 

])ass through a convex 
lens (Fig. 710), the ef- 
fect of the two refrac- 
tions which they un- 
dergo, one on entering 
and the other on leav- 
ing the lens, is to make 
them all converge ap- 
proximately to one 
point F, which is 
called the principal focus. The distance A F of the principal focus 
from the lens is called the principal focal distance, or more briefly 
and usually, the focal length of the lens. There is another prin- 
cipal focus at the same distance on the other side of the lens, cor- 

' responding to an inci- 
dent beam coming in the 
opposite direction. The 
focal length depeiuis on 
the convexity of the sur- 
faces of the lens, and also 
loh Ahe refraetive power 
of the mater-ial of Which 
it is composed, being 
shortened either by an 
increase of refractive power or by a diminution of the radii of cur- 
vature of the faces. 

In the case of a concave lens, rays incident parallel to the principal 
axis diverge after passing through; and their directions, if produced 
backwards, would approximately meet in a point F (Fig. 7 17), which 
is still called the principal focus. It is only a virtual focus, inasmuch 
. as the emergent rays do not actually pa.ss through it, whereas the 
principal focu.s of a converging lens is real. 


Fig. 717.— Principal Focua of Concave Lens, 
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1002. Optical Centre of a Lens. Secondary Axes. — Let O and O' 
(Fig. 718) be the centres of tbe two spherical surfaces of a lens, 

Lraw any two parallel radii 0 1, . 

O' E to meet these .surfaces^ and 
let the joining line I E represent 
a ray passing throiigli tlie len.s. 

This ray makes equal angles with 
the normals at I and E, since 
these latter are parallel by con- 
.striiction; hcncc tlie incident and 

emergent ray.s S I, E R also make WgggggIgggBBUjgBmBB/m 
equal angles with the normals, 

and are therefore parallel. In mBSuggggBgHgBBBggg 
fact, if tangent planes (indicated 

by the dotted lines in the figure) Hg. ns.— centre of Lens, 

are drawn at I and E, the whole 

course of the ray SIER will be the same as if it had passed through 
a plate bounded by these planes. 

Let C be the point in which the line IE cuts the principal axis, 
and let R, R' denote the radii of the two spherical surfaces. Then, 
from the similarity of the triangles O C I, O' 0 E, we have 


which shows that the point 0 divides the line of centres 0 O' in a 
definite ratio depending only on the radii. Every ray whose direc- 
tion on emergence is parallel to its direction before entering the lens, 
must pass through the point 0 in traversing the lens; and conversely, 
every ray which, in its course through the lens, traverses the point 
0, has parallel directions at incidence and emergence. The point C 
which possesses this remarkable property is called the centre, or 
optical centre, of the lens. 

In tlie case of a df)uble convex or double concave lens, the optical 
centre lies in the interior, its distances from the two surfaces being 
directly as their radii. In plano-convex and plano-concave lenses it 
is situated on the convex or concave surface. In a meniscus of either 
kind it lies outside the lens altogether, its distances from the surfaces 
being .still in the direct ratio of their radii of curvature.’^ 


Tliese coHaequences folloivat once from agnation {!); for the distances of C from the 
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In elementary optics it is nsnal to neglect the thickness of the lens. 
The incident and emergent rays S I, E R may then he regarded as 
lying in one straight line which pa.sses through C, and we may lay 
dow n the pipposition that vtiys 'wJiicJi tlivoiiyh tltG CGnti‘6 of ct 
lens undergo no deviation. Any straight line through the centre 
of a lens is called a secondary axis. 

The approximate convergence of the refracted rays to a point, 
when the incident rays are parallel, is true for all directions of in- 


rig. 72a"-Conjiiigate Foci, both Heal. 

lens (Fig. 720), the emergent rays converge (approximately) to one 

two faces arc repectivciy the differenco between E and 0 C, and the difference between 




FORMULA FOR LENSES. 


point S'; whence it follows that rays sent from S' to the lens would 
convei'go (appi-oxirnately) to S. Two points thus related are called 
conjugate foci of the lens, and the line joining them always passes 
through the centre of the lens; in other words, they must eitlier ho 
both on the principal axis, or both on the same secondary axis. 

The fact that rays which come from one point go to one point is 
the foundation of the theory of images, as ^re have already explained 
ill connection with mirrors (§ 967). 

The diameters of object and image are directly as their distances 
from the centre of the lens, and the image will be erect or inverted 
according as the object and image lie on the .same side or on opposite 
sides of this centre (§ 971). There is also, in the case of lenses, the 
same difference between an ima.ge seen in mid-air and an imaofe 
thrown on a screen which -we have pointed out in § 974. 

It is to be remarked that the distinction between principal and 
secondary axe.s has much more significance in the case of lenses than 
of mirrors; and images produced by a lens arc more distinct in the 
neighbourhood of the principal axis than at a distance from it. '■/ 
1004. Formulae relating to Lenses. — The deviation produced in a 
ray by transmission through a lens will not be altered by substituting 


Fig. 721.— Diagram showing Path of Ray, and Normals. 

for the lens a prism boundeil by planes wdiich touch the lens at the 
points of incidence and emorgouee; and in the actual use of Icnse.s, 
the direction of tlio rays with respect to the supposed prism is such 
as to give a deviation not differing much from the minimum. The 
expre.ssion for the minimum deviation (§ 995) is 2i~2'r or 2 i - A; 
and when the angle of the prism is small, as it is in the ca,se of 

ordinary lenses, wc may assume = so that 2 i becomes 

2 ft r or /< A, and the expression for the deviation becomes 

( 1 ) 


( 1 ) 
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A. beings tlie angle between the tangent x:)lanes (or between the 
normals) at the points ot* entrance and emergence. 

Let and £>j.j denote tlio distances of these points respectively from 
the principa] axis, and the radii of curvature of the faces on 

which thev lie. Then — rn'e the sines of the ang^^^^ the 

normals mate with the axis, and the angle A is the sum or ditfer- 
cnco of these two angles, according to the shape of the lens. In the 
case of a double convex lens it is their sum, and if wo identify the 
sines of these small angles with the angles theuisoivcs, wc have 


But if Pj, p.j denote the distances from the faces of the lens to the 
points where the incident and emergent rays cut the principal axis, 

- are the sines of the angles which these rays make with the 

axis, and the deviation is the sum or difference of these two angles, 
according as the conjugate foci are on opposite sides or on the same 
side of the lens. In the former case, identifying the angles with 

their sines, the deviation is + '~, and this, by formula (1), is to be 

equal to (ju — 1) A, that is, to 

If the thickness of the lens is negligible in comparison with 2 ^ , P 2 > 
we may regard a?! and 052 as equal, and the equation 


will reduce to 


If is infinite, the incident rays are parallel, and principal 

focal length, which we shall denote by /. We have therefore 


1005. Conjugate I’oci on Secondary Axis. — Let M (Fig. 722) be a 
Inminous point on the secondary axis M 0 M', O being the centre of 



FOCI FOR OBLIQUE TENCILS. 

the lens, and let M' be the poi]D,t in which an, .emergent ray corre- 
sponding to the incident ray M I cuts this axis. Let x denote oi 
X,, the distances of the points of incidence and emergence from tin 


Fig. 722. —Conjugate Foci on Secondary Axis. 

}.)rincipal axis, and 0 the obliquity of the secondary axis j then x cos 0 
is the length of the perpendicular from I upon M M', and ^ 

are the sines of the angles O MI, OM'I respectively. But the 
deviation is the snm of these angles; hence, proceeding as in last 
section, we have 

X cos d X COR 0 , ^ ^ \ ^ {‘r\ 


The fact that x does not appear in equations (6) and (8) shows that, 
for every position of a luminous point, there is a conjugate focus, 
lying on the same axis as the luminous point itself. Equation (8) 
shows that the effective focal length becomes , shorter as the obliquity 
becomes greater, its value being /cos 0, where d is the obliquity. 

.Tf we take account of the fact that the ra3"s of an oblique pencil 
make tlio angles of incidence and emergence more unequal than the 
rays of a direct pencil and thus (hy the laws of prisms) undergo 
larger deviation, we obtain a still further shortening of the effective 
focal length for oblique pencils. 

When the obliquity is small, cos 0 may^ be regarded as unity, and 
wo may employ’’ the formula 


•for oblique as well as for direct pencils. 

<, ' 1006. Discussion of the Pormula for Convex Lenses. — For conrex 
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lenses/is to be regarded as positive; 'p will be positive when measured 
from the lens towards the incident light, and p' when iruaisiired in 
the direction of tlie emergent light. 

Formula (0), being identical with equation (6) of § 9G8, leads to 
results analogous to those already deduced for concave mirrors. 

As one focus advances from infinite distance to a 2 )rincipal focus, 
its conjugate moves away from the other principal focus to infinite 
distance on the other side. The more distant focus is always moving 
more rapidly than the nearer, and the least distance between them 
is accordingly attained when they are equidistant from the lens; in 
which case the distance of each of them from the lens is 2/j and their 
distance from each other 4/ 

If either of the distances, as p, is less than /, the formula sho'^vs 
that the other distance p is negative. The meaning is that the two 

foci are on the same 
side of the lens, and in 

^ this case one of them 
(the more distant of the 
two) must be virtual. 
For example, in Fig. 
72S, if S, S' are a pair 
of conjugate foci, one 
oi, them S being be- 

Eig. 723.-ConJugatc Foci, one Real, one Virtual. tllC principal 

focus F and the lens, 
rays i^ynt to the lens by a luminous point at S, ■will, after emergence, 
diverge as if from S'; and rays coming from the other side of the 
lens, if they converge to S' before incidence, will in reality he made 
to meet in S. As S moves towards the lens, S' moves in the same 
direction more rapidly; and they become coincident at the surface 

of the lens. The formula in fact shows that if -• is very great in 

comparison ■with j, and positive, i,- must bo very great and negative; 

that is to say, if p i.s a very small positive quantity, is a very small 
negative quantity. 

V 1007. Formation of Beal Images.— Let A B (Fig. 724) ho an object 
in front of a lens, at a distance exceeding the principal focal length. 
It will have a real image on the other side of the lens. To deter- 
mine the position of the image by construction, draw through any 
point A of the object a line parallel to the principal axis, meeting 
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the lens in A'. The ray represented by this line will after re£i*ae- 
tion, pass through the principal focus F; and its intersection with 
the secondary axis A 0 
deterinines the position 
of a, the focus conju- 
gate to A. Wo can in 
like manner dotermino 
the position of 5, the 
focus coujiigato to !>, 
another point of the 
ol ject; and th(i joiniiig 
line ah will then be 
the image of the line 

A 13. It is evident thn.t if a 6 were the object, A B would be the 
image. 

Figs. 724, 725 represent the cases in which the distance of the 
object is respectively 

greater iuid loss than 

twice the focal length 
of the lens. 



rig. 724.— Heal and Diminislied Image. 


— In each case it is evi- 
dent tliat 




a b 0 (t 

or the linear dimen- 
sions of ohject and 
imag'G are dlrectlg as 
their distances from the centre of the lens. 
Again, since by equation (G) 


725. — Real and Magnified Image. 


} 

i>' f p pf 


(9) 


wc have 

and 


P _ p “■/ 

A f~ 


a6 — —— .AB; 


'p-f 


< 10 ) 


from which formula the size of the image can be calculated without 
finding its position. 

1009. Example. — A straight lino 25®'™- long is placed perpendi- 
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culayly on the axis, at a distance of 35 centimetres from a lens of 
15 centimetres’ focal length; what are the position and magnitude of 
the image? 

To determine the distance p we have 


1 1 1 1 , ,35x15 

35 /15 , ^ 35-15 


For the length of the ima^e we have 


25 ^= 

P-/ 


f 


25-—--- 

35-15' 


JSI" 


1010, Image on Cross-wires. — The position of a real image seen in 
mid-air can be tested by means of a cross of threads, or other con- 
venient mark, so arranged that it can be fixed at any required point. 
The observer must fix this cross so that it appears approximately to 
coincide with a selected point of the image. He must then try 
whether any relative displacement of the two occurs on shifting his 
eye to one side. If so, the cross must be pushed nearer to the lens, 
or drawn back, according to the nature of the observed displacement, 
which follows the general rule of parallactic displacement, that the 
more distant object is displaced in the same direction as the ob- 
server’s eye. The cross may thus be brought into exact coincidence 
with the selected point of tlie image, so as to remain in apparent 
coincidence with it from all possible jioints of view. When this 
coincidence has been attained, the cross is at the i'dciis conjugate to 
that which is occupied by tlie selected point of the ohjoct. 

By employing two crosses of threads, one to servo as object, and 
the other to mark the position of the image, it is o<asy to verify the 
fact that when the second cross coincides with the image of the. first, 
the first also coincides with the image of the second. 

1011. Aberration of Lenses. — In the investigations of §§ lOO-1, 1005, 
we made several assumptions which were only approximately true. 
The rays which proceed from a luminous point to a lens are in fact 
not accurately refracted to one point, but touch a curved surface 
called a caustic. The cusp of this caustic is the conjugate focus, and 
is the point at which the greatest concentration of light occurs. It 
is accordingly the place where a screen must he set to obtain the 
brightest and most distinct image. Rays from the central parts of 
the lens pass very nearly through it; hut rays from the cireumferen- 
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tial portions fall short of it. This departure from exact concurrence 
is called aberration. The distinctness of an image on a screen is 
improved hy employing an angular diaphragm to cut otf ail except 
the central rays; but the brightness is of course diminished. 

By holding a convex len.s in a position very oblique to the 
incident light, a primary and secondary focal line can be exhibited 
on a screen perpendicular to the beam, just as in the case of concave 
mirrors (§ 97*”>). The experiment, however, is rather more difficult 
of porformance, 

1012. Virtual Images.— Let an object A B be placed between a 
c )rivex lens and jts principal focus. Then the foci conjugate to the 
pfoint-s A, B are virtual, , 
and their positions can 
be found by construe- 
tionfrom theconsidera- 
tion that raj^s through 
A, B, parallel to tlie 
principal ^ ^ 

side. These refracted EJ^. 726,— virtual image formed by Convex Lens, 

rays, if produced back- 
ward, must meet the st^oondary axes 0 A, 0 B in the required points, 
x\n o.jr ]dactHi on the other side of the lens will accordingly see a 
virtual imagti, erect, magnified, and at a greater distance from the 
lens than tlie oliject. Tiii.s is the principle of the simple microscope. 
D'lio formula for the distances D, d of object and imago from the 
](‘ns, when both are on tlie .same side, Ls 


axis, w 


/denoting the principa,! focal length, 
g I 1013. Concave Lens. — For a concave lens, if the focal length.be still 
regarded a.s positive, and denoted by/, and if the distances D, d be 
on the same side of the lens, the formula becomes 


which shows that d is always less than D; that is, the image is 
nearer to the lens than the object. , 
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culayly on, the axis, at a distance of 35 centimetres from a lens of 
15 centimetres’ focal length; what are the position and magnitude of 
the image? 

To determine the distance p' we have 


35 ji' 




For the length of the image we have 

p-f 85 - 15 ^ ^ 

1010. Image on Gross-wires. — The position of a real image seen in 
mid-air can be tested by means of a cross of threads, or other con- 
venient mark, so arranged that it can be fixed at any required point. 
The observer must fix this cross so that it appears approximately to 
coincide with a selected point of the image. He must then try 
whether any relative displacement of the two occurs on shifting his 
eye to one side. If so, the cross must be pushed nearer to the lens, 
or drawn back, according to the nature of the observed displacement, 
which follows the general rule of parallactic displacement, that the 
more distant object is displaced in the same direction as the ob- 
server’s eye. The cross may thus be brought into exact coincidence 
with the selected point of the image, so as to remain in apparent 
co.incidenee with it from all possible points of view. When tljis 
coincidence has been attained, the cross is at the: focus C(,injugato to 
that which is occupied by the selected point of the object. 

By employing two crosses of threads, one to ser\'c as oliject, and 
the other to mark the position of the image, it is easy to verif}" thi^ 
fact that when the second cross coincides with tlie image of the first, 
the first also coincides with the imago of the second. 

I 1011. Aberration of Lenses. — In the investigations of §§ 1001, 1005, 
we made several assumptions which were only approximately true. 
The rays which proceed from a luminous point to a lens are in fact 
not accurately ix'fractcd to one point, but touch a curved surface 
called a caustic. The cusp of this caustic is the conjugate focus, and 
is the point at which the greatest concentration of light occurs. It 
is accordingly the place where a screen must be set to obtain the 
brightest and most distinct image. Rays from the central parts of 
the lens pass very nearly through it; but rays from the eircumferen- 
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Fig. 726.— Virtaal Image formed by Convex Lens. 


/denoting tlic principal focal length. 

] 1013. Concave Lens. — For a concave lens, if the focal length . he still 
regarded as po.sitive, and denoted hj f, and if the distances D, d ho 
on the same side of the len.s, the formula hecoines 


tial portions fall short of it. This departure from exact concurrence 
is called aberration. The distinctness of an image on a screen, is 
improved by employing an angular dlajihragm to cut off all except 
the central rays; but the brightness is of course diminished. 

By holding a convex lens in a position very oblique to the 
incident light, a primary and secondary focal line can be exhibited 
on a screen perpendicular to the beam, just as in the case of concave 
miiToi's 975), The ex],>eriincnt, however, is rather more difficult 
of performance, 

1012. Yirtual Images. — Xjet an object A B be placed between a 
C'nivtix lens and its principal focus- Then the foci conjugate to the 
points A, Bare virtual, 
and their positions can 
be found by construc- 
tion frt )m the considera- 
tion that rny-s through 
A, B, parallel to the 
principal axis, will be 
j'lfracted 1 3 F, the prin- 
cipal focus on the other 
side. The.se refracted 
rays, if produced back- 
ward, must meet tlic secondary axes O A, O B in the required points. 
All eye placed on tlie other side of the lens will accordingly see a 
x’irtiial image, erect, magnified, and at a greater distance from the 
than the object. This is the principle of the .simple micro.scope. 
The formula for the ^distances D, d of object and image from the 
Ions, when both arc on the same side, is 


1 1 _1 

a ~ 2) 


whicli shows, that d is always less than B; that is, the image is 
nearer to the lens than the object. , 



iiiillii 


— 


In Fig. 727, A B is the object, and a h the image. Bays incident 
from A and B parallel to the principal axis will emerge as if they 

came from the princi- 
pal focus F. Hence 


r , ‘ e^-c (m t^ ^de 

uig^. ixiUui XTuas^ lormcQ. py i..<oi2C8»vG ijcns. 

of the lens sees the 

Image a h, which is always virtual, erect and diminished. : ' 

^ 1014, Focojneter. — Silbermann’s focometer (Fig. 728) is an instru- 
rgient for measuring the focal lengths of convex lenses, and is based 


Fisj. 72S.— Silbeimum’s Focoiuetei’. 

on the principle (§ lOOG) that, when the oViject and its image are 
equidistant from the lens, their distance from each other is four 

^ times the focal length. 
\ It consists of a gradu- 

\ ated rulecarrying three 

runners The 

1 middle one L is thesiip- 

*2 port for the lens which 

/ is to bo examined; the 

/ other two, MM', con- 

Fig. 720 ./ tain two thin plate.s of 

horn or other translu- 
cent material, ruled with lines, which are at the same distance apart 
in both. The sliders must be adjusted until the imago of one of 
these plates is thrown upon the other plate, without enlargement or 
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dimimition, as tested by tbe coincidence of the ruled lines of the 
image with those of the plate on which it is cast. The distance 
between M and M' is then read oif, and divided by 4. 

1015. Sefraction at a Single Spherical Surface.— --Sttppose a small 
pencil of rays to be incident nearly normally Upon a spherical sur- 
face which forms the boundary between two media in which the 
indices are /wj and respectively. Let 0 (Fig. 729) be the centre 
of curvature, and C A the axis. Let P) be the focus of the incident, 
and Pa of the refracted rays. Then for any ray P^ B, G B P^ is the 
angle of incidence and 0 B Pg the angle of refraction. Hence by the 
law of sines we have (§ 993) 

/iiShiOBPi = /tjsinCBPo. 

Dividing by sin BOA, and observing that 


sin C B Pi 

CPi 

CPi 

Bin BCA 

- B Pi 

“ APi 

sin CBPa 

CP. 

CPo 

Bin BOA 

- BPi 

"APi 


ultimately ; 


we obtain the equation 


=/"^ap7 


( 13 ) 


which expresses the fundamental relation between the positions of 
the conjugate foci. > 

Let AG=r, AP^^pp A.P^,— p., then equation (13) becomes 


or, dividing by r, 




which may be written 


r - »i r - 

M-i — _ fi,. — L- 

Pi Ih 




i'i _ 

J'a ” Pi ” r 


( 14 ) 


( 15 ) 


Again, let CA~p, CP^^rgi, CPa^f/^, then equation (13) gives 


or 


Hi = Hi -A_, 

P-ai p-<ii 

.L pjzJb _ A 

Hi <li Hi <h 


( 16 ) 


an equation closely analogous to (14) and leading to the result 
(analogous to (15)) 

1 _ _JL ^ / L A ) A n 

The signs of pg, r, in (14) and (15) are to be determined by the 
65 
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rule that, if one of the three points Pg, C lies on the opposite side 
of A from the other two, its distance from A is to he reckoned op- 
posite in sign to theirs. 

In like manner the signs of <2i, q.y, p, in (IG) and (] 7) are to he 
dotcriuined by the rule that, if one of the three points P^ Po, A lies 
on the opposite side of 0 from, the other two, its distance from 0 
is to be reckoned opposite in sign to theirs. 

It is usual to reckon distances positive when measured toivards 
the incident light; but thoformuloe will remain correct if the opposite 
convention be adopted. 

If / denote the principal focal length, measured from A, w^c have, 
.by (15), writing / for po and making 2 \ infinite, 


and (15) may now be written 


Pt pi~ f 

it being understood that the positive direction for / is the same as 
for pi, and r. 

The application of these formulae to lenses in cases where the 
thickness of the lens cannot be neglected, may be illustrated by the 
following example. 

1016. To find the position of the image formed hy a spherical lens. 

Let distances bo measured from the centre of the sphere, and be 
reckoned positive on the side next the incident light. 

Then, if x denote the distance of the object, y the distance of the 
image formed by the first refraction, 5^ the distance of the image 
formed liy the second retraction, a the radius of the sphere, and n its 
index of refraction; we have, at the first surface, 


and at the second surface 


Hence equation (17) gives, for the first refraction. 


and for the second refraction 


By adding these two equations, we obtain 
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If the incident rays are parallel, we have x infinite and z — 
~ ; that is to say, the principal focus is at a distance g- from 

the centre, on the side remote from the incident light. 

1017. Camera Obscura. — TJie images obtained by means of a liole in 
the shutter of a dark room (§ 938) become sharper as the size of the 
liole is diminished; Imt this diminution in- 
vcdves loss of li.uht, so that it is impossible Vry 
this method to olkain an image at once luught 
a,nd sharp. This diiliculty can be overcome 
by employing a lens. If the objects in the 
o'xtei'nal landscape depicted are all at distances 
many times greater than the focal length of 
the lens, their images will all be formed at 
sensibly the same distance from the lens, and 
may be received upon a screen placed at this 

distance. 

Theimages 
thus ob- 
tained are 

ihv e rt ed j Eg. 730.-~Obiecti ve of 
and are of 

the - same size r as :; if ; ra ^ 
aperture were employed instea,ci: 
of;, a'-lens. This is;' tlie, p^^^^ 
on which the camera ■ ohaewra i.s 
constructed. ; 

It is a kind of ; tent stirrounded 
by ppaque curtains, and having 
at its top a revolving lantern , 
containing a lens witli its axis 
horizontal, and a mirror placed 
behind it at a slope of 45°, to re- 
flect the transmitted light down- 
wards on to a sheet of white paper 
lying on the top of a table. Im- 
ages of external olrjects are thus 
depicted on the paper, and their 
outlines can be traced with a 
pencil if desired. It is still better to combine lens and mirror in 
one, by the arrangement represented in section in Fig. 730. Eays 



Fig. 751.— riiotograjjliic Camera. 
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from external objects are first refracted at a convex surface, tben 
totally reflected at the back of the lens, which is plane, and finally^ 
emerge through the bottom of the lens, which is concave, but with 
a larger radius of curvature than the first surface. Tlie two refrac- 
tions produce the effect of a converging inensicus. The instrument 
is now only employed for purposes of amusement. 

1018. Photographic Camera. — The camera obscura employed by 
jfliotograpliers (Fig. 731) is a box MN with a tube AB in front, 
containing an object-glass at its extremity. The ohjcct-glass is 
usuallj?" compound, consisting of two single lenses E, L, an arrango- 
inent which is very commonly adopted in optical instruments, and 
which has the advantage of giving the same effective focal length as 
a single lens of smaller radius of curvature, while it permits the 
employment of a larger aperture, and consequently gives more light. 
At G is a slide of ground glass, on which the image of the scene to 
be depicted is thrown, in setting the instrument. The focussing is 
performed in the first place by sliding the part M of the box in the 
part N, and finally by the pinion Y which moves the lens'. When 
the image has thus been rendered as sharp as possible, the sensitized 
plate is substituted for the ground glass.^ 

^ The phofcogi’aphic processes at present in use are vei'y various, both optically and 
chemically; but are all the same in principle with the method originally eniidoyed by 
Talbot. This method, which was almost forgotten during the great success of Daguerre, 
consists in first obtaining, on a transparent plate, a picture with lights and shades reversed, 
called a negative; then placing this upon a piece of paper sensitized with chloride of silver, 
and exposing it to the sun’s rays. The light parts of the negative allow the light to pass 
and blacken the paper, thus producing a positive picture. The same negative serves for 
producing a great number of positives. 

The negative plate is usually a glass plate covered with a film of collodion (sometimes 
of albumen), sensitized by a salt of silver. The following is one of the ntiinorous formulaj 
for this preparation. Take 


Sulphuric ether, ........ . 300 grammes 

Alcohol at 40°, . 200 „ 

Gun cotton, 5 „ 


Incorporate these ingredients thoroughly in a porcelain mortar ; then add 


Iodide of potassium 13 grammes 

Iodide of ammonium, 1‘75 „ 

Iodide of cadmixun, „ 

Bromide of cadmium, 1’25 „ 


This mixture is poured over the plate, which is then immersed in a solution (10 per cent 
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1019. Use of Lenses for Purposes of Projection.—Lenses are exten- 
sively employed in the lecture-room, for rendering experiments visible 
to a whole audience at once, by projecting them on a screen. Thc 
arrangemonts vary accoivling to the circumstances of each case, and 
cannot bo included in a general description. 

1020. Solar Microscope. Magic Lantern. — In the solar microscope, a 
convex lens of short focal length is employed to throw upon a screen 
a highly-magnified image of a small object placed a little beyond the 
princi])al focus. As the imago is always much less bright than the 



Fig. 732.— Solar Microscope. 


object, and the more so as the magnification is greater, it is necessary 
that the object should be veiy highly illuminated. For this purpose 
the rays of the sun are directed upon it by means of a mirror and 
large lens; the latter serving to increase the solid angle of the cone 
of rays which fall upon the object, and thus to enable a larger por- 
tion of the magnifying lens to he utilized. The objects magnified 
are always transparent; and the images are formed by rays which 
liave been transmitted through them. 

strong) of nitrate of silver. The film of collodion is thus brought to an opal tint, and the 
pL'ite. after btfiiig allowed to drain, is ready for exposure in the camera. 

./Viter being exposed, the picture is developed, l>y the application of a liquid for which the 
following is a formula; 

Distilled water, . . ... . . . . . 250 grammes, 

Pyrogallic acid, . . . 1 „ 

Crystallizable acetic acid, . . . . . . . 20 „ 

When the pictaire is sufiiciently do%'elopcd, it is Jixed, by the application of a solution, 
either of hyposulphite of soda from 25 to 30 per cent strong, or of cyanide of potassium 
3 per cent strong, and the negative is completed. 

To obtain a positive, the negative plate is laid upon a sheet of paper in a glass dish, the 
paper having been sensitized by immersing it first in a solution of common sea-salt 3 or 4 
per cent strong, and then in a solution of nitrate of silver 18 per cent strong. The exposure 
i.s continued till the tone is sufficiently deep, the tint is then improved by means of a salt 
of gold, and the picture is fixed hy hyposulphite of soda. It has then only to be washed 
and dried.— i).‘ ■ ■ . , 


Ihe lens employed for producing the image is usually compound, 
consisting of a convex and a concave lens combined. 

The electric light can be employed instead of the sun. Tlie 
apparatus for regulating this light is usually placexl within a lantern 
(trig. 733), in such a position that the light is at the centre of curva- 



I’ig.: 733.— I’lioto-uleotric Microscope. 


turo of a spherical mirror, so that the inverted image of the light 
coincides with the light itself. The light is concentrated on the 
object by a system of lenses, and, after passing through the object, 
traverses another system of lenses, placed at such a distance from the 
object as to throw a highly-magnified imago of it on a acreen. The 
whole arrangement is called the electric or photo-electric microscope. 

The magic lantern is a rougher instrument of the same kind, 
employed for projecting magnified images of transparent paintings, 
executed on glass slides. It has one lens for converging a h(;am of 
light, on the slide, and another for throwing an imago of the slide on 
the screen. In all these cases the image is inverted. 
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VISION AND OPTICAI. INSTRUMENTS. 


1021. Description of the Eye. — The human eye (Fig, 734) is a neply 
spherical ball, capable of turning in any direction in its socket. It.s 
outermost cuafc is thick and horny, and is opaque except in its 


LEVEH.U DEL, 

Fig. 734.— Human Eye. 


anterior portion. Its opaque portion H is called the sclerotica, or 
in common language the white of the eye. Its transparent portion A 
is called the cornea, and has the shape of a very convex watch-glass. 
Behind the cornea is a diaphragm D, of annular form, called the iris. 
It is coloured and opaque, and - the circular aperture 0 in its centre 
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is called tlio By the action o£ the involimtary muscles of the 

irisj this aperture is enlarged or contracted on exposure to darkness 
or light. The colour of the iris is what is referred to when we speak 
of the colour of a person’s eyes. Behind the pupil is the crystallime 
lem B, which has greater convexity at hack than in front. It is built 
up of layers or shells, increasing in density in wa.rds, the outermost 
shell having nearly the same index of refraction as the media in con- 
tact with it; an arrangement winch tends to prevent the loss of light 
hy reflection. The cavity B between the cornea and the crystalline is 
called the anterior chamber, and is tilled with a watery liquid called 
the aqmom humour. The much larger cavity L, behind the crystal- 
line, is called the posterior ehainber, and is filled with a transparent 
jelly called the vitreous humour, inclosed in a very thin transparent 
membrane (the hyaloid membrane). The posterior chamber is 
inclosed, except in front, by the choroid coat or uvea I, which is 
saturated with • an intensely black and opaque mucus, called the 
pigmentum nigrum. The choroid is lined, except in its anterior 
portion, with another membrane K, called the retina, which is 
traversed by a ramified system of nerve filaments diverging from 
the optic nerve M. Light incident on the retina gives rise to the 
sensation of vision; and there is no other part of the eye which 
possesses this property. 

1023. The Eye as an Optical Instrument.— -It is clear, from the above 
description, that a pencil of rays entering the eye from an external 
point will undergo a scries of refractions, first at the anterior surface 
of the cornea, and afterwards in the successive layers of the crystal- 
line lens, all tending to render them convergent (see table of indices, 
§ 98G). A real and inverted image is thus formed of any external 
object to which tlie eye is directed. If this image falls on the retina, 
the object is seen; and if the image thus formed on the retina is 
sharp and sufficiently luminous, the object is seen distinctly. 

Ni 1023. Adaptation to Different Distances. — As the distaiice of an 
image from a lens varies with the distance of the object, it would 
only be possible to see objects distinctly at ope particular distance, 
were there not special means of adaptation in the eye. Persons 
whose sight is not defective can see objects in good definition at all 
distances exceeding a certain limit. When we wish to examine the 
minute details of an object to the greatest advantage, we hold it 
' at a particular distance, which varies in different individuals, and 
averages about eight inches. As wc move it further away, we 
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experience rather more ease in looking at it, though the diminution 
o£ its apparent size, as measured bj the visual angle, renders its 
minuter features less visible. On the other hand, -when we bring it 
nearer to the eye than the distance which gives the best view, ^\’e 
cannot see it di.stinctly without more or less effort and sense of strain; 
and when wo have liroiight it nearer than a certain lower limit 
(averaging about six inches), Ave find distinct vision no longer pos- 
si1)le. In looking at very di.stant objects, if our vision is not defec- 
tiA'o, we have; very little; sense of effort. These phenomena are in 
a<'.eordance Avith the theory of lenses, Avhich sIioaa’s that when the 
distance of an object is a large multiple of the focal length of the 
lens, any further increase, even up to infinity, scarcely alters the 
distance of the image; but tliat, Avhen the object is comparatively 
near, the efibet of any change of its distance is considerable. There 
has been much discussion among physiologists as to the precise nature 
of the changes by Avhich Ave adapt our eyes to distinct vision at 
different distances. Such adaptation might consist either in a change 
of focal length, or in a change of distance of the retina. Observa- 
tions in Avhich the eye of the patient is made to serve as a mirror, 
giving images by reflection at the front of the cornea, and at the 
front and back of the crystalline, have shown that the convexity of 
the front of the crystalline is materially changed as the patient adapts 
his eye to near or remote vision, the convexity being greatest for 
near vi.sion. Tliis increase of convexity corresponds to a shortening 
of focal length, and i.s thus con.sistent with theory. 

1024. Binocular Vision. — The difficulty Avhich some j^ersons liave 
felt in reconciling the fact of an inverted image on the retina Avith 
ilie perception of an object in its true position, is altogether fanciful, 
and arises from coiifused notions as to the nature of perception. 

The question as to how it is that AAm see objects single Avith tAvo 
eyes, rests upon a diflbrent footing, and is not to be altogether cx- 
plaiiKid by habit and as.sociation.^ To each point in the retina of one 
eye there is a covres’pondiny point, similarly situated, in the other. 
An impression produced on one of these points is, in ordinary cir- 
cumstances, undistinguishable from a similar impression jmoduced on 
the other, and Avhen both at once are similarly impressed, the eflect 
is simply more intense than if one were impressed alone; or, to 
describe the same phenomena subjectively, we have only one field 

^ Binocular vision is a subject which has been much debated. For the account here 
given of it, the Editor is responsible. 
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of view for our two eyes, and in any part of tliis field of view we see 
either one image, brighter than we sliould see it by one alone, or else 
we see two overlapping images. This latter phenomenon can be 
readily illusti-ated by holding up a finger between one’s eyes and a 
wall, and looking at the wall. We shall see, as it were, two trans- 
parent fingers projected on the wall. One of these transparent 
fingers is in fact seen by the right eye, and the otlier by the left, but 
onr visual sensations do not directly inform ns wliicli of them is seen 
by the right eye, and which by the left. 

The principal advantage of having two eyes is in the estimation 
of distance, and the perception of relief. In order to see a point as 
single by two eyes, we must make its two images fall on correspond- 
ing points of the retinre; and this implies a greattjr or less converg- 
ence of the optic axes according as the object is nearer or more remote. 
We are thus furnished with a direct indication of the distance of tlui 
object from onr eyes; and this indication is much more precise than 
that derived from the adjustment of their focal length. 

In judging of the comparative distances of two points which lie 
nearly in the same direction, we are greatly aided by the parallactic 
displacement which occurs when we change our own position. 

We can also form an estimate of the nearness of an object, from 
the amount of change in its apparent size, contour, and l»cariiig, pro- 
duced by shifting our position. This would seem to be the readiest 
means I'y which very young aniuials can distinguish near from 
.remote objects. 

1025. Stereoscope. — The perception of relief is closifiy connected 
with the doubleiK'ss of vision which occurs when the images on 
corresponding portions of the two retinai are not similar. In survey- 
ing an object we run our eyes rapidly over its surface, in such a way 
as always to attain single vision of the particular point to wliich our 
attention is for the instant directed. Wo at the same time receive 
a somewhat indistinct impression of all the points within our field 
of view; an impression which, when carefully analysed, is found to 
involve a largo amount of doubleness. These vai’if)us impressions 
combine to give us the perception of relief; that is to say, of form 
vn three dimensions. 

The perception of relief in binocular vision is admirably illustrated 
by the stereoscojjc, an instrument which was invented by Wheatstone, 
and reduced to its present more convenient form by Brewster. Two 
figures are drawn, as in Fig. 735, being perspective representations of 
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two neighbouring points of view, such as might 
ts^'O eyes in, looking at the object. Thus if the 
rio’ht eve Avill liavc a fuller view of the right 


Fig. 735. — Stereoscopic I'ictii re.s. 


Fig. 733.— Stereoscope. Fig. 737.— Path of Rays in Stereoscope. 

face, and the left eye of the left face. The two pictures are placed 
ill the right and left compartments of a box, which has a partition 
down tlie centre serving to insure that each eye .shall see tiiily the 
picture intended for it; and over each of the coinpartinents a half- 
lens is fixed, serving, as in .Fig, 737, not only to magnify the picture, 
hut at the sjiine time to displace it, so that the two virtual itnage.s 
are brought into approximate coincidence. Stcreoseojiic pictures 
are usually photographs obtained hy moans of a double camera, 
having two obj(;ctives, one be.side the otluu’, which play the part 
of two (iyes. 

'When matters are pr()[)orly arranged, the observer seems to see 
the object in rolif'f. .hlo finds liiniself able to obtain single view of 
any one point of the solid image which is before him; and the adjust- 
ments of the optic axes which he finds it ncco.ssary to make, in shift- 
ing his view from one point of it. to another, are exactly such as 
would bo required in looking at a solid oliject. 

When one compartment of the stereoscope is enqity, and the other 
contains an object, an observer, of normal vision, looking in in the 
ordinary way, is unable to say whicli eye sees the object. If two 
pictures are combined, consisting of two equal circles, one of them 
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Iiaving a cross in its centre, and the other not, he is unable to decide 
•whether he sees the cross with one eye or both. 

When two entirely dissimilar pictures are placed in the two com- 
partments, they compete for mastery, each of them in turn becoming 
more conspicuous than the other, in spite of any efforts wliich the 
observer may make to the contrary. A similar fluctuation will lie 
observed on looking steadily at a real object which is partially hidden 
from one eye by an intervening object. This tendency to alternate 
preponderance renders it well nigh impossible to combine two colours 
by placing one under each eye in the stereoscope. 

The immediate visual impression, when we look either at a real 
solid object, or at the apparently solid object formed by properly 
combining a pair of stereoscopic views, is a single picture fonned of 
two slightly different pictures superimposed upon each other. The 
coincidence becomes exact at any point to which attention is directed, 
and to which the optic axes are accordingly made to converge, but in 
the greater part of the combined picture there is a v^ant of coin- 
cidence, which can easily be detected by a collateral exercise of 
attention. The fluctuation above described to some extent tends to 
conceal this doubleness; and in looking at a real solid object, the 
concealment is further assisted by the blurring of parts which are 
out of focus. 

1026. Visual Angle. Magnifying Power. — The angle which a given 
straight line subtends at the eye is called its visual angle, or the 
angle under which it is seen. This angle is the measure of the 
length of the image of the straight line on the retina. Two discs 
at different distances from the eye, are said to liave the same ap- 
parent size, if their diameters are seen under equal angles. This is 
the condition that the nearer disc, if interposed between tlie eye 
and the remoter disc, should be just large enough to conceal it from 
view. 

The angle under which a given line is seen, evidently depends not 
only on its real length, and the direction in which it points, hut also 
on its distance from the eye; and varies, in the case of small visual 
angles, in the inverse ratio of this distance. The ajiparent length of 
a straight line may be regarded as measured by the visual angle 
which it subtends. 

, - By the magnifying poiver of an optical instrument, is usually 
meant the ratio in which it increases apparent lengths in this sense. 
In the case of telescopes, the comparison is between an object as 
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seen in the telescope, and the same object as seen with the naked 
eye at its actual distance. In the case of microscopes, the compari- 
son is hetween the object as seen in the instrument, and the same 
object as soon by the naked eye at tiie least distance of distinct 
vivsion, which is usually assumed as 10 inches. 

But two discs, whose diameters subtend the same angle at the eye, 
may be said to have the same apparent area; and since the areas 
of similar figures ai’e as the squares of their linear dimensions, it is 
evident that the apparent area of an object varies as the square of 
the visual angle subtended bj^ its diameter. The number expressing 
magnification of apparent area thei’efore the square of the mag- 
nifying power as above defined. Frequently, in order to show that 
the comparison is not between apparent areas, but between apparent 
lengths, an instrument is said to magnify so many diameter's. If 
the diameter of a sphere subtends 1“ as seen by the naked eye, and 
10“ as seen in a telescope, the telescope is said to have a magnifying 
power of 10 diameters. The superficial magnification in this case is 
evidently 100. • 

The apparent length and apparent area of an object are respect- 
ively proportional to the length and area of its image on the 
retina. 

Apparent length is measured by the plane angle, and apparent 
area by the solid angle, which an object subtends at the eye. 

10S7. Spectacles. — Spectacles are of two kinds, intended to remedy 
two opposite defects of vision. Short-sighted persons caii see objects 
distinctly at a smaller distance than persons whose vision is normal; 
but always see distant objects confused. On the other hand, persons 
whose vision is normal in their youth, usually become over-sighted 
witli advancing years, so that, while they can still adjust their eyes 
c<')r.reetly for distant vision, objects as near as 10 or 12 inches always 
apj)(:ar hlurred. Spectacles for over-sighted persons arc convex, and 
should he of such focal length, that, when an object is held at about 
10 inches distance, its virtual image is formed at the nearest distance 
of distinct vision for the person who is to use them. Thk latter 
distance must he ascertained by trial. Call it p inches; then, by 
§ 1012, the formula for computing the required focal length w (in 
inches) is 

1 1 _ I 

10 ~ p ~ x’ 

For example, if 15 inches is the nearest distance at which the person 
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can conveniently read without spectacle, s, the focal length required 
i.s 30 inches. 

In Fig. 738, A represents the position of a .small object, and A' 
that of its \'irtuai image as seen with .spectacle.s of this kind. 

Ovcr-.siglit is not the only defect which the eye is liable to acquire 


Tig. 738,— Spectacle-glass for Over-sighted E.ve, 


by age, but it is the defect which ordinary spectacles are designed 
to remedy. 

Spectacles for short-sighted persons are concave, and the focal 


Fig. 739.— Spectacle-glass for Short-sighted Eye. 


length which they ought to have, if designed for readin, 
computed by the formula 


p denoting the nearest distance at which the per.son can road, and x 
the focal length, both in inches. If his ijreatest distance of di.stinct 
vision exceed, s tlie focal length, he will be able, by mean.s of the 
spectacles, to obtain distinct vision of objects at all distaiice.s, from 
10 inches upwards, 

1028. Simple Magnifier. — A. magnifying glass is a convex lens, of 





Fig. 740. —Magnifying Glass. 


.sliotter focal length than the human eye, and is placed at a distance 
somewhat less than its focal length, from the object to be viewed. 
In Fig. 740, ah is the 
object, and .AB the 
vii’tual imago which 
is seen l)y the eye 
K. The construction 
which we have em- 
ployed for drawing 
the image is one 
which we .have seve- 
ral times used before. Through the point a, the line aM is drawn 
parallel to the i^rineipal axis. F M is then drawn from the principal 
focus F; O a is drawn from the optical centre 0; and these two lines 
are produced till they meet in A. 

Distance of lens from object. In order that the image may be 
]3roperly seen, its distance from the eye muvst fall between the liinite 
of distinct vision; and in order that it may he seen under the largest 
possible visual angle, the eye must be close to the lens, and the 
object must he as near as is compatible with distinct vision. This 
and other interesting properties are established by the follo^Ying 
investigation: — 

Let 0 denote the visual angle under wdiieh the observer sees the 
image of the portion a c of the object. Also let x denote the distance 
c O of the object from the lens, and y the di.stance 0 K of the lens 
from the (we. Then we have , . . ; 


AC 


AC 


C A CO 4"^ 


but, by fornmlm (10) and (11) of last chapter, wo have 
ACj'—ac-J- — , 

J-JC, . f-x 

Substituting these values for A C and 0 0, and reducing, we have 

tan (?=ac.- (A) 

{:» + y)f~ocy 


This equation shows that, for a given lens and a given object, the 
visual angle varies inversely as the quantity {x-\~y) f-xy. 
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The following practical consequences arc easily drawn; — 

(1) If the distance cc+y of tlie eye from the object is given, the 
visual angle increases as tlie two distances x, y approach ec[uality, 
and is not altered by interchanging them. 

(2) If one of the two distances x, y bo given, and be less tluiii /, 
tlie other must he made as small as possible, if we wish to obtain 
the largest possible visual angle. 

To obtain the absolute maxinmm of visual angle, w'e must select, 
from the various positions which make 0 K equal to the nearest 
distance of distinct vision, that which gives the largest value of A C, 
since the quotient of A G by 0 Iv is the tangent of the visual angle. 
IMow A C increases as the image moves further from the lens, and 
hence the absolute maximum is obtained by making its distance 
from the lens equal to the nearest distance of distinct vision, and 
making the eye come up close to the lens. In this case the distance 

2 ? of the object from the lens is given by the equation ~ y, 
where D denotes the nearevSt distance of distinct vision; and tan is 
~ or ac ( ^ + But the greatest angle under which the body could 

be seen by the naked eye is the angle whose tangent is hence the 
visual angle (or its tangent) is increased by tbo lens in the ratio 
1 +^, which is called the magnifying If the object were in 

the principal focus, and the eye close to 
the lens, the magnifying power would be 

In either case, the thickness of tlie lens 
being neglected, the visual angle is the angle 
ijS which the object subtends at the centre of 

the lens, and therefore varies inversely as 
llli ^ distance of this centre from the object. 

I B _ For lenses of small focal length, the rccip- 

- ^ rocal of the focal length n)ay be regarded 

proportional to the magnifying power. 
Bim.'ple Microscope . — By a simple micro- 
ns. 7‘ii.-simpio Microscope. SGope is Usually understood a lens of short 
focal length mounted in a manner convenient 
for the examination of small objects. Fig. 741 represents an instru- 
ment of this kind. The lens I is mounted in brass, and carried at the 
end of an arm. It is raised and lowered by turning the milled head V, 
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wliich acts on the rack a. C is the platform on whicli the object 
Jaid, and M is a concave miirorbwhich c^ employed for iiicrei 


conipomid niicroscope, 
wliicli forms a real and greatly enlarged 
image of the object; and this image is 
itself magnified by viewing it through 
another lens 

In Fig. 742, ah is the object, G is the 
first lens, called the objective, oxifi is 
placed at a distance only slightly ex- 
ceeding its focal length from the object; 
an inverted image hi is thus formed 
at a much greater distance on the other 
side of the lens, and proportionally larger. 

O' is the second lens, called the ocular 
or e.ye-'£jiece, which is placed at a dis- 
tance a little less than its focal length 
IVojn the first image hi, and thus forms 
an enlarged virtual image of it A. B, at 
a convenient distance for distinct vision. 

If we suppose the final imagevA B to be at the least distance of 
distinct vision from the eye placed at O' (this being the arrangement 
wliich gives the largest visual angle), the magnifying power will be 
.simply the I’atio of the length of this image to that of the object a b, 
and will be the product of the two factors and The former 
is the magnification produced by the eye-piece, and is, as we have 
just shown (§ 102S), 1 + ?. The other factor —h is the magnification 
produced by the ohjective, and is equal to the ratio of the distances 
If the objective is taken out, and replaced by another of 
dillercmt focal length, the readjustment will consist in altering the 
distance 0 a, lea^'illg the distance 0 unchanged. The total magni- 
fication therefore varices inversely as O a, that is, nearly in the inverse 
ratio of the focal length of the objective. Compound microscopes 
are usually provided with several objectives, of various focal lengths, 
from wliich the observer makes a selection according to the raagni- 
which he requires for the object to be examined. The 
powers most used range from. 50 to 350 diameters. 


Pig. 742,— Compound Microscope. 
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down upon the first mirror, sees, by means 
of two successive reflections, the image 
of a divided scale placed at a distance of 
8 or 10 inches below the second reflector. 
In taking an observation, a micrometer 
scale engraved on glass, its divisions being 
at a known distance apart (say tw of a 
millimetre), is placed in the microscope as 
the object to be magnified; and the ob- 
server holds his eye in such a position 
that, by means of diflerent parts of his 
pupil, he sees at once the magnified image 
of the micrometer scale in the microsGope, 
and the reflected and unmagnified image 
of the other scale. The two images will 
be superimposed in the same field of view ; 
and it is easy to observe how many divisions of the one coincide 
with a given number of divisions of the other. Let the divisions on 
the large scale be millimetres, and those on the micrometer scale 
hundredths of a millimetre. Then the magnifying power is 100, if 
one of the magnified covers one of the unmagnified divisions; and 

is ““II™, if n of the former cover N of the latter. This is on the 

assumption that the large scale is placed at the nearest distance of 
convenient vision. In stating the magnifying power of a microscope, 
this distance is usually reckoned as 10 inches. 

A short-sighted person sees an image in a microscope (whether 
simple or compound) under a larger visual angle than a person of 
normal sight; but the inequality is not so great as in thg case of 
objects seen by the naked eye. In fact, if / be the focal length of 
the eye-piece in a compound microscope, or of the microscope itself 
if simple, and D the nearest distance of distinct vision for the 


Fig, 743. 

jroa-surenient of Magnifying Tower. 
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observer, the visual angle under which the image is seen in the 
microscope is proportional to j the greatest visual angle for the 

naked eye being represented by Both these angles increase as 

I) diminishes, but the latter increases in a greater ratio than the 
former. When / is as small as of S'O. inch, tlie visual angle in 
the microscope is sensibly the same for short as for normal sight. 

Before reading off the divisions in the observation above described^ 
care should b(i taken to focus the microscope in such a way, that the 
image of tluj micrometer scale is at the same distance from the eye 
as the irmige of the large scale with which it is compared. When 
this is done, a slight motion of the eye does not displace one image 
with respect to the otlicr. 

Instead of a single eye-lens, it is usual to employ two lenses 
separated by an interval, that which is next the eye being called 
the eye-glass, and the other the field-glass. This combination is 
equivalent to the Huygenian or negative eye-piece employed in 
telescopes (§ 1070). 

1030. Astronomical Telescope. — The astronomical refi'acting tele- 
scope consists essen- .. 


tialiy (like the com- 
pound microscope) of 
two lenses, one of 
which forms a real and 
inverted image of the 
object, which is looked 
at through the other. 

In Fig. 744, 0 is the 
ol)jcct-glass, which is 
.sometimes a foot or 


Fig. 744.™ Astronomical Telescope. 


more in diameter, and is always of much greater focal length than 
the eye-piece O'. The inverted image of a distant object is formed 
at the principal focus F. -fTlhs image is represented at ab. The ■ 
parallel rays marked 1, 2 come from the upper extremity of the 
object, and meet at a; and the parallel rays 3,4, from the other 
extremity, meet at b. A' B' is the virtual image of a & formed by the 
eye-piece. Its distance from the eye can be changed by pulling out 
or pu.shing in the eye-tube; and may in practice have any value 
intermediate between the least distance of distinct vision and infinity, J 
the visual angle under which it is seen being but slightly affected by 
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this adjustiiient. The rays from the highest point of the ohjoct 
emerge from the eye-piece as a pencil diverging from A'; and the rays 
from the lowest point of the object form a pencil diverging from B'. 

Magnification . — The angle under which the object would bo seen 
by the naked eye is a 0 6; for the rays a 0> h 0, if produced, would 
pass through its extremities. The angle under which it is seen in 
the telescope, if the eye be close to the eye-lens, is A' O' B' or a 0' b. 

The magnification is therefore which is approximately the 
same as the ratio of the distances of the image ah from the two lenses 
—j;. If the eye-tube is so adjusted as to throw the image A' B' to 

infinite distance, F will be the principal focus of both lenses, and 
the magnification is the ratio of the focal length of the object-glas.s 

to that of the eye-piece. 
If the eye - tube be 
pushed in as far as is 
compatible with dis- 
tinct vision (the eye 
being close to the Icns)^ 
tlie magnification is 
greater than this in th c 

ratio I) denoting 

the nearest distance of 
distinct vision, and / 
the focal lengtli of the 
eye-piece 

The magnification 
can be directly ob- 
served by looking with one eye through the telescope at a brick 
wall, ■while the other eye is kept open. The image will thus he 
superimposed on the actual wall, and wo have only to observe how 
many courses of the latter coincide with a single course of the 
magnified image. 

■ ■ .-O" ■■..:■■■ ■■■-. O- ■■■■■■■■ ■ ■ ■ ■ 

If the telescope is large, its tube may prevent the second eye from 
seeing the wall, and it may he necessary to employ a reflecting 
arrangement, as in Fig. 74*5, analogous to that described in connec- 
tion -with the microscope. 

Telescopes without stands seldom magnify more than about 10 
diameters. Powers of from 20 to CO are common in telescopes with 


.Tig. 745.'-Measm’ement of Magnifying Power. 
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Fig. 71C.— Astronomical Telescope. 


stands, intended for terrestrial purposes. The powers cliMy em- 
ployed in astronomical observation are from 100 to 500. 

Mechameal Arrangements . — The achromatic objeet-giass 0 is set 
in a mounting which is screwed into one end of a strong brass tube 
A A (Fig. 74(3), In the 
other end slides a sniallor 
tube F containing tlie eyti- 
pieee O'; and by turning 
the iiiilled head V in one 
direction or the other, the 
eye-piece is moved for- 
wards or 1 jack wards. 

Finder. — The small 
telescope I, which is at- 
tached to the principal 
to]escope,is called & finder. 

This ajipcndage is indis- 
pensable when the prin- 
cipal telescope has a high 
magnifying power; for a 

high magnifying power involves a small field of view, and consequent 
difficulty in directing the telescope so as to include a selected object 
within its range. The finder is a telescope of large field; and as it 
i.s sot parallel to the principal telescope, objects Avill be visible in 
the latter if they are seen in tlie centre of the hold of view of the 
former. 

■, 1031. Best Position for the Eye. — The eye-piece forms a real and 
inverted image of the object-glass^ at EE' (Fig. 744), through which 
all rays transmitted by the telescope must of necessity pas.s. If the 
t(dcs(‘t)]^<5 be directed to a bright sky, and a piece of white paper held 
behiiul tlui eye-pioco to servo as a screen, a circular spot of light will 
be formed upon it, which will become sharply defined (and at the 
same time attain its smallest size) when the screen is held in the 
correct position. This image (which wo shall call the hrigU spot) 
may bo regarded as marking the proper place for the pupil of the. 
observer’s eye. Every ray which traverses the ceiTtre of the object- 
glass traverses the centre of this spot; every ray winch traverso.s 
the upper edge of the object-glass traverses the lower edge of the 

^ Or it may be called an image of the aperture which the object-glass Jills'. It remains sen- 
sibly unchanged on removing the object-glass so as to leave the end of the telescope 023en. 
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spot; and any selected point of the spot receives all the rays which 
liave been transniittcd by one particular point of the object-glass. 
An eye Avith its pupil anywhere-within the limits of the bright spot, 
will therefore sec the whole field of view of the telescope. If the 
spot and pupil are of exactly the same size, they must bo made to 
coincide with one anotlnn', as the necessary condition of seeing the 
Arhole field of view with the brightest possible illumination. Usually 
in practice the spot is much smaller than the pupil, so that these 
advantages can be obtained without any nicety of adjustment; but 
to obtain the most distinct vision, the centre of the pupil should 
coincide as closely as possible with the centre of the spot. To facili- 
tate this adjustment, a brass diaphragm, with a hole in its centre, 
is screwed into the eye-^nd of the telescope, the proper place for the 
eye being close to this hole. 

One method of determining the magnifying power of a telescope 
consists in measuring the diameter of the bright spot, and comparing 
it with the effective aperture of the object-glass. In fact, let F and 
/ denote the focal lengths of object-glass and eye-piece, and a the 
distance of the spot from the centre of the eye-piece; then F-f-/ is 
approximately the distance of the object-glass from the same centre, 

and, by the formula for conjugate focal distances, we have +— = 

Multiplying both sides of this equation l)y F +f, and then subtract- 

ing unity, we have a~J‘ ratio of the diameter of the 

object-glass to that of its image is — and y is the usual formula 

for the magnifying power. Hence, the linear magnifying 2 '>ower of 
a telescope is the ratio of the diameter of the object-glass to that of 
the bright spot 

1032. Terrestrial Telescope. — The astronomical telescope just de- 
scribed gives inverted images. This is no clraAvback in astronomical 
observation, but would be inconvenient in viewing terrestrial objects. 
In order to re-invert the image, and thus make it erect, two addi- 
tional lenses (Fig, 747) are introduced between the real 

image a h and the eye-lens O'. If the first of these 0" is at; the dis- 
tance of its principal focal length from a b, the pencils Avhieh fall 
upon the second will be parallel, and an erect image a' b' will thus 
be formed in the principal focus of O'", This image is viewed through 
: the eye-lens O', and the virtual image A' B' which is perceived by 
the eye Avill therefore be erect. The two lenses 0", O'", are usually 
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made precisely alike, in -wliicB case tlie two images a h, a h will ke 
equal. In the hotter class of terrestrial telescopes, a different ar- 




■ : ■■..■ ■ ■. 


Fig. 747.— Terrestrial Eye*piece. 

rangenient is adopted, requiring one more lens ; but wdiatever system 
be employed, the reinversion of the image always involves some loss 
both of light and of distinctness. 

1033. G-aiileau Telescope. — Besides the disadvantages just men- 
tioned, the erecting eye-piece involves a considerable addition to the 
length of the instrument. The telescope invented by Galileo, and 
the earliest of all tele- 
scopes, gives erect im- 
ages with only two len- 
ses, and with shorter 
length than even the 
astr ( >1101 )'i i cal tel escope, 

{,) (Fig. 748) is the ob- 
ject-glass, whicli is con- 
vex as in the astrono- 
mical telescope, and 
would form a real and I^i^. 748 . TgIgscox^©. 

inverted iniage ah at 

its principal focus: but the eye-glass O', Avliich is a concave lens, 
is interposed at a distance equal to or slightly exceeding its own 
focal length from the place of this image, and forms an erect virtual 
imago A'B', which the observer sees. 

Neglecting the distance of liis eye from the lens, the angle under 
which he sees the image is A' O' B', which is equal to a 0' h, whereas 
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the vi.siial angle to the naked eye wonld he a 0 h. The magnification 

is theret'on; ^Yhicll is approximately equal to ~r^, c heing the 

principal focus of the object-glass. If the instrument is focussed in 
such a way tlmt tho image A' B’ is tlirown to infinite distance, c is 
also the principal focus of the. eye-lens, and the inagnificatiou is 
simpl}’' the ratio of tho focal lengths of the two lenses. This is 
the same rule ‘which we deduc(;d for the astronomical telescope; 
hut the Galilean telescope, if of the same power, is shorter hy 
twice tho focal length of the eye-lens, since tho distance between 
tho two lenses is the difference instead of the sum of their focal 


This telescope has the disadvantage of not admitting of the em- 
ployment of cross wires; for these, in order to serve their purpose, 
must coincide with the real image; and no such image exists in 
this telescope. 

There i.s another peculiarity in the absence of 
thc hvigM spot above described, the image of the 
j^SHl object-gla.ss formed by the eye-glass being virtual. 

ifBi Hi In other telescopes, if half the object-glass be cov- 

pW ered, half the bright spot will be obliterated; but 

/' the remaining half suffices for giving the whole 

£!'|h y'jj 11 field of view, thongli with diminished brightness, 

illl'lil I I B M'®'’ Galilean telescope, on tho contrary, if half 
| i|l !jj| 1 H tho ohject-gIa,ss be covered, half the field of view 
will he cut off', and tho remaining half will he 
unaffected. 

. . , . 1 . 

D'K 7 io-operM-<>iass opc?rf,-p/«s.s, siugiG 01 ’ hiuocuiar, ]s a Gali- 

lean tolescope, or a pair of Galilean telescopes. In 
the best instruments, both olject-glas.s and eye-glass are achromatic 
combinations of three pieces, as shown in section in tho figure (Big. 
740); the middle piece in each case being flint, and the other two 
crown (§ 10G4). 

1084. Eeflecting Telescopes. — In reflecting ttGcsco]'ics, tho place of 
an object-glass is supplied by a concave mirror called a s-pecuhim, 
usually composed of solid metal Tlio real and inverted imago which 
it forms of distant objects is, in the Herschelian tolescope, viewed 
directly through an eye-piece, the hack of the observer being towards 
the object, and his face towards the speculum. This construction is 
only applicable to very large specula; as in instruments of ordinary 
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Fig. 750.— Newtonian Telescope. 


size the interposition o£ the observer’s head would occasion too 
serious a loss of light. 

An arrangement more frequently adopted is that devised by Sir 
Isaac Kewton, and 
einployetl by him in 
tlu^lirstndiectingtole- 
Kcope ever eonstruct- 
i‘d. Itisrcpre,seiit(;d in 
Fig. 7“)0. Till; s]!Gcu- 
luni is at tludiottomof 
a tubc’W'hoso upon end 
is direetf'd towards 
the distant ohj(.‘ct to 
be examined. The rays 
1 and 2 from one extre- 
mity of the object are reflected towards a, and the rays 3,4 from the 
other extremity are reflected towards 6. A real inverted image ah 
would thus be formed at the principal focus of the concave speculum; 
but a small plane mirror M is interposed obliquely, and causes the 
real image to bo formed at a' h' in a symmetiical position with 
respect to the mirror M. The eye-lens O' transforms this into tlia 
<m]arged and virtual image A'B', 

Mar/iilfi/hif/ Poiver . — Tlie approximate formula for the magnifying 
power is the: .same a.s in the case of the refracting telescopes already 
described. In fact the first image ah .subtends, at the optical centre 
O (not shown in the figure) of the large .speculum, an angle aOb 
(sjual to the visual angle for the naked eye; and the second image 
(I h' (u'liich i.s equal to the former) subtomls, at the centre of the 
e_ye-pir‘ee, an angle a O' IJ equal to the angle under which the image 
is .siM-u in the telescope. The magnifying power is thorofore or, 
what is th<.^ .same thing, is the ratio of the distance of ah from 0 to 
the distfinee of a' V from O', or the ratio of the focal length of the 
sptKiuhim to that of the eye-piece. 

In the Gregorian telescope, which wa.s invented before that of 
A’ewton, but not manui'actnred till a later date, there are two con- 
cave specula. The large one, which receive.s the direct rays from 
the object, forms a real and inverted image. The smaller speculum 
which is su.spondcd in the centre of the tube, with its' back to the 
object, receives the rays reflected from tlie first speculum, and forms 
a second real image, which is the enlarged and inverted image of the 
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first, and is therefore erect as compared with the ohjcct. This real 
and' erect image is then magnified by moans of an eye-piece, as in 
the instruments previously described, the eye-piece btsng contained 
in a tube which slides in a hole pierced in tlie middle of the large 
speculum. 

As this arrangement gives an erect image, and tmables the observer 
to look directly towards tbo object, it is specially convenient for 
terrestrial observation. It is the construction almost nniversaJly 
adopted in refiecting telescopes of small size. V; 

The Cassegranian telescope resembles the Gregorian, except that 
the second speculum is convex, and the image which the observer 
sees is inverted. 

1036. Silvered Specula. — Achromatic refracting telescopes give 
much better results, both as regards light and definition, than reflectors 
of the same size or weight; but it has been found practicable to 
make specula of much larger size than object-glasses. The aperture 
of Lord Kosse’s largest telescope is 6 feet, whereas the aperture of 
the largest achromatic telescopes yet constructed is Ics? than two 
feet, and increase of size involves increased thickness of glass, and 
consequent absorption of light. 

The massiveness which is found necessary in the speculum in order 
to prevent flexure, is a serious inconvenience, as is also the necessity 
for frequent repolishing — an operation of great delicacy, as the 
slightest change in the form of the surface impairs the definition of 
the images. Both these defects have been to a certain extent reme- 
died by the introduction of glass specula, covered in front with a 
thin coating of silver. Glass is much more easily worked than 
speculum-metal (which is remarkable for its brittleness in casting), 
and has only one-third of its specific gravity. Silver is also nmcli 
superior to -speculum-metal in reflecting power; and as often as it 
becomes tarnished it can be removed and renewed, witliout liability 
to change of form in the reflecting surface.’’- 

1 1036. Measure of Brightness. — The apparent brightness of a surface 
is most naturally measured by the amount of light per unit area of 
its image on the retina; and therefore varies directlif as the amount 
of light which the surface sends to the pupils and inversely as the 
apparent area- of tlte surface. 

To avoid complications arising from the varjdng condition of the 

' The merits of sil vered specula are fully set forth in a brochure published by Mr. 
Browning, the optician, entitled A Plea for Mt^ectors, 
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observer, ^ve shall leave dilatation and contraction of the pupil out 
of account. 

When a body is looked at through a small pinhole in a card held 
close to the eye, it appears much darker than when viewed in the 
ordinary way; and in like inamier images formed by optical instni- 
nieiits often furnish beams of light too narrow to fill the pupil. In 
all such cas(ss it becomes necessary to distinguish between effective 
hrigldne.ns and intriv^lc brightness, the former being less tlian the 
latter in the same ratio in which the cross section of the beam whicli 
enters the ]Hi]'>il is less tlian, the area of the pupil. We may correctly 
s}:>eak <.)f the inirinsiG hrlgldncss of a surface /or a 'particular 'point 
of the pupil; and the oli'ective brightness wdll in every case be the 
average value of the intrinsic brightness taken over the whole 
pupil 

In tlio case of natural bodies viewed in the ordinary way, the 
distinction may be neglected, since they usually send light in sensibly 
equal amounts to all parts of the pupil 

To obtain a numerical measure of intrinsic brightness, let us denote 
by s a sniall area on a surface directly facing towards the eye, or 
the foreshortened projection of a small area oblique to the line of 
vision, and by w the solid angle which the pupil of the eye subtends 
at any point of s. Then the quantity of light q which s sends to 
the pupil per unit time, varies jointly as the solid angle w, the area s, 
and the intrinsic l>rightness of s, which we will denote by I. We 
may therefore write 

q ~ Is w, and I — ~- 

TliQ intrinsic brightness of a small area s is therefore measured by 
where q denotes the quantity of light which s emits per unit 

time in directions limited by the small angle of divergence a. 

10S7. Applications. — One of the most olndous consequences is that 
surfaces a/ppear equally bright at all distwacM in the same direction, 
provided that no light is stopped by the air or other intervening 
medium; for q and w both vaiy inversely as the square of the dis- 
tance. The area of the image formed on the retina in fact varies 
directly as the amount of light by wliich it is formed. 

I'inages formed by Lenses. — Let AB (Fig. 751) be an object, and 
a h its real image formed by the lens 0 B, whose centre is 0. Let 
S denote a small area at A, and Q the quantity of light which it 
sends to the lens; also let s denote the corresponding area of the 
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ima,ge, and q the quantity of light which traverses it. Then q would 
be identical with if no light were stojDped by the lens; the areas, S, s, 
are directlj^as the squares of the conjugate f<x*al distances O A, Oa; 

^ and the solid angles of divergence 

ii and w, for Q and q, being’ the 

i «olid angles subtended by the lens 

at A and u, (for the plants angle 
Fiji. 751. of linaso. ^ ^ tllC hgUl'C is Cqiial to thc 

vertical angleCrtD),are inversely 
as the squares of the conjugate focal distances. W'e have accord ingly 

So=sw. The intrinsic brightness — of thc image is therefore 

equal to the intrinsic brightness of the object except in so far as 

light is stopped by the lens. Precisely similar reasoning ajaplies to 
virtual images formed by lenses.^ 

In the case of images formed by mirrors, S2 and w are the solid 
angles subtended by the mirror at the conjugate foci, and are 
iriversely as the squares of the distances from the mirror; while S 
and s are directly as the squares of the distances from the centre of 
curvature; but these four distances arc proportional (§ 007), so that 
the same reasoning is still applicable. If the mirror only rehects 
half the incident light, the image will have only half the intrinsic 
brightness of the object. 

If the pupil is filled with light from the imago, thc effective 
brightness will be the same as the intrinsic brightness thus computed. 
If this condition is not fulfilled, the former will be loss than the 
latter. When the imag’e is greatly magnified as compared with the 
object, the angle of divergence is greatly diminished in comparison 
with the angle which the lens or mirror subtends at the object, and 
often becomes so small that only a small part of thc pupil is utilized. 
Tliis is the explanation of the great falling off of liglit which is 
observed in thc use of high magnilying powers, both in microscopes 
and telescopes. 

^ .Foi’ refmctioii out of a ineclmm of index p-i into anotlior of inJox x? have by 

§ 1015, eiixiatiou (13), jUi : ^ 2 : .* But since Si, 32 are the areas of correspond- 

ing parts of object and image, we have .?i : Sa ; : 0 Pi® : C Po®, and since Wi, wo arc the solid 
angles subtended at Pi, r 2 by one and the same portion of the bounding surface, we have 

«t : Wj : : A Po® ; A Pi‘“. Therefore AL ; •, The intrinsic brightnesses of a 

St Wi Sj W 2 

succession of images in different media are therefore directly as the squares of the absolute 
indices. 
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1038/ Brightness of Image ia a Telescope^^^ has heen already 
pointed out (§ 1031) that in most forms of telescope (the Galilean 
being an exception), there is a certain position, a. little behind the 
eye-piece, at which a ■vvell-defiiied bright spot is formed upQn a 
screen held there while the telescope is directed to any distant source 
of light. It has also been pointed but that this spot is the image, 
formed by the eye-piece, of the opening wliich is filled by the object- 
glass, and that the magnifying power of the instrnmerit is the ratio 
pf the size of the object-glass to the size of this bright spot. 

Let s denote the diameter of the bright spot, o the diameter of the 

object-glass, <? the diameter of the pupil of the eye; then ^ is the 
linear magnifying power. 

We shall first consider the case in which the spot exactly covers 
the pupil of the observer’s eye, so that s— e. Then the whole 
light which traverses the telescope from a distant object enters the 
eye; and if we neglect the light stopped in the telescope, this is 

the whole light sent by tlie object to the object-glass, and is (-yy 
times that which would be received by the naked eye. The magni- 
fication of apparent area is whicli, from the equality of s and c, 

is the same as the increase of total light. The brightness is therefore 
the same as to the naked eye. 

Next, let s be greater than c, and let the pupil occupy the central 
part of the spot. Then, since the spot is the image of the object- 
glass, wo may divide the object-glass into two parts— -a central part 
whose image coincides with the pupil, and a circumferential part 
whose image surrounds the pupil All rays from the object which 
traverse the central part, traverse its image, and therefore enter the 
pupil; whereas rays traversing the circumferential part of the ohject- 
glass, traverse the circumferential part of the image, and so arc 
wastexl. The area of the central part (whether of the object-glass 
or of its image) is to the whole area as c" : s®; and the light which 

the object sends to the central portion, instead of being (^--Y times 

that wdiich w'^ould be received by the naked eye, is only ^ times. 

But is the magnification of apparent area. Hence the bright- 
ness is the same as to the naked eye. In these two cases, efiective 
and intrinsic brightness are the same. 
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Lastly (and this is by far thcj most common case in practice), let 
8 be less than e. Then no light is wasted, but the pupil is not tilled. 

The light received is times that which the naked eye would 

receive; and the magnification of apparent area is (“)*. The effec- 
tive brightness of the imago, is to the brightness of the object to the 
naked eye, as : (j)"; that is, as that is, as the area of the 

bright spot to the whole area of the impih 

To correct for the light stopped by reflection and imperfect trans- 
parency, M’o have simply to multiply the result in each case by a 
proper fraction, expressing the ratio of the transmitted to the incident 
light. This ratio, for the central parts of the field of view, is about 
0*85 in the best achromatic telescopes. In such telescopes, therefore, 
the brightness of the image cannot exceed 0*85 of the brightness of 
the object to the naked eye. It will have this precise value, when 
the magnifying power is equal to or less than and from this 
point upwards will vary inversely as the square of the linear mag- 
nification. 

The same formula apply to reflecting telescopes, o denoting now 
the diameter of the large speculum which serves as objective; but 
the constant factor is usually considerably less than 0*85. 

It may be accepted as a general principle in optics, that while it 
is possible, by bad focussing or instrumental imperfections, to obtain 
a confused image whose brightness shall be intermediate between 
the brightest and the darkest parts of the object, it is impossible, 
by any optical arrangement ivkatever, to obtain an image luliose 
brightest part shall surpass the brightest ‘part of the object, 

1039, Brightness of Stars. — ^Tbore is one important case in whicli 
the foregoing rules regarding the brightness of images become 
nugatory. The fixed stars are bodies whicli subtend at the earth 
angles smaller than the 'minimum visibile, but which, cm account 
of their excessive brightness, appear to have a sensible angular 
diameter. This is an instance of 'irradiation, a phenomenon mani- 
fested by all bodies of excessive brightness, and consisting in an 
extension of their apparent beyond their actual boundary. What 
is called, in popular language, a bright star, is a star which sends a 
large total amount of light to the eye. 

Denoting by a the ratio of the transmitted to the wliole incident 
light, a ratio which, as wo have seen, is about 0*85 in the most 
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favourable cases, and callinir the ligrlit wliicb a star sends to the 
naked eye unity, the light perceived in its image will be a (—)*', or 

a X square of linear magnification, if the bright spot is as large as 
the pupil. When the eye-piece is changed, increase of power dimin- 
ishes the size of the spot, and iiiereases the liglit received by the eye, 
until the spot is reduced to the size of the pupil. After this, any 
further magnification, has no effect on the quantity of light received, 

its constant value being « (-^y* 

The value of this last expression, or rather the value of a is the 
measure of wlurt is called the apace-penetmtivcj 2 Jower of a telescope; 
that is to say, the power of rendering very faint stars visible; and 
it is in this respect that telescopes of very large aperture, notably 
tlio great reflector of Lord Rosse, are able to display their great 
superiority over instruments of moderate dimensions. 

We have seen that the total light in the visible image of a star 
remains unaltered, by increase of power in the eye-piece above a 
certain limit. But the visibility of faint stars in a telescope is pro- 
moted by darkening the hack-ground of sky on which they are seen. 
Is' ow the brightness of this back-ground varies directly as s®, or 
inversely as the sipiare of the linear magnification (s being supposed 
less than e). Hence it is advantageous, in examining very faint 
stars, to employ eye-piec.es of sufficient power to render the bright 
spot much smaller than the pupil of the eye. 

1040. Images on a Screen. — Thus far we have been speaking of the 
brightness of images as viewed directly. Images cast upon a screen 
are, as a matter of fact, much less brilliant; partly because the screen 
sends out light in all directions, and therefore through a much larger 
solid angle tlmn that formed by the beam incident on the screen, 
and partly because some of the incident light is absorbed. 

Let A be the area of the object, which we suppose to face directly 
towards the lens liy which the image is thro^vui upon the screen, a 
the area of the image, and D, d their respective distances from the 
lens. Then if I denote the intrinsic brightness of tlie object, the 
light sent from A to the lens will be the product of I A by the 
solid angle which the lens subtends at the object. This solid angle 

Ti Jj 

will be if L denote the area of the lens. I A “5 is therefore the 

light sent by the object to the lens, and if we neglect reflection and 
abso 3 rption all this light falls upon the- image. The light tvhich falls 
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on unit area of the image is therefore I ~ that is I -f ; it is 
therefore the same as if the lens were a source of light of brightness 
I. Accordingly, if the image of a lamp flame bo thrown upon the 
pupil of an observer’s eye, and bo largo enough to cover the pupil, 
he will see the lens filled with light of a brightness equal to that of 
the danie seen directly. 

1041. Field of View in Astronomical Telescope. — Let pmnq (Fig, 
752) be the coininon focal plane of the object-glass and tiyo-glass. 

Draw B ct, A 6 joining the high- 
est points of both; and the loudest 
points of both ; also A a, B h join- 
ing the highest point of each with 
the lowest point of the other. 
Evidently Fa, Ah will be the 
boundaries of the beam of light transmitted through the telescope, 
and therefore the points j? and q in which these linos intersect the 
focal plane, will be the extremities of that part of the real image 
which sends rays to the eye. The angle subtended by p q at the 
centre of the object-glass will therefore be the angular diameter of 
the complete field of view. But the outer portions of this field will 
be loss bright than the centre, and the full amount of brightness, as 
calculated in § 1038 for the case in which the “ blight spot ” is 
smaller than the pupil, will belong only tp the portion m. n hounded 
by the cross-linos Aa, BZ?; for all the rays sent by tlie (dject-glass 
through the part mn traverse the eye-glass, and therefore the 
bright spot, whereas some of the rays sent by the object-glass to 
any point In'tweeii m and qi, or between n and q pass wide of the 
eye-glass and therefore do not reach the bright spot. The complete 
field of view, as seen by an eye whose pupil includes the Inight spot, 
accordingly consists of a central disc m n of full brightness, sur- 
rounded by a ring extending to p and q whose brightness gradually 

diminishes from full hvightness 
:at its juhetio^h disc; to 

jsero at its outer boundary. Tliis 
ring is called the “ ragged edge,” 
and is put out of sight in actual 
telescopes by an opaque stop of 
annular form in tlie focal plane. The angular diameter of the field 
of view, excluding the ragged edge, will be equal to the angle 
which m n subtends at the centre of the object-glass. 



Piff, 753.— Calculation of PielA 



Pig. 752.— Field of View. 
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To calculate tlie length of mn, join D, d, the centres of the 
o] »Ject-gl<a.ss and eye-glass (Fig. 753). The joining line will obviously 
pass through the Intersection of A a, Bh, and also through the 
middle point oi mn. Draw a parallel to this line through m. 
Then, by coitiparing the similar triangles of which am, Am are the 
hypotenuses, we have 

ad — mo : od : : A 1)4- mo : D o. ^ ^ 

Hence, multiplying extremes and means, and denoting the focal 
lengths D 0 , 0 by F, /, we have 

{ad-mo) ~f{AT>+mo), 

whence 

¥. ad -f. AD 

mo = . 

F+/ 

This is the radius of the real image, excluding the ragged edgej and 
the ana'ular radius of the field of viow will be 


m 0 

TT 


D. ad- f .AD 
i'iV+f) 
ad /.AD 
F+z - D (F-r/y 


The first term . is the angle which the radius of the eye-gla.ss 

subtends at tlie object-glass. But, it is obvious from Fig, 752 that 
the line aJ) would bisect mp. second term reimesents 

half the breadth of the ragged edge, and the whole field of view, 
including the ragged edge, has an angular radius 

ad ■ ■ . AI) ' : 

^ 1042. Cross-wires of Telescopes^-— We have described in § 1010 a 
mode of marking the place of a real image by means of a cros.s of 
threads. When telescopes are employed to assist in the nieasuro- 
meiit of angles, a contrivance of this kind is almost always intro- 
dneed. A cross of silkworm threads, in insti’uments of low power, 
or of spider threads in instruments of higher power, is stretched 
across a metallic frame just in front of the eye-piece. The observer 
must first adjust the eye-piece for distinct vision of this cross, and 
must then (in the case of theodolites and other surveying instru- 
ments) adjust the distance of the object-glass until the object 'which 
is to be observed is also seen distinctly in the telescope. The image 
of the object will then be very nearly in the plane of the cross. If 
it is not exactly in the plane, parallactic displacement will be 
observed when the eye is shifted, and this must be cured by slightly 
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altering the distance of the object-glass. '\Vdien the adjustment has 
been completed, the cross always marks one definite point of the 
object, however tlic eye be shifted. This coincidence will not be 
disturbed by pushing in or pulling out the eye-piece; for the frame 
which carries the cross is attached to the body of the telescope, and 
the coincidence of the cross with a ' point of the image is real , so that 
it could bo obstirved by the naked eye, if the eye-piece were removed. 
The adjustment of the eye-picce merely serves to give distinct vision, 
and this will be obtained simultaneously for botli the cross and the 
object. 

1043. Line of Gollimatioii. — The employrnent of cross-ici res (as 
these crossing threads are called^ enormously increases our power of 
making accurate observations of dnection, and constitutes one of the 
greatest advantages of modern over ancient instruments. 

The line which is regarded aS the line of sight, or as the direction 
in which the telescope is pointed, is called the lino of cullimaUon. 
If we neglect the curvature of rays due to atmospheric refraction, 
we may define it as the liw joining the isross to the object -icliose 
image falls on it. More rigorously, the line of colliination is the 
line joining the cross to the optical centre of hhe ohject-glass. When 
it is desired to adjust the lino of collimatidn,— for example, to make 
it truly ]->Grpondicular to the horizontal axis on which the telescope 
is mounted, tlie adjustment is performed by shifting the frame •wliicli 
carries the wires, slow-motion screws being provided for this purpose. 
Telescopes for astronomical observation are often funii.shed wdtli a 
number of parallel wires, crossed by one or two in the transverse 
direction; and the line of eollimatiOn is then defined by reference to 
an imaginary cross, which is the centre of mean position of all the 
actual crosses. , 

1044. Micrometers. — Astronomical micrometers are of various 
kinds, some of them serving for measuring the angular distance be- 
tween two points in the same field of view, and others for measur- 
ing their apparent direction from one another. Tliey often consist of 
spider threads placed in the principal focus of the object-glass, so as to 
be in the .same plane as the images of celestial objects, one or more of 
the threads being movable by means of slow-motion screws, furnished 
with graduated circles, on which parts of a turn can bo read off. 

One of the commonest kinds consists of two parallel threads, which 
can thus bo moved to any distance apart, and can also he turned 
- round in their own piano. 
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DISPERSION. STUDY OF SPECTRA., 

1045. Newtonian Experiment. — In the cha,ptcr on refraction, we 
hare piwtponed the fli.scussion of one importfuit phenomenon by 
which it is nsually acc(.>mpanieJ, and which we must now proceed to 
(ixplain. The following experiment, which is due to Sir Isaac hlew'ton, 
will furnish a htting introduction to the subject. 

On an extensive background of black, let tbreo bright vstrips ho 
laid ill lino, as in the left-hand part of Fig. 754, and looked at 
through a prism wdth its refracting edge parallel to the strips. W e 



shall suppose the edge to he upward, so that the imago is raised above 
the object. The images, as represented in the right-hand part of 
Fig. 754, wall have the same horizontal diiuensioiis as the strips, but 
^vdll be greatly extended in the vertical direedion; and each image, 
instead of having the uniform colour of the strips from which it is 
derived, -will be tinted with a gradual succession of colours from top 
to bottom. Such images are called spectra. 

If one of the strips (the middle one in the figure) be white, its 
spectrum will contain the following series of colours, beginning at 
the top : violet, hlvts, green, yellow, orange, red. 
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If ono of tlio strips bo blue (tbo left-hand one in the figure), its 
imago will present bright colours at the upper end; and these will 
be identical with the colours adjacent to them in the spectrum of 
white. The ccd.uurs which form the lower part of the spectrum of 
white will either be very dim and dark in the spectrum of blue, or 
will be wanting altogether, b(3ing replaced by black. 

If the other strip be red, its image Avill contain bright colours at 
the lower or red end, and those which belong to the upper end of the 
spectrum of white wdlL be dim or absent. Every colour that occurs 
in the spectrum of blue or of rod wdll also be found, and in the same 
horizontal line, in the spectrum of white. , 

If WG employ other colours insteatl of blue or red) we shall obtain 
analogous results ; every colour will be -found to give a spectrnm 
which is identical with part of the Spectrum of white, both as regards 
colour and position, hut not generally as regards brightness. 

We may oceasiohally meet with a body whose spectrum consists 
only of one colour. The petals of some kinds of convolvulus give a 
spectrum consisting only of blue, and the petals of nasturtium give 
only red. 

1046. Composite feature of Ordinary Colours. — This experiment 
shows that the colours presented by the great majoiity of natural 
bodies are composite. Wlien a colour is looked at wdth the naked 
eye, the sensation experienced is the joint effect of the various elemen- 
taiy colours which compose it. The prism serves to resolve the colour 
into its components, and exhibit them sei)arately. The experiment 
- also shows that a mixture of all the elementary colours in proj)er 
proportions produces wliite. , 

'4 / 1047. Solar Spectrum. — The coloured strips in the foregoing experi- 
ment may ho illuminated eithm' by daylight or by any of the ordinary 
sources of artificial light. The former is the best, as gas-light and 
candle-light are very deficient in blue and violet rays. 

Colour, regarded as a property of a coloured (ojrique) body, is the 
power of selecting certain rays and reflecting them either exclusively 
or in larger proportion than others. The spectrum presented by a 
body viewed by refieetod light, as ordinary bodies arc, can thus only 
consist of the rays, or a selection of the rays, by which the body is 
illuminated. 

A beam of solar light can he directly resolved into its constituents 
by the following experiment, wliicli is also duo to New’ton, and was 
the first demonstration of the composite character of solar light. 
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Let a beam of sun-liglit be admitted through a small opening into 
a dark room. If allowed to fall normally on a white screen, it ]}ro- 
duces (§ 9S8) a round white spot, which is an image of the snn. Now 
let a prism be placed in its path edge-downwards, as in Fig. 755; the 


Fig. 765.— Solar Spectrum by Newton’s Method. 


beam will thus bo deflected upwards, and at the .same time resolved 
into its component colours. The image depicted on the screen will 
be a many-coloured hand, re,scinbling the .spectrum of white described 
in § 1015. It will be of uniform wridth, and rounded off at the ends, 
being in fact built up of a number of overlapping discs, one for each 
kind of clomeiitary ray. It is called the solar spcctru^n. 

The rays 'which have undergone the greatest deviation are the 
violet. They occupy the upper end of the spectrum in the figure. 
Tho.se w^hich have undergone the least deviation are the rod. Of all 
visible rays, the violet are the most, and the red the least relrangiblc; 
and the analysis of light into its components by means of the prism is 
due to difference of refrangibility. If a small opening is made in the 
screen, so as to allow rays of only one colour to pass, it will be found, 
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on transmitting tlicse tlirougli a vsocond prism beliind tlio screen, as 
in Mg. 755, that no further analysis can he etfected, and the whole 
of the image formed hy receiving this transmitted light on a second 
screen will lie of this one colour. 

1048. Mode of obtaining a Pure Spectrum. — The spectra obtained 
by the methods above described are built up of a number of o^'er- 
lapping images of ditlerent colours. To prevent this overlapping, and 
obtain each elementary coloin? pure fi’om all admixture with the rest, 
we must ill the first place employ as the object for yielding the 
images a very narrow line ; and in t]i,e second place we must take 
care that the images which we obtain of this line are not blurred, 
but have the greatest possible sharpness. A spectrum possessing 
these characteristics is called pure. 

The simplest mode of obtaining a pure spoctninx consists in 
looking through a prism at a fine slit in the shutter of a dark room. 
The edges of the prism must be parallel to the slit, ami its distance 
from the slit should be five feet or upwards. The observer, placing 
his eye close to the prism, will see a spectrum; and he should rotate 
the prism on its axis until he has brought this spectrum to its 
smallest angular distance from the real slit, of wliich it is the image. 

Let B (Mg. 75G) bo tlie position of the eye, S that of the slit. 
Then the extreme rod and violet images of the slit will bo seen at 
B., Y, a,t distances from the prism sensibly equal to the real distance 
of S (§ 097); and the other images, which compose the remainder 

of the spectrum, will occupy posi- 
tions between 11 and Y. The 
Rn. ''x spectrum, in this mode of oporat- 

\ ing, is virtual. 

\ To obtain a real spectrum in a 

'''v, \ state of purity, a convex lens 

must be employed. Let the lens 
L (Fig. 757) he first pjlacod in 

^ such a position as to throw a 

shai’p image of the slit S upon 

rig. 70G.~Arraiigcmetit for seeing a Pure Spectrum. ^ SCiecU at I. liSOXt let a plism 

P be introduced between the lens 
and screen, and rotated on its axis till the position of minimum devia- 
tion is obtained, as shown by the movements of the impure spectrum 
which travels about the walls of the room. Then if the screen be 
moved into the position B Y, its distance from the prism being the 
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same as before, a pure spectrum will be tiepicted upon it. A similar 
result can bo obtained by placing the prism betw'een tlio Ions and 
the slit, but tlic adjustments arc rather more troublesome. Direct 



sun-lig'ht, or suji-liglit reflected from a mirror placed outside tlio 
shutter, is necessary for this experiment, as sky-light is not suffi- 
ciently powerful. It is usual, in experiments of this kind, to eni- 
pjloy a movable mirror called a hclurstat^hj means of wdiieh tlie light 
can be rediected in any required direction. Sometimes the move- 
ments of the juirror are ol>tained by hand; sometimes by an ingenious 
clock-work arrangement, which causes the reflected V)C.am to keep its 
direction unchanged notwithstanding the progress of the sun through 
the heavens. 

The advantage of placing the prism in the po.sition of minimum 
deviation, is twofold. First, the adjustments are facilitated by the 
equality of conjugate focal distances, wdiicli subsists in this case and 
in this only. Secondly and ehiefl^y this is the only po.sition in which 
the images are not blurred. In any other ]30.sition it can he shovnd 
tliat a small cone of homogeneous incident rays is no longer a cone 
(that is, its rays do not accru-ately pass through one point) after 
transmission througli the prism. 

The method of observation just described was employed by 
lYoilastoii, ill the earliest ohsorvations of a pure spectrum ever 
obtained. Fraunhofer, a years later, indepem.lently devised the 
same method, and carried it to much greater perfection. Instead of 
looking at the virtual image with the naked eye, he viewed it tlirough 
a telescope, wdiich greatly magnified it, and revealed s<3vcral .features 
never before detected. The prism and telescope -were at a distance 
of 24s feet from the slit. 


^Parkinson’s Optics, § 9C. Cor. 2, 
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/ 1049. Dark Lines in the Solar Spectrum. — When a pure spectrum 
of solar light is examined by any of these methods, it is seen to bo 
traversed by numerous dark lines, constituting, if we may so say, 
dark images of the slit. Each of these is an indication that a par- 
ticular kind of elementary ray is wanting^ in solar light. Every 
elementary ray that is present gives its own image of the slit in its 
own peculiar colour; and these images are arranged in strict con- 
tiguity, so as to form a continuons band of light passing by perfecthr 
gradual transitions througli tbo whole range of simple coU)ur, excerpt 
at the iiananv intervals occupied by the dark lines. Eig. 1, Plate 111., 
is a rough repre.sontation of the appearance thus presented. If the 
.slit is illuminated by a gas flame, or by any ordinary lamp, instead 
of by solar light, no such lines are seen, but a perfectly continuous 
spectrum is obtained. The dark lines are therefore not characteristic 
of light in general, but oril}'' of solar light. 

Wollaston saw and dc, scribed some of the more con.spicuous of 
them. Fraunhofer counted about GOO, and marked the places of 354 
upon a map of the spectrum, distinguishing some of the more con- 
spicuous by tbo names of letters of the alphabet, as indicated in fig. 1, 
These lines are constantly referred to as reference marks for the 
accurate specification of difierent portions of the spectrum. They 
always occur in precisely the same places as regards colour, but do 
not retain exactly the same relative distances one from another, when 
prisms of difierent materials arc employed, difierent parts of the 
.spectrum being imccpially expanded by difierent refracting sub- 
stances.^ The inequality, however, is not so great as to introduce 
any difficulty in the identification of the lines. 

The dark lines in the solar spectrum are often called Fraunhofer’s 
lines. Fraunhofer himself called them the ‘'fixed lines.” 

7 1050. Invisible Rays of the Spectrum. — ^The brightness of the solar 

.spectrum, however obtained, is by no moans equal througliout, but 
is greatest between the dark lines B and E; that is to say, in tbo 
yellow/ and the neighbouring colours orange and light green; and 
fails off gradually on both sides. 

The heating eficct upon a small thermometer or thermopile in- 
creases in going from the violet to the red, and still continues to 
increase for a certain distance beyond the visible spectrum at the 
red end. Prisms and lenses of rock-salt should be employed for this 

^ Probably not absolutely wanting, but so feeble as to appear black by contrast, 

® This property is called the irmiiGnaUiy of disjpersion. 
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invcstlsaticm, as glass largely absorbs the invisible rays ^v 
l)eyond the red. 

When the spectrum is thrown upon the sensitized paper e. 
in photographv, the action is very feeble in the red, strong 
blue and violet, and is sensible to a great distance beyond tJ 
end. When proper precautions arc taktm to insure a vt 
,s])octrinn, the photograph reveals the existence \ ^ [ 

those, oi: Fraunhofer, in the iuvisihlo ultra-violet portion of _ 
trum. The strongest of these have been named L, M, iS, t 
1061. Phosplioresceiice and Fluorescence.— There are sc 
stances which, after being exposed in the sun, are iound 
time to appear sclfdiiminons when viewed in tne dai v, 




Fig. 738.— Becquorel's Phospliorpscope. 

of combustion or sensible elevation of temperature, 
re called ’phosphorescent Suljybnret of calcium and 
m have long been noted for this property, and have 
1 respectively Cantonas phosphorus, and Bologntx 
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2'>ho8phoriis. The phenomenon is chiefly due to the action of the 
violet and ultra-\iolct poi-tion of the sun's rays. 

More recemt investigations have shown that the same property 
exists in a much lower degree in an inunonse niunber of bodies, their 
phosjjborescenco continuing, in most cases, ojily for a fraction of a 
second after tlieir withdrawal from the sun’s rays. E, Becipierel has 
contri\'od an instrument, called the phosplioi'osco'iie, whicli is ex- 
tremely appropriate for the observation of this phenomenon. It is 
represented in Fig. 758. Its most characteristic feature is a pair of 
rigidly connected discs (Fig. 759), each pierced with four openings, 
those of the one heing not opposite but iiiidway between those of the 

other. This pair of discs can be sevt in very 
rapid rotation by means of a series of wlieels 
and pinions. The body to be examined is 
attached to a fixed stand between the two 
discs, so that it is alternately exposed on 
opposite sides as the discs rotate. One side 
is turned towards the sun, and the other 
towards the obsc'rver, who accordingly only 
sees the body wlien it is not exposed to the 
sun’s rays. The cylindrical case within 

T)i.cs of Jiui'JbLscope. tho discs revolvo, is fitted into a hole 

in the shnttcr of a dark room, and is pierced 
until an opening on each .side exactly opposite tho po.sition in which 
the body is f xed. The bod^y, if not phosphorescent, will never bo soon 
by tlie observer, a.s it is always in darkness except when it is hidden 
by the intervening disc. If its phosphoresceneo lasts as long as an 
eighth part of the time of one rotation, it will become visible in the 
darkness^ ./ 

'Nearly all bodies, when thus examined, show traces of phosphor- 
escence, lasting, however, in some cases, only for a ton-thousandth 
of a second. 

The phenomenon of jiuoo'cscence, -which is illustrated in Plate II. 
accompanying § 817, appears to be essentially identical with jihos- 
phoi'escence. The former name is applied to the phenomenon, if it 
is observed while the body i.s actually exposed to the source of light, 
tho latter to tho effect of the .same kind, but usually less intense, 
which is observed after the light from the source is cut off. Botli 
forms of tho phenomenon occur in a strongl 3 "-marked degree in tho 
same bodies. Canary-glass, which is coloured with oxide of uranium, is ' 
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a TCiy convenient material for the exhibition of fluorescence. A thick 
piece of it, lield in the violet or ultra-violet portion^ of the solar 
sj^ectvuni, is lillod to the depth of from to of an inch with a faint 
nebulous light. A solution of sulphate of quinine is also frequently 
employed for exhibiting the same effect, the luminosity in this ease 
being bluisli. If the solar spectrum he thrown ujmn a screen freshly 
washed with sulphate of quinine, the ultra-violet portion will become 
visible by .fluorosccnco ; and if the spectrum be very pure, the pre- 
sence of dark lines in this portion will be detected. 

The light of the electric lamp is particularly rich in ultra-violet 
rays, this portion of its spectrum being much longer than in the case 
of solar light, and about twdee as long as the spectrum of luminous 
rays. Prisms and lenses of (j\iartz should be employed for this pur- 
pose, as this material is specially transparent to the highly-refrangible 
rays. Flint-glass prisms, Imwever, if of good quality, answer well 
in operating on solar light. The luminosity produced by fluorescence 
has sensibly the same tint in all parts of the spectrum, in which it 
occurs, and depends upon the fluorescent substance employed. Pris- 
matic analysis is not necessary to the exhibition of fluorescence. The 
phenomenon is very conspicuous when the electric discharge of a 
Holtzs machine or a Ruhiiikorfrs coil is passed near fluorescent 
substances, and it is faintly visible when these substances are examined 
in bright sunshine. The light emitted by a fluorescent substance is 
found by analysis not to be homogeneous, but to consist of rays 
having a wide range of refrangibility. 

The ultra-violet rays, though usually st}dod invisible, are not 
altogether deserving of this title. By keeping all the rest of the 
spectrum out of sight, and carefully excluding all extraneous light, 
the eye is enabled to perceive these highly refrangible rays. Their 
colour is descri])ed as lavender-gray or V)luish white, n nd has been 
attributed, with much appearance of prolxability, to flufaescenco of 
the retina. The ultra-rod rays, on the other hand, arc never seen; 
but this may be owing to the fact, ■which has been estab]i.shed by 
experiment, that they are largely, if not entirely, absorbed before 
tliey can roach the retina. 

V/' 1052. Becomposition of White Light. — The composite nature of 
white light can be established by actual synthesis. This can be 
done in several -ways. 

1. If a second prism, precisely similar to the first, bub with its 
refracting edge tu.m 6 <^„th 0 contrary way, is interposed in the path of 





Fig. 761.~Roconiposition 'by Mirrors, 
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tho coloured beam, very near its place of emergence from the firat 
prism, the deviation produced by the second prism will be erpial and 
opposite to that produced by the first, tlio two prisms will produce 
the eflbet of a parallel plate, and the image on the screen will be a, 
■\vhite spot, nearly in the same position as if tho prisms were 
removed. 

2. Let a convex lens (Fig. 7G0) be interposed in the path of the 
coloured beam, in such a manner that it rccc-dves ail the rays, and 


Fig. TOO.—aecomposltion by Lens. 

that the .screen and the prism are at conjugate focal distances. The 
image thus obtained on the screen will be white, at least in its cen- 
tral portions. 

3. Let a number of plane mirrors be placed so as to receive the 
successive coloured rays, and to reflect them all to one point of a 


screen, as in Fig. 7G1. The bright spot thus formed will be white 
or approximately white. 

More complete information respecting the mixture of colours will 
be given in tho next chapter. 
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■ 1053. Spectroscope. — When we have oLlaincd a pure spectrum by 
any of tlie niethods above indicated, we have in fact efiectcd an 
analj'sis of the liglit with whieli the slit is illuminated. In recent 
}X‘ar.s, many form.s of apparatus have been constructed for this pur- 
pose, under the name of &pecirosco'pes. 

A spectroscope usually contains, besides a slit, a prism, and a 
telescope (as in Framibofcr’s method of observation), a convex lens 
ealh'd a collhnafor, which is fixed between the prism and the slit, 
at tlie disfance of its principal focal length from the latter. The elibet 
of this aiTangomcnt is, that rays from any point of the slit emerge 
paralhd, as if they came from a much larger slit (the virtual image 
of the real slit) at a much greater distance. The prism (set at 
minimum deviation) forms a virtual image of this imago at the same 
<listaiice, but in a dificrent direction, on the principle of Fig. 757. 


mage the -telescope is directed, being focussed 
object, 

spectroscope thus constructed. The tube of 
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tlie collimator is the. further tube iii the figure, the lens being at the 
end of the tube next the prism, while at the far end, close to the 
lamp flame, there is a. slit (not visible in the figure) consisting of an 
opening between two parallel knife-edges, one of wbicli can lie moved 
to or from the other by turning a serevr. The knife-edges must be 
very true, both as regards straightness and parallelism, as it is often 
ncccssaiy to make the slit exceedingly narrow. The tube', on the left 
haml is the telescope, furnished with a broad guard to screen the eye 
from exti’aneous light. The near tube, with a candle o])posito its 
end, is for purposes of measurement. It contains, at the f'lid next 
the candle, a scale of equal parts, engraved or photographed on gla,ss. 
At the other end of the tube is a collimating lens, at the distance of 
its own focal length from the scale; and the collimator is set so that 
its axis and the axis of the telescope make ecpial angles v'ith the 
near face of the prism. The observer thus sees in the telescope, by 
reflection from the surface of the prism, a magnified imagt; ('»f the 
scale, serving as a standard of reference for assigning the pu,sition,s 
of the lines in any spectrum which may be under examination. This 
arrangement affords great facilities for rapid observation. 

Another plan is, for the arm which carries the telescope to be 
movable round a graduated circle, the tele.scope being furnislied with 
cros,s-wircs, which the observer mu.st bring into coincidence with any 
line whose 2 ->osition he desires to measure. 

Arrangements are frequently made for seeing the .sjiectva of two 
different sources of light in the same field of view, one half of the 
,, lengtli of the slit being illuminated by the direct raj’-s of 
one of the sources, while a reflector, placed oppo.site the 
/ \ other half of the slit, suj) 2 )lie,s it with reflected light 

L A derived from the other source. Tliis method sliould 

always be employed when there is a question us to the 
exact coincidence of lines in the two s})ectra. The rc- 
usuallj ail cquilatcral prism. The light enters 
' normally at one of its faces, is totally reflected at another, 
and emerges normally at the third, as in the annexed slvotch (Fig. 
763), where the clotted line represents the path of a ray. 

A ono-prism spectroscope is anqily sufficient for the, ordinary jmr- 
poses of chemistry. For some a.stronomical applications a much 
greater dispersion is required. This is attained by making the light 
pass through a number of prisms in succcission, eacb being set in the 
proper position for giving minimum deviation to the rays which have 
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passed tliroiigli its predecessor. Fig, 7C4 represents the ground plan 
ot‘ sufdi a battery of prisms, and shdws the* gradually increasing width 
of a pc.ncil as it passes round the 
series of nine prisms on its way 
from the collimator to the tele- 
scope. The prisms are usually 
connected hy a special arrange- 
3iiont, which eiiahh's the ohscrver, 
hy a single inovf'uient, to lalng 
all the prisms at once into the 
proper prisition for giving' niijii- 
mnm <hiviation to the paidicular 
ray under examination, a position 
■whicli dilTers consideral d y for rays 
of different refrnhgibilities. 

1054. Use of Collimator. — The 
introdTietion of a collimating' lens, 
to be used in conjunction with a 
prism and observing telescope, is jig. 7G4.-~Trdn of Prisms, 

due to Professor Swan.^ Fraun- 
hofer employed no collimator; but his prism was at a distance of 
24 feet from the slit, whereas a distance of less than 1 foot suffices 
when a collimator is used. 

It is obvious til at homogeneous light, coming from a point at the 
distance of a foot, and falling upon the -wliole of one face of a prism 
—say an inch in width, cannot all have the incidence proper for 
minimum deviation. Those rays which very nearly fulfil this con- 
dition, will concur in forming a tolerably sharp image, in the jiosi- 
tion which we have already indicated. The emergent rays taken as 
a whole, do not dive.rgo from any one point, bitt arc tangents to a 
vii'tual caustic (§ 074). j\u tye receiving any portion of these rays, 
will .see an image in the direction of a tangent from the eye to the 
caustic ; and this image will be the more blurred as the deviation is 
further from the niiiiimum. When the naked eye is employed, and 
the prism is so adjusted that the centre of the pupil receives rays of 
minimum deviation, a distance of five or six feet between the prism 
and slit is sufficient to give a sharp image; but if we employ an 
observing telescope wffiose object-glass is five times larger in diameter 
than the pupil of the eye, we must increase the distance between the 
Trans. Soc. TdinhurgJi, 18-47 and,3.856. 
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prism and slit ■fivof.’old to obtain equally good definition. A colli- 
mating lens, i£ acliromatic and of good quality, gives tlie advantage 
of good definition without inconvenient iengtli. 

"Whon exact measures of dm'iation are required, it confers the 
further advantage of altogctlier dispensing with a very troublcsomo 
coiTGction for parallax. 

1055, Different Kinds of Spectra, — The examination of a groat 
variety of sources of light has shown that spectra ina.y be divided 
into the following classe.s: — 

1. The solar spectrum is characterized, as already observed, hy a 
definite system of dark linos interrupting an otlierwiso continuous 
succession of colours. The same system of dark lines is found in the 
spectra of the moon and planets, this being merely a consequence of 
tile fact that they shine by tlie reflected light of the sun. The spectra 
of the fixed stars also contain systems of dark lines, wdiich are difi'erent 
for different stars. 

2. The spectra of incandescent solids and liquids are completely 
continuous, containing light of all refrangibiiities from the extreme 
red to a higher limit depending on the temperature. 

3. Flames not containing solid particles in suspension, but merely 
emitting the light of incandescent gases, give a discontinuous Siice- 
trum, consisting of a finite number of bright lines. The continuity 
of the spoctrum of a gas or candle flame, arises fi-oin tlie fact that 
nearly all the iiglit of the fiame is emitted hy incamh 'scent particles 
of solid carbon, — -particles which wo c.an easily collect in the foi-m of 
soot. ■ When a gas-flame is fed with an excessive quantity of air, as 
in Bunsfui’s burner, the separation of the solid particles of carbon 
from the hydrogen with wdiieli they ■were combined, no longer takes 
place; the combustion is purely gaseous, and the spectrum of the 
flame is found to consist of bright lines. 'When the electric light is 
produced between metallic terminals, its specti'um contains liright 
linos due to the incandescent vapour of these metals, together -with 
other bright lines due to the incandescence of the oxygen, and nitro- 
gen of the air. Wlion it is taken between cliarcoai terminals, its 
spectrum is continuous; but if metallic particles be p)rcsent, the 
bright linos due to their vapours can be seen as well. 

The spectrum of the electric discharge in a Gcissler’s tube consists, 
of bright lines characteristic of the gas contained in the tube. ; , ■ ' 
^'?1066. Spectrum Analysis. — ^A,s the spectrum exhibited by a com- 
pound substance when subjected to the action of heat, is frequently 






Bunsen lamp-flame, by means of a loop ut platinum wire, .u. 
lines wlncli form the spectrum of the metal will at once Lo seen 
in a spectroscope directed to the tame; and the spectrum o le 

Bunsen flame itself is too faint to introduce any conlusion lor 
those metals which require a higher temperature to vo atihzo them, 

elective discharge is iisually employed. Geissle^^ tubes are com- 
monly used for gases. 1 i* 4.1 « 

Plate III. contains representations of the spectra of several ot the 

more easily volatilized metals, as well as of phosphorus and hydro- 
gen; and the solar spectrum is given at the top for comparison. 
The bright lines of some of these substances are precisely coincident 

with some of the dark lines in the solar spectrum. ^ i o .. 

The fact that certain substances when incandescent give dehnito 
bric^ht lines, has been known for many years, from the researches ot 

Brewster, Herschel, Talbot, and others; but it was for a long time 

thono-ht that the same line mighh be produced by different sub- 
stances, more especially as the bright yellow line of sodium w^ 

often seen in flames in which that metal was not supposed to be 
present. Professor Swan, having ascertained that the presence ot 
the 2,500,000th part of a grain of sodium in a flame was snmcien 
to produce it, considered himself justified in asserting, in 18o6, that 
this line was always to be taken as an indication of the loresence ot 

sodium in larger or smaller quantity. ^ , , -o 

But the greatest advance in spectral analysis was made by Id^sen 
and KirchhofF, who, by means of a four-prism spectroscope, obtained 
accurate observations of the positions of the bright lines in t lo 
■ spectra of a great number of substances, as well as ot the dark lines 
in the solar spectrum, and called attention to the identity of severa 
of the latter with several of the former. Since the publication ot 
their researches, the spectroscope has come into general use among 
chemists, and has already led to_ the discovery of four new metals, 
ciBsium, rubidium, thallium, and indium. 

I, 106*?. Eeversal of Bright Lines. Analysis of the Sun s Atmosphere. 

' * These to T?e merely examples of the dissociation of the dements of a chemical 



SPECTEUM AJ^ALYSIS, 1073 

found to be identical with, the spectrum of one of its constituents, or 
to consist of the spectra of its constituents superimposed,^ the spec- 
troscope affords an exceedingly ready method of performing qualita- 
tive analysis. 

If a salt of a metal which is easily volatilized is introduced into a 
Bunsen lamp-flame, by means of a loop of platinum wire, the bright 
lines which form the spectrum of the metal will at once he seen 
in a spectroscope directed to the flame; and the spectrum of the 
Bunsen flame itself is too faint to introduce any confusion. For 
those metals wdiich require a higher tempera, ture to volatilize them, 
electric discharge is usually employed. Gcissler’s tubes are com- 
monly used for gases, 

Plate III. contains representatioms of the spectra of several of the 
more easily volatilized metals, as well as of phosphorus and hydro- 
gen; and the solar spectrum is given at the top for comparison. 
The bright lines of some of these substances are precisely coincident 
with some of the dark lines in the solar spectrum. 

The fact that certain substances when incandescent give definite 
bright lines, has been known for many years, from the researches of 
Brewster, Herschcl, Talbot, and others; but it was fora long time 
thought that the same line might he produced by different sub- 
stances, more especially as the bright yellow line of sodium was 
often seen in flames in which that metal was not supposed to be 
present. Professor Swan, having ascertained that the presence of 
the 2,500,000th part of a grain of sodium in a flame was sufficient 
to produce it, considered himself justified in asserting, in 1S5C, that 
this line was always to he taken as an indication of the presence of 
sodium in larger or smaller quantity. 

But the greatest advance in spectral analysis was made by Bunsen 
and Kirchhoff, who, by means of a four-prism spectroscope, obtained 
accurate observations of the positions of the bright linos in the 
■ spectra of a great number of .substances, as well as of the dark lines 
in the solar spectrum, and calhjd attention to the identity of several 
of the latter with several of the former. Since the publication of 
their researches, the spectroscope has come into general use among 
chemists, and has already led to the discovery of four new metals, 
csesium, rubidium, thallium, and indium. 

vJ 1057. Eeversal of Bright Lines, Analysis of the Sun’s Atmosphere. 

* These appear to be merely examples of the dissociation of the elements of a chemical 
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— It may seem .surprising that, wliile mcandesceiit solids and liquids 
arc lonnd to give continuous spectra containing rays of alL ret'ran- 
gibilifcies, the solar spectruiri is interrupted by dark lines indicating 
the absence or relative feebleness of certain elementary I’ays. It 
seems natural to suppose that the deficient rays have been removed by 
selective absorption, and this con|ecture was tln’own out long since, 
Hut whore and how is this absorption produced ? These questions 
liavo now received an answer which appears completely satisfactory. 

According to the theory of exchanges, which hm been explained 
in connection with the radiation of heat (§ 464, 483), every substance 
which emits certain kinds of rays to the exclusion of others, absorbs 
the same kind which it emits; and when its temperature is the same- 
in the two cases compared, its emissive and absorbing power are pre- 
cisely equal for any one elementary ray. 

When an incandescent vapour, emitting only rays of certain 
definite rofrangibiiitios, and therefore having a spectrum of bright 
lines, is interposed between thip observer and a very bright source 
of light, giving a continuous spectrum, the vapour allows no ra 3 "s of 
its own peculiar kinds to pass; so that the light which actually conies 
to the observer consists of transmitted rays in which these particular 
kinds are wanting, together with the rays emitted by the vapour 
itself, these latter being of precisely the same kind as those which it 
has refused to transmit. It depends on the relative brightness of the 
two sources whether these particular rays shall be on tbo whole in 
excess or defect as compared with the rest. If the two sources are 
at all comparable in brightness, these raj's will ho greatly in excess, 
inasmuch as they constitute the whole light of the one, and onl}^ a 
minute fraction of the light of the other; but the light of the electric 
lamp, or of the lime-light, is usually found sufBcicntlj’' powerful to 
produce the contrary effect; so that if, for example, a spirit-lamp with 
salted wick is interposed between the slit of a spectroscope and the 
electric light, the bright yellow line due to the sodium appears black 
by contrast with the much brighter back-ground wbich belongs io 
the continuous spectrum of the charcoal points. By emplu 3 dng only 
some 10 or 15 cells, a light may bo obtained, the yellow portion of 
wbich, as seen in a one-prism spectroscope, is sensibly equal in 
brightness to the yellow line of the sodium flame, so that this line 
can no longer he separately detected, and the appearance is the same 
whether the sodium flame he interposed or removed. 

The dark lines in the solar spectrum would' therefore be accounted 
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for l;>v supposing tliat the principal portion of the sun’s light comes 
from an. inner stratum wliich gives a continuous spectrum, and that 
a layer external to this contains vapours which absorb particular 
rays, and thus produce the <lar.k lines. The stratum which gives 
the continuou.s spectrum might he solid, liquid, or even gaseous, for 
the oxj)eri]ncrits (.if Franlvland and I.nckyer liavc shown tliat, as the 
pressure of a gas is increased, its liright lines broaden out into bands, 
and that the bands at length, loecorne so witle as to join eacli other 
am.l form a continuous speetrinnd 

Hydrogen, sodium, calcium, barium, magnesiimi, zinc, iron, cliro- 
miiirn, cobalt, nickel, copper, and manganese have all been proved 
to exist .ill the sun by the accurate identity of positioii of tlieir 
bright lines with certain dark lines in the sun’s spectrum. 

The strong line 1), 'vvliich in a good instrument is seen to consist 
of two lines near together, is due to sodium; and the lines 0 and F 
are due to hydrogen. Ho less than 450 of the solar dark lines have 
been identified with bright lines of iron. ■ . '' ' 

1058. Telespectroscope. Solar Prominences.-— For astronomical in- 
vestigations, the spectroscope is usually fitted to a telescope, and takes 
the place of the eye-piece, the plane of the slit being placed in the 
principal focus of the object-glass, so that the image is thrown upon 
it, and the light which enters the slit is the light which forms one 
strip (so to speak) of the image, and which therefore comes from one 
strip of the object. A telescope thus equipped is called a telespectro- 
seopc. Extrcmel^c iiitoresting results have been obtfiincd by thus 
subjecting to examination a strip of the sun’s edge, the strip being 
sometimes tangential to the sun’s disc, and sometimes radial. When 
the former arrangoimmt is adopted, the appearance p>rcs(mted is that 
(h'picted in Ho. 2, Plato HI., consisting of a few bright linos scattered 
through a Ixudc-ground of the (Ordinary solar spectrum. The bright 
lines ar(i due to an. outer layer called the chromosp^iet'e, which 
is thus proved to be vaporous. The ordinary solar spectrum which 
accompanies it, is dnrj to that part of the sun from which most 
of our light is derived. This part is called the ■'phoio^phere, and if 
not solid or liquid, it must consist of vapour so highly compressed 
that its properties approximate to those of a liquid. 

When the slit is placed radially, in such a position that only a 


^ The gradual transition from a spectrum of hright lines to a continuous spectrum may 
be held to be an illustratioix of the continuous transition which can be eSected from the 
condition of ordinary gas to that of ordinary liquid (§ 380). 
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small portion ol its lengtli receh-es light from the tody ot the sun, 
the spectra o£ the photosphere and chromosphere are seen in imme- 
diate oontiguity, and the bright lines in the latter (notably those of 
hydrogen, No. 14, Plate III.) are observed to form continuations ot 

some oJ; the dark lines o£ tlie formei\ i i 

Tlie chromospliere is so much less briglit than the photosiJ lerc, 
that, uiitil a few years since, its existence was newer revealed excep 
durihc^ total eclipses of the sun, when imojectmg portions of it weie 
seen Extending beyond the dark body of the moon. The spectruin 
of these projecting portions, which liave boon wirioubly ca c 
‘'prominences,” “red flames,” and “rose-coloured protuberances, was 
flit observed during the“Indian eclipse” of 1S08, ™ f 

consist of bright lines, including those ot hydrogen. Frmn their 
excessive hriglitness, M. Janssen, who was one of 
expressed confidence that he should be able to see them m ful 
suihine; and the same idea had been already 

lished by Mr. Loekyer. The expectation was shortly afterwards 
realized by both these observers, and the diromospherc has ever 
since been an object of frequent observation. The visibility of tbe 
chromosphere liis ih full sunshine, depends upon the principle that, 
while a continuous spectrum is extended, and theretore ® “duf 
by increased dispersion, a bright line in a spectnim is not sensibly 
broadened, and therefore loses very little of its intrinsic brightness 
18 1061 V Verv high dispersion is necessary for this purpose. 

® Still more reUly. by opening tbe .slit to about the me wk h 
of the prominence-region, an measured on the image of the sum which 
is thrown on the slit, it has been found possible to see the who e o 
raverage-sized prominence at one view. This wiU be understood 
W romembering Li a bright lino as seen in a spectrum is a mouo- 
ctoomatio image of the illuminated portion of the slit, or when a tcle- 
spectvoscope is used, as in the presont ease, it is a monochromat c 
ima<^e of one strip of the image formed by the object-g ass, name y 
tbat°strip wbich coincides with the sUt. « " 

a prominence in which the elementary rays C and F (Y.-pf '; 
are much stronger than in the rest of the strip, a red image ol the 
prominence will be seen in the part of the spectrum coriespondi „ 
to tbe line 0, and a blue image in tbe place corresponding to 
. lino F Tills method ot observation requires greater disporeion lan 
: - . is necffisary for the mere detection of tlie chromosphere lines; the 
i, dispersion required for enabling a bright-line spectrum to predomi- 
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nate over a contmuons spectmra being always nearly proportional 
to the width o£ the slit (§ 1061). 

Of the nehute, it is well know'n th^ some have been resolved by 
powerful telescopes into clusters of stars, while others have as yet 
proved iiTesolvable, Huggins has found that the former class of 
nehulse give spectra of the same general charficter as the sun tand the 
fixed stars, but that some of the latter class give spectra of bright 
lines, indicating that their constitution is gaseous. 

1058. Displacement of Lines consequent on Celestial Motions. — 
According to the nndulatory theory of light, which is now univer- 
sally accepted, the fundamental difierence between the different rays 
which compose tire complete spectrum, is a difierence of wave- 
frequency, and, as connected with this, a difierence of wave-length 
in any given medium, the rays of greatest wave-frequency or shortest 
wave-length being the most refrangible. 

Doppler first called attention to the change of refrangibility which 
must be expected to ensue from the mutual approach or recess of the 
observer and the source of light, the expectation being grounded on 
reasoning which we have explained in connection with acoustics 

(§898)- 

Doppler adduced this principle to explain the colours of the fixed 
stars, a purpose to which it is quite inadequate; hut it has rendered 
very important service in connection with spectroscopic research. 
Displacement of a line towards the more refrangible end of the spec- 
trum, indicates approach, displacement in the opposite direction indi- 
cates recess, and the velocity of approach or recess admits of being 
calculated from the observed displacement. 

When the slit of the spectroscope crosses a spot on the sun’s disc, 
the dark lines lose their straightness in thi.s part, and are bent, some- 
time.s to one side, .son-ietimes to the other. These appearance.s clearly 
indicate uprush and downrush of gases in the sun’s atmosphere in 
the region occupied by the spot. 

Huggins detected a displacement of the F line towards the red 
end, in tlie spectrum of Sirius, as compared with the spectrum of the 
sun or of hydrogen. The displacement is so small as only to admit 
of measurement by very powerful instrumental appliances; but, 
small as it is, calculation shows that it indicates a motion of recess 
at the rate of about SO miles per second.^ 

^ Tlie observed displaoement corresponded to recess at tbe rate of 41-4 miles per second; 
but 12'0 of this must be deducted for the motion of the earth in its orbit at the season of 
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1060. Spectra of Artificial Lights. — ^The spectra o£ tlie artificial 
lights in orrlinaiy use (including gas, oil-lainpis, and candles) difier 
from the solar spectrum in the relative brightness of the different 
colours, as well as in the entire absence of dark lines. They are 
coiiiparativoly strong in red and green, but weak in blue; heiice all 
colours udneli contain much blue in their composition appear to 
disadvantage by gas-light, y 

.Tt is possible to find artificial lights whose spectra are of a com- 
pletely different character. The salts of strontium, for exaiiiple, give 
red light, composed of the ingredients represented in spectrum 
No. 10, Plate III., and those of sodium yellow light (No. 8^ Plate III.). 
If a room is illuminated by a sodium flame (for example, by a spirit- 
iam|) with salt sprinkled on the wick), all objects in the room will 
appear of a uniform colour (that of the flame itself), differing only 
in brightne.ss, those which contain no yellow in their spectrum as 
seen by day-light being changed to black. The human countenance 
and hands assume a ghastly hue, and the lips are no longer 
red. 

A similar phenomenon is observed when a coloured body is held 
in different parts of the solar spectrum in a dark room, so as to be 
illuminated by different kinds of monochromatic light. The object 
either appears of the same colour as the light which falls upon it, or 
else it refuses to reflect this light and appears black. Hence a screen 
for exhibiting the spectrum should he white. b ? . ..-yf 

1061. Brightness and Purity.— The laws which determine the bright- 
ness of images generally, and which have been expounded at some 
length in the preceding chapter, may he applied to the spectroscope. 
We shall, in the first instance, neglect the loss of light by reflection 
and imperfect transmission. 

Let A denote the 'prismatic dispersion, as measured hy the angular 
separation of two specified monochromatic images when the naked 
eye is applied to the last prism, the observing telescope being re- 
moved. Then, putting m for the linear magnifying power of the 

the year when the observation was made. The remainder, 29'4, was therefore the rate at 
which the distance between the sun and Sirius was increasing. 

In a more recent paper Dr. Huggins gave the results of observations with more powerful 
instrumental appliances. The recess of Sirius w'as found to bo only 20 miles per second. 
Arcturus was found to be approaching at the rate of 50 miles per second. Community 
• of motion was established in certain sets of stans; and the belief previously held by 
astronomers, as to the direction in which the solar system is moving with respect to the 
stars as a whole, was fully confirmed. 
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telescope, m A is the angular separation oLserved when tlic eye is 
applif.'d to the telescope. We shall call m A the total dispersion. 

liCt 0 denote the angle which the breadth ot' the slit subtends 
at the centre of the collimating lens, and which is measured by 

Then 0 is also the apparent breadth of any absolutely 

monochromatic iiiiaire of the slit, formed bv raYS of miniinnm dovia- 
tion, as stan, by an eye appdied either to tho iirst prism, the las.t 
prism, or any one of the train of prisms. Tho change produced in 
a pencil of monochromatic rays by transmission through a prism at 
minimum <lov’iati<jn, is in fact simply a change of dir<?ctiun, witlioiit 
any change of inntnal inclination; and thus neither brightness nor 
apparent siKo is at <'ill aifocted. In ordinary cases, the bright lines of 
a spectrum may ho rogarflod as monochromatic, and their apparent 
breadth, as scon without the telescope, is sensibly equal to 0. Strictly 
speahing, tho eilcct of prismatic dispersion in actual cases, is to 
increase tlie apparent bi'eadth by a small quantity, which, if all the 
prisms are alike, is proportional to the mimber of prisms: but tho 
increase is usually too sinall to be sensible. 

Let I denote the intrinsic brightness of the source as regards any 
one of its (approximately) monochromatic constituents; in other 
words, the brightness which the source would have if depjrived of all 
its light except that which goes to form a particular bright line. 
Then, still neglecting tlic light stopped by the instrument, the bright- 
ness of this line as seen without the aid of the telescope will be I; 
and as seen in tho teiescoj)e it will either he equal to or ]es.s than 
this, according to the magnifying power of the telescope and the 
effective aperture of the object-glass (§ 1038). If the breadth of the 
slit he halved, the breadth of the bright line will be halved, and its 
brightness will be unchanged. These conclusions remain true so long 
ns tho bviglit line can bo regarded as practically monocliromatic. 

The brightness of any part of a continuous spectrum follows a 
very ditibront law. It varies directly as the width of the slit, and 
inversely as the prismatic dispersion. Its value witlioxrt the observ- 
ing telescope, or its maximum value with a telescope, is i, where i 

is a coefficient depending only on the source. 

The purity of any part of a continuous spectrum is properly 
measured by the ratio of the distance hetween two specified mono- 
chromatic images to the breadth of either, the distance in question 
being measured from the centre of one to the centre of the other. 
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This ratio is unatfected by the employinc^nt of an ob3Gr\'ing telescope, 
and is . . 

The ratio of the brightness of a bright line to that of the adjacent 
portion of a continuous spectrum forming its back-ground, 

assuming the line to be so nearly monochromatic that the increase 
of its breadth produced by the dispersion of the prisms is an insigni- 
ficant fi'actioii of its whole breadth. As wo widen the vslit, and so 
increase 0 , we must increase A in the same ratio, if we wish to 

preserve the same ratio of brightness. As ^ is increased indefinitely, 

the predominance of the bright lines does not increase indefinitely, 
but tends to a definite limit, namely, to the predominance which 
they would have in a perfectly pure spectrum of the given source. 

The loss of light by reflection and imperfect transmission, increases 
with the number of surfaces of glass which arc to be traversed; so 
that, with a long* train of prisms and an observing telescope, the 
actual brightness will always bo much less than the theoretical 
brightness as above computed. 

The actual purity is always less than the theoretical purity, being 
greatly depemiont on freedom from optical imperfections; and these 
can be much more completely avoided in lenses than in prisms. It 
is said that a single good prism, with a first-class collimator and 
tekiscopc (as originally employed by Swan), gives a spectrum raucli 
more free from blurring than the modern multiprism spectroscopes, 
when the total dispersion m A is the same in both the cases com- 
pared. 

■ 1062. Chromatie Aberration. — The unequal refrangibility of the 
diflerent elementary rays is a source of grave inconvenience in. con- 
nection with lenses. The focal length of a lens depends iipon its 
index of refraction, which of course increases with refrangibility, the 
focal length being shortest for the most refrangible rays. Thus a 
lens of uniform material will not form a single white image of a 
white object, but a series of images, of all the colours of the spectrum, 
arranged at dificrent distances, the violet images being nearest, and 
the red most remote. If we place a screen anywhere in the series 
of images, it can only be in the right position for one colour. Every 
other colour will give a blurred image, and the superposition of them 
all produces the image actually formed on the screen. If the object 
bo a uniform white spot on a black ground, its image on the screen 
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will consist o£ wliite in parts, gi'adually merging into a 

coloured fringe at its edge. Sliarpness of outline is thus rendered 
impossible, and nothing better can be done than to place the screen 
at the focal distance corresponding to the hrighte,st part of the spec- 
trum. Similar indistinctness wiH attach to images observed in mid- 
air, whether directly or by means of another lens. Tills source of 
confusion is called ahewation. 

1063; iPossihility of Achromatism.— In order to ascertain whothcr 
it was possible to remedy this evil by combining kaises of two 
different materials, Newton made some trials with a compound prism 
composed of glass and water (the latter containing a little sugar of 
lead), and he found that it was not pos.sible, by any arrangement of 
these two substances, to produce deviation of the transmitted light 
without separation into its component colours. Unfortunately he 
did not extend his trials to other substances, but concluded at once 
that an achroriatic prism (and hence also an achromatic lens) was 
an impossibility; and this conclusion was for a long time accepted 
as indisputable. Mr. Hall, a gentleman of Worcestershire, was tlie 
first to show that it was erroneous, and is said to have constructed 
some achromatic telescopes; but the important fact thus discovered 
did not become generally known till it was rediscovered by Dollond, 
an eminent London optician, in whose hands the manufacture of 
achromatic instruments attained great perfection. 

1064. Conditions of Achromatism. — The conditions necessary for 
achromatism are easily explained. The angular separation between 
the brightest red and the brightest violet ray transmitted through a 
prism is called the dispersion of the prism, and is evidently the 
difference of the deviations of these rays. These deviations, for the 
position of miniinnm deviation of a prism of small refracting angle 
A, are (/I' — l) A and (fi' — 1) A, and /t" denoting the imlices of 
refraction for the two rays considered (§ 1004, equation (1)) and 
their difl’ercnce is {^i" - /it') A. This difference is always small in 
comparison with either of the deviations whose difference it is, and 
its ratio to cither of them, or more accurately its ratio to the value 
of (fx ~ 1) A for the brightest part of the spjectrnm, is called the dis- 
persive pmver of the substance. As the common factor A may be 

omitted, the formula for the dispersive power is evidently 

■ If this ratio were the same for all substances, as Newton supposed, 
achromatism would be impossible; but in fact its value varies greatly, 
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and ® anrfi be’conibimd hito one. with 

substances, ot sinali letiantm, an ,,,,,,.omatiz6 one another 

f,^L1h As the deviations can be made to have any ratio wo 
;Snty Stint tticanglesof the prisms, ilio n^^^ - evidently 

'■‘’Steviation which a simple ray undergoes in travinsing a 

i.. . - , . ir - lQivn4.h n+ t.hA 


j lie ue vuibiuu vv V- - — r— ■ •' , ^ 

p 1.1 f (lenotiBs tlie focal 

at a distance ajfrom tlic aNis, is ^.,7 ■ o . ,. i-x j 


3 t,anco it/ iJ-vjiti j — u - 

lens (§100-1). and tlm -P— S- 

o£ a compound ray is the product ot this Uenat o j „4pined 

7,. , •„•{ T-p o>ft-nvex and eoiica\e lens aio coinumuu, 

E::i^ytSte7thedevla«ons^^^^^^^^ 

traversing both, are value for both (a 

persiqns. If “'^^o^nto^Q n'eelecthiAhe thicknesses of the lenses 

condition of no resnuant 


dispersion is tliat 


dispersive power x ^ 


latter are abont -033 for crown ana u ^ 

s.T“:X”— r.i‘ *?»v — . - 
S,); .t .w."A a* »••““ ”' “ 

fin 0 i-n tlie niece of smaller dispersive power. ^ i ^ 

The defiLion above given of dispersive 
Tn -m^be it accurate, we must specify, by reference to the lixed 

LSte pS positions of the two rays whose separation we 

consider. between the fixed fines have different propor- 

impossible. With two liiecos it is possible to unite any two sc cc 

rafs'with three pieces any three selected rays, and so on. It is ^ 

coLidored a sign of good achromatism when no colours can h 
conbmt.,ik.n. t, t-innilrr fl.nr] .fi-reen. \vk> 


f«nn<3iderea a sisn oa 

b^At into vkw by bad focussing except puriilc and green, 
UrOUj^ii .. „ , riiT.^ ,-.xra_i-v-ifipfMa id- TOlCl'OSCOn 


-1 iM-i” Aotaomatio"Eye-pieoe3.-Tho eye-pioeos of microscopes md 
esteonomical telescopes, usually consist of two lenses of the same tal 
; of glass, so arranged as to counteract, to some extent, the splicr 
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and cliroinatic aberrations of the object-glass. The positive eye-pi eco, 
invented by Ramsden, is suited for observation with cross-wires or 
micrometers; the negative eyc-piece, invented ])y Huygens, is not 
adapted for purposes of measurement, but is preferred when distinct 
vision is the solo ro<|uisite. These eye-pi(.‘ces are commonly called 
achromatic, hut their achromatism is in a rnamior .spurious. It con- 
sists not in bringing the rod and violet images into trnti coincidence, 
hut merely in causing one to cover the other as seen from the posi- 
tion occupied ]»y the observer’s eye. 

In the best opera-glasses (§ 103S), the eye-piece, as wt;ll as the 
olject-glass, is cennposed of lenses of flint and crowm so comhined as 
to be ueln-omatic in the more proper sens(3 of the word. 

1066. Rainbow. — The unequal refrangihility of the different ele- 
mentary I'.ays furnishes a complete explanation of the ordinary 
phenomena of rainhows. The explanation was first given hy Hew- 
ton, who confirmed it by actual measurement. 

It is w’-ell known that rainbows are seen when the sun is shining 
on drops of water. Sometimes one bow is seen, sometimes two, 
each of them presenting colours resembling those of the solar 
spectrum. When there is only one bow, the red arch, is a])ove 
and the violet below. When there is a second how, it is at some 
distance outside of this, has the colours in reverse order, and is 
usually less bright. 

Rainbows are often observed in the spray of cascades and fountains, 
when the sun is shining. 

tion SI, is refracted at I, Slg. 765.— rroductiou of Primary Bovr. 

then ■ reflected internally 

from the back of the drop, and again refracted into the air in the 
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direction I'M. If we take different points of incidence, we shall 
obtain different directions of emergence, so tliat the whole light 
which emerges from the drop after undergoing, as in the figure, 
two refractions and one reflection, forms a wiJoly-divergout pencil. 
Some portions of this pencil, however, contain very little light. ThivS 
is especially the case with those rays which, having been incident 
nearly normally, are returned almost directly back, and also with 
those which were almost tangential at incidence. The greatest con- 
densation, as regards any particular .species of elementary ray, occurs 
at that part of the emergent pencil which has inidergone minimum 
deviation. It is by means of rays which have undergone this iniiii- 
mum deviation, that the observer sees the corresponding colour in 
the bow; and the deviation which they have undergone is evidently 
equal to the angular distance of this part of the how from the sun. 

The minimum deviation will be greatest for those rays which are 
most refrangible. If the figure, for example, be supposed to represent 
the circumstances of minimum deviation for violet, we shall obtain 
smaller deviation in the case of red, even by giving the angle I A 1' 
the same value which it has in the case of minimum deviation for 
violet, and still more when we give it the value which corresponds 
to the minimum deviation of red. The most refrangible colours are' 
accordingly seen furthest from the sun. The effect of the rays which 
undergo other than minimum deviation, is to pi'oduce a border of 
white light on the side remote from the sun; that is to say, on the 
inner edge of the bow.^ 

^ When the drops arc very unifonn in size, a series of faint $xtpermmcrary Imvs, alter- 
nately pnrple a-ul green, is sometimes seen beneath the primary bow. These bows are 
produced by the mutriol interference of rays which have undergone other than minmmm 
deviation, and the interference arises in the following way. Any two parallel directions 
of emergence, for rays of a given refrangibility, oox’respond in general to t%vo different 
points of incidence on any given drop, one of the two incident rays being more nearly 
normal, and the other more nearly tangential to the drop than the ray of minimum 
deviation. These two rays have pursued dissimilar paths in the drop, and are in different 
phases when they reach the observer’s eye. The difference of phase may amount to one, 
two, throe, or more exact wave-lengths, and thus one, two, tliree, or more superinimerury 
bows may be formed. The distances between the supernumerary bows will bo greater as 
the drops of water ai*e smaller. This explanation is due to Dr. Thomas Young. 

A more complete tlieory, in which diffracition is taken into account, is given by Airy 
in the Cambridge Transactions for 1838 ; and the volume for the following year contains 
an experimental verification by Miller. It appears from this theory that the maximum 
of intensity is less sharjjly marked than the ordinary tlieory would indicate, and does not 
, - , correspond to the geometrical minimum of deviation, but to a deviation sensibly greater. 

■ Also that the region of sensible illumination extends beyond this geometrical minimuin 
- and shades off gradually; 
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The condensation which accompanies minimum deviation, is merely 
a particular case of the general mathematical law that magnitudes 
remain nearly constant in the 

wdiich may be' regarded m ^ 

equal, and will accordingly re- 
main sensibly parallel at eraer 
gence. A parallel pencil inci- 
dent on any other part of the drop, will be divergent at emergence. 

The indices of refraction for rod and violet rays from air into 
water are respectively S'-v. 

and and calcu- 
lation shows that the 
distances from the cen- 
*tre of the sun to the 
parts of the bow in 
wliich these colours are 

strongest should be the /--V '''' 

supplements of 42° 2' XX / /.--C \ \ 

and 40° 17' respectively. //^ ' X'C/'''' ''' ''' '' 

These results agree with // ' ''' '' '■ 

observation. The angles // yX^K\ ' ' '' *' \ 

42° 2' and 40° 17' arc the \ \ \ \ 

distances from the \ \ > 1 

sola7’ pornf, which ivS * i i 

always the centre of the 
bow. 

Tlio rays wliich form 
the. secondary how have 
undergone tw-o internal reflections, as represented in Fig. 7GG, and 
here again a special concentration occurs in the direction of mini- 
mum deviation. This deviation is greater than 180° and is greatest 
for the most refrangible rays. The distance of the arc thus formed 
from the sun’s centre, is 3G0° minus the deviation, and is accord- 


Fig. TOO.— Production of Secondary Bow. 


Fig. yC7. — llclative Positions. 
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for the most refrangible raj^. Tims tbe violet arc 
lie sun, and the red furthest from it, in the secondary 

i of the relative situations of the eye, the sun, and the 
w ;,i which the two bows arc formed, may he obtained 
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1067. Colour as a Property of Opaque Bodies. — A body wliicli reflects 
(by irregular rcllectlon) all tlie rays of tlie spcctrutu in equal propor- 
tion, will appear of the same colour as the light which falls upon it; 
that is to say, in ordinary cases, white or gray. But the majority of 
bodies reflect some rays in larger proportion than others, and arc 
therefore coloured, their colour being that wliich arises from the 
mixture of the rays which they reflect. A body reflecting no light 
would be perfectly blacli. Practically, white, gray, and black difier 
only in brightness. A piece of white paper in shadow apj)ears gray, 
and in stronger sliadow black. 

1068. Colour of Transparent Bodies. — A transparent body, seen by 
transmitted light, is coloured, if it is more transparent to some rays 
than to others, its colour being that whicli results from mixing the 
transmitted rays. No now ingredient is added by transmission, but 
certain ingredients are more or less completely stopped out. 

Some transparent suijstances appear of very diflerent coloiirs 
according to their thickness. A .solution of clrloride of chromium, 
for example, appears green when a thin layer of it is examined, Mobile 
a g;r(.'al:Gr thickness of it presents the appearance of reddish brown. 
In .such cases, diflerent kinds of rtijs successively disappear by selec- 
tive absorption, and the transmitted light, being alway.s the sum of 
tlie rays which remain unabsorbed, is accordingly of different com- 
position according to tlie thickness. 

When two pieces of coloured glass are placed one behind the other, 
the light •which jjasses through both has undergone a double proce.ss 
of selective absorption, and therefore consists mainly of those rays 
which are abundantly transmitted by both glasses; or to speak 
broadly, the colour which we see in looking through the combination 
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is not the sum of the colours of tfto two glasses, Imt tlieir common 
part. Accordingly, if we combine a piece of ordinaiy rod glass, 
transmitting light which consists almost entii'ely of rod rays, with a 
•piece of ordinary green glass, which traiLsmits luirdly any red, the 
combination Avill be almost black. The light transmiWtM.1 through 
two glasses of different colour and of the same <lepth of tint, is 
alwa 3 ^s less than would be transmitted by a doul^le thickness of 
either; and the colour of the transmitted liglit is in most cases a 
colour which occupies in the spectrum an interjnediafce place bottveen 
the two given colours. Thus, if the two glasses are yellow and blue, 
the transmitted light will, in. most cases, be green, since most natural 
yellows and blues when analysed by a prism show a large quantity 
of green in their composition^ Similar effects aiu obtained by 
mixing coloured liquids, ; 

1069. Colours of Mixed Powders. — “In a coloured powder, each par- 
ticle is to be regarded as a small transparent body whieli colours light 
by selective absorption. It is true that powdered pigments when 
taken in bulk are extremely opaque. Nevertheless, whenever we 
have the opportunity of seeing these substances in compact and 
homogeneous pieces before they have been reduced to powder, we 
find them transparent, at least when in thin slices. Cinnabar, 
chromate of lead, verdigris, and cobalt glass are examples in point. 

“When liglit falls on a powder thus composed of transparent par- 
ticles, a small part is reflected at the upper surface; the rest penotrate.s, 
and undergoes partial reflection at some of the surfaces of separation 
between the particles. A single plate of uncoloiired glass reflects -g^g- 
o£ normally incident light; two plates and a large number nearly 
the whole. In the powder of such glass, we must accordingly con- 
clude that only about of normally incident light is reflected from 
the first surface, and that all the rest of tho light which gives the 
powder its whiteness comes from deeper layers. It must bo tho 
same with the light reflected from blue glass; and in coloured 
powders generally only a very small part of tho light which they 
reflect comes from tho first surface; it nearly all comes from boneatli. 
The light reflected from the first surface is white, except when tho 
reflection is metallic. That which comes from below is coloured, and 
so much the more deeply the further it has penetrated. This is the 
reason why coarse powder of a given material is more deeply col- 
oured than .fine, for the quantity of light returned at each successive 
reflection depends only on the number of reflections and not on the 
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tliiclaiess of tlie particles. If these are largo, the light must penetrate 
so mueli the deeper in order to undergo a given number of reflections, 
and will therefore he the more deeply coloured. 

“The reflection at the surfaces of the particles is weakened if we 
interpose between them, in the place of air, a fluid whose index of 
refraction more nearly approaches their own. Thus powdeis and 
pigments are usually rendered daifker by wetting them with water, 
and still more with the more highly refracting li(|uid, oil. 

“If the colours of powders depended only on light reflected from 
their first surfaces, the light reflected from a mixed powder would 
he the sum of the lights reflected from the surfaces of both. But 
most of the light, in fact, comes from deeper layers, and having had 
to traverse particles of both powders, must consist of those rays 
which ai'e able to traverse both. The resultant colour therefore, as 
in the case of superposed glass plates, depends not on addition, but 
rather on subtraction. Hence it is that a mixture of two pigments 
is usually much more sombre than the pigments themselves, if these 
are very unlike in the average refrangibility of the light which they 
reflect. Vermilion and ultramarine, for example, give a black-gray 
(showing scarcely a trace of purple, which would be the colour 
obtained by a true mixture of lights), each pf these pigments being 
, in fact nearly opaque to the light of the other.” ^ 

1070. Mixtures of Colours.— By the colour resulting from the mix- 
ture of two lights, we mean the colour which is seen when they both 
fall on the same part of the retina. Propositions regarding mixtures 
of colours are merely subjective. The only objective dilierences of 
colour arc difierc3nees of refrangibility, or if traced to their source, 
ditFerenees of wave-frequency. All the colours in a pure spcchuin 
are objectively simple, each having its own definite period of vibra- 
tion by wliieli it is distinguisbed from all others. But whereas, in 
acoustics, the quality of a sound as it afiects the ear varies with 
every change in its composition, in colour, on the other Ixand, very 
different compositions may produce precisely the same visual im- 
pression. Every colour that we see in nature can he exactly imitated 
by an infinite variety of different combinations of elementary rays. 

To take, for example, the case of white. ^^ 0 white light 

consist.^ of all the colours of the spectrum combined; but any one of 
the elementary colours, from the extreme red to a certain point in 
yellowish green, can Ije combined with another elementary colour 

^ Translated fmn Heimlioltz’s Physiological Optics, g 20. 
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on the other side of green in such proportion as to yield a perfect 
imitation of ordinary white. The prism would instantly revcfd the 
ditferences, hut to the naked eye all ilieso whites are completcdy 
undistinguishahle one from another. 

. ^ 1071. Methods of Mixing Colours.—The following arc some ot tiie 
best methods of mixing colours (that is coloured lights). 

1, By comhining reflected and transmitted light; £oi t'xamp e, i} 
looking at one colour through a piece of glass, while anotlvcr colour 
is seen by reaection from the near side of the glass. Iho lower 
sash of a window, "when opened far enough to allow an arm to he 
"^t through, ans;ers well for this purpose. The brighter of the two 
coloured objects employed should he hold inside the and 

seen bv reflection; the second object should then be held outside in 
such a*' position as to be seen in coincidence with the image ot the 
first. As the cuiantity of refiected light increases \yith the angle of 
incidence, the two colours may bo mixed in various proportions 
by shifting the position of the eye. This method is not however 
^ ® adapted to quantitative 


Fig. rC8.— Rotating Disc. 


comparison, and can 
scarcely he emifioyed 
for comhining more than 
two colours. 

2. By employing a ro- 
tating disc (Fig. 708) 
composed of difierciitly 
coloured sectors. If the 
disc ho made to revolve 
rapidly, the sectors will 
not be separately visible, 
bub their colours will 
appear blended into one 
on account of th(i per- 
sistence of visual iuqires- 
sions. The proportions 
can be varied by varying 


fcbe sizes of the sectors. Coloured discs of paper, each having a 
radial slit, are very convenient for this purpose, as any moderate 
number of such discs can be combined, and the sizes of the sectors 

exhibited can be varied at pleasure. . , i i 

The mixed colour obtained by a rrtatiug disc is to be regarded as 
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a mean of tlic colours of the several sectors — a mean in. which each 
of those oolonrs is assigned a weight proportional to the size of its 
sector. Odias, if the oGO degrees which compose the entire disc 
consist of .100° of red paper, 100° of green, and 1G0° of blue, the 
int<;n,sity of the light received from the red wlien the disc is rotating 
will he only of that wliich would be received from the red sector 
when seen at rest; and the total effect on the retina is represemted by 
of the intensity of the red, phts -?,[} of the intensity of the green, 
]iIlis J.,'?- of the intensity of the hlue; or if we denote the colours of 
the sectors by theii* initial letters, t]'i(.> effect may be symbol he<l by 

the formula bJ: llLb. Denoting the resultant colour by 0, we 

have the symbolic equation 

lOR + lOa + lCB-SGO; 

and the resultant colour may be called the mean of 10 parts of red, 
10 of green, and IG of hlue. Colour-equations, such as the above, 
are frequently employed, and may be combined by the same rules 
as ordinary equations. 

3. By causing two or more spectra to overlap. ^Ye thus obtain 
mixtures which arc the sums of the overlapping colours. 

If, in the experiment of § 1048, Ave employ, instead of a single 
straight slit, a pair of slits meeting at an angle, so as to form eitlier 
an X or a V, -we vshall obtain mixtures of all the simple colours two 
and two, since the coloured images of one of the slits wdil cross those 
of the other. The display of colours thus obtained upon a screen is 
exquisitely beautiful, ami if the eye is placed at anj^ P^hit of the 
image (for example, by looking tlirougli a hole in the screen), the 
prism will be seen filled with the colour which falls on this point. 

10'3'SI. Experiments of Helmholtz and Maxwell. — Helmholtz, in /m 
excc'llent scries of observations of mixtures of simple colours, cm- ' 
ployed a spectroscope with a V-shaped slit, the two strokes of the 
V being at right angh^s to one another; and by rotating the V he 
was able to diminish the breadth and increase the intensity of one 
of the two spectra, while producing an inverse change in the other. 
To isolate any part of the compound imago formed by the two over- 
Lapping spectra, he drew his eye back from the eye-piece, so as to 
limit his view to a small portion of tlie field. 

But the most effective apparatus for observing mixtures of siinpde 
colours is one devised by Professor Clerk Maxwell, by means of 
which any two or three colours of the spectrum can be combined in 





any required j)roporiions. In principle, this method is nearly equi- 
valent to looking through the hole in the screen in the experiment 
above described. 

Let P (Fig’. 7C9) be a prism, in the position of minimum deviation; 

L a lens ; E and R conjii- 

~~~~ L gilte foci for rays of a 

^ particular ref raiigibility, 

say rod; E and V conju- 
of an- 

other given refrangibi- 

Fig. 700.— Principle of Maxwell’s Coloiu'-box. lity, Say violct. If a slit 

is opened at R, an eye 
at E ■will receive only red rays, and will see the lens tilled with red 
light. If this slit be closed, and a slit opened at V, the eye, still 
placed at E, will see the lens filled with violet light. If both slits ■ 
be opened, it will see the lens filled with a uniform mixture of the 
two lights; and if a third slit be opened, between E. and Y, the lens 
will be seen filled with a mixture of three lights. 

Again, from the properties of conjugate foci, if a slit is opened at 
E, its spectral image will be formed at It V, the red part of it being 
at R, and the violet part at V. 

The apparatus W’as inclosed in a box jxrintod black within. There 
W'as a slit fixed in position at E, and a frame with three movable 
slits at R V. Wlicii it was de.sired to combine colours from three 
given parts of the spectrum, specitied V)y reference to Fraunhofer’s 
lines, the slit E was first turned towards the light, giving a real 
spectrum in the piano R Y, in which Fraunliofcr’s lines were visible, 
and the three movable slits were set at the three specified parts of 
the spectrum. The box was then turned end for end, so that light 
was admitted (reflected from a largo white screen placed in sunshine) 
at the movable slits, and the observer, looking in at the slit E, saw 
the resultant colour. , / 

"\ 1073. Results of Experiment. — ^The following are some of the prin- 
cipal results of experiments on the mixture of coloured lights: — 

1. .Lights which appear precisely alike to the naked eye yield 
identical results in mixtures; or employing the term similar to 
express apparent identity as judged by the naked eye, the sums of 
similar lights are themselves similar. It is by reason of this phy- 
sical fact, that colour-equations yield true results -when combined 
according to the ordinary rules of elimination. 


MIXTURE OF COLOURS. 


1093 


III the strict application of this rule, the same observer must be 
the j udge of similarity in the difterent cases considered. For 

2. Colours may be similar as seen by one observer, and dis.similar 
as seen by another; and in like nmhner, colours may be similar as 
scon tliroiigb one coloured glass, and dissimilar as seen tlirongh 
another. TLo reason, in both cases, is that seleetivo absorption 
depends upon real composition, which may he very dillerent for two 
menly similar lights. Most eyes are found to exhiliit selective 
absorption ol: a certain kind of elementary blue, which is accord- 
ing’ly we.akened before reaching the retina. 

3. Bcd.w'ecn any four colours, given in iiitensiLy as well as 
in kind, one colour-equation subsists; expressing the fact that, 
when we have the power of varying their intensities at pleasure, 
there is one definite way of making them yield & 'ttiafch. that is 
to say, a pair of similar colours. Any colour can. thoridbre be 
completely specified by three numbers, expressing its relation to 
three arbitrarily selected colours. This is analogous to the theorem 
in statics that a force? acting at a given point can he sjiecif ed by 
three numbers denoting its components in three arbitrarily selected 
directions. 

4. Between any five colours, given in intensity as well as in kind, 
a matcb can bo made in one definite vay by taking means;'- for 
example, by mounting the colours on two rotating discs. If wo had 
the power of illuminating one disc moi'e strongly than ilio other in 
any required ratio, four colours woMd be tlieoretieally sufficient; and 
wo can, in fact, do what is nearly ; equivalent to this, by employing 
black as one of our five colours. ;Taking means of colours is analo- 
gous to •finding centres of gravity. In following out the analogy, a 
colour given in kind merely must bo represented by a material 
point given in position merely, and the intensity of tlu'. colour must 
be represented by the mass of the material point. Tim means o:f 
two given colours will be represented by points in the line joining 
two given points. TTie means of three given colours will lie repre- 
sented by points lying within the triangle formed by joining three 
given points, and 'tlie means of four given colours will be repre- 
sented by points within a tetrahedron whose four corners are given. 
When we have five colours given, we have live points given, and of 
these generally no four will lie in one plane. Call them A, B, 0, D, E. 

^ Propositions 4 and 5 are not really independent, but represent different aspects of one 
physical (or rather idiysiologic^) law. 
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Then if E lies within the tetmlieclron A B G I), we can make the 
centre of gravity of A, and D coincide with E, and the colour 
E can he matched by a mean of the other four eoJoiir.s. 

If E lies outside the tetrahedron, it must l.to situated at a point 
from which either one, two, or three faces are visildo (the tctraliodron 
hoi iig regarded as oxiaqtie). 

If only one face is visible, let it bo BCD; then the point wheve 
the straight line E A ents B O B is the match; for it is a mean of 
E and A, and is also a meah of B, G, and I). 

If tAvo faces are visible, let bo ACD ami BCD; then 

the intersection of the edge' GB with the plane EAB is the 
match. 

If three faces are visible, let them be the three which meib at A; 
then A is the match, for it lies within the tetrahedron EB CB. 

With six giA^en colourSj combined live at a time, six different 
matches can be made, and six colour-equations will thus be obtained, 
the consistency of which among themselves Avili be a test of the 
accuracy both of theory and observation, as only three of the six can 
he really independent. Experiments Avhieh have been conducted on 
this ]Alan have gB-on very consistent results. i ' - 

1074, Cone of Colour. ---All the rcsii Its of mixing colours can 
bo represented geometrically by imxins of a cone or pyramid 
Avithiii Avhicb all x^ossible colours Avill have their definite places. 
The AX'rtex Avill rGx>resent total blackiUAss, or the complete al>sence 
of light; and colours situated on the same line jjassing through 
the vertex aauII differ only in intensity of light. Any cross- 
section of the cone Avill contain all colours, cxcaqAt so far as intensity 
is concerned, and the colours residing on its x)erimeter will bo the 
colours of the spectrum ranged in order, Avith puiqffe to till up tlie 
interval between violet and red. It appears from IffaxAVoirs experi- 
anents, that the true form of the cross-section is approximately 
triangular;^ Avitli red, green, and violet at the three corneiAs. When 
all the colours have been assigned their pi’oper ^daccs in the cone, 
a straight line joining any two of them passes through colours 
Avhich are means of these two; and if two lines are draAvn froin the 
vertex to any two colours, the parallelogram constructed on these 
two lines Avill liavo at its further corner the colour which is the sum 
of these two colours. A certain axial lino of the cone Aviil contain 

^ The shape of the triangle is a mere matter of convenience, not involving any question 
of fact. 
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white or gray at all points o£ its leiigth, and may be called the li%e 
of wldte, 

It is convenient to distinguish three qualities of colour which may 
be called Attc, and &r%/ii5»iess. 'Brightness f)r intensity of light 
is represented by distance from the vertex of the cone. Depth 
depends upon angular distance from tho line of 'whito, and is the 
same for all points on the same line through the vertex. Ihdeness 
or ^ is the opposite of depth, and is measured hy angular 

nearness to the line of white. Hiio or tint is that which is often 
par exeellence termed colour. If we suppose a plane, containing the 
line of ■white, to revolve about this line as axis, it will pass succes- 
sively through diflbrent tints; and in any one position it contains 
only two tints, which are separated from each otlier by the lino of 
white, and are complementary. 

lied is complementary to , . . . . . . . . BluLsii green. 


Orange „ „ Sky blue. 

Yellow „ „ Violet blue.. 

Greenish yellow „ . . Violet. 

Green „ „ ......... Pink. 


Any two colours of complementary tint give white, when mixed in 
proper proportions; and any three colours can be mixed in such 
proportions as to yield white, if the triangle formed hy joining tliem 
is pierced hy the line of white. 

Every colour in nature, except purple, is similar to a colour of the 
spectrum either pure or diluted with gray; and all purples are 
similar to mixtures of red and blue with or without dilution. 
Brown can be imitated by diluting orange with dark gray. The 
orange and yclloAv of the spectrum can them.selves he imitated by 
adding together red and green. 

- 1075. Three Primary Colour-sensations. — All authorities are now 
agreed in accepting the doctrine, first propoumled hy T)r, Thomas 
Youn'Lthat there are three elements of colonr-sensation ; or, in other 
words, t]n'(.‘e distinct physiological actions, which, by their various 
combinations, produce our various sensations of colour. Each is 
excitable hy light of various -wave-lengths lying within a wide range, 
but has a maximum of excitability for a particular wave-length, 
and is aficcted only to a slight degree by light of wave-length very 
different from this. The cone of colour is theoretically a triangular 
pyramid, having for its three edges the colours ■which correspond to 
these three wave-lengths; hut it is probable that -we cannot obtain 
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one of the three elementary coibnt-sensations quite free from admix- 
ture of the other two, and the edges of the |3yramid are thus practi- 
cally rounded oif. One of these sensations is excited in its greatest 
purity by the green near Fraunhofer’s line 6, another by the extreme 
red, au<l the third by the extreme violet. 

liehiilioitz ascribes these three actions to three distinct sets of 
nerves, hfiving their terminations in ditfcrent parts of the thickness 
of the retina— a supposition which aids in accounting for the approxi- 
mate achromatism of the eye, for the three sets of nerve-terminations 
may thus be at the proper distances for receiving distinct images of 
red, green, and violet respectively, the focal length of a lens being 
shorter for violet than for red. 

Light of great intensity, whatever its composition, seems to pro- 
duce a considerable excitement of all three elements of colour-sensa- 
tion. If a spectroscope, for example, he directed first to the clouds 
and then to the sun, all parts of the spectrum appear much paler in 
the latter case than in the former. 

The popular idea that red, yellow, and blue are the three prima- 
ries, is quite wrong as regards mixtures of lights or combinations of 
colour-sensations. The idea has arisen from facts observed in con- 
nection with the mixture of pigments and the tran.smission of light 
through coloured glasses. We have already pointed out the true 
interpretation of observations of this nature, and have only now to 
add that in attempting to construct a theory of the colours obtained 
by mixtiiros of pigments, the law of substitution of similars cannot 
be employed. Two pigments of similar colour will not in general 
give the same result in mixtures. 

■'\ f 1076. Accidental Images. — If we look steadily’" at a bright stained- 
glass window, and then turn our eyes to a 'white wall, we see an 
image of the window with the colours changed into their com- 
plementaries. The explanation is that the nerves 'wliieh have been 
strongly exercised in the perception of the bright colours have Iiad 
their sensibility diminished, so that the balance of aelioii which is 
necessary to the sensation of wldte no longer exists, but those 
elements of sensation which have not been weakened preponderate. 
The subjective appearances arising from this cause are called 'nega- 
tive aedde-yitai images. Many well-known effects of contrast are 
similarly explained. White paper, when seen upon a backgiround 
of any one colour, often appears tinged with the complementary 
and stray beams of siinlight entering a room shaded with 

i 
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yellow liolland Hinds, produce blue streaks wben they fall upon a 
white tablecloth. 

In some eases, especially when the object looked at is painfully 
bright, tlu're is a 'poaUive accidental image; that is, one of the same 
colour as the object; and this is frequently followed by a negative 
image, A positi\'e accidentab image may be regarded as an extreme 
fnstanco of the persistence of impressions. v 

1077. Colour-blindness.— What is called colour-blindness lias been 
found, in every case which lias been carefully investigated, to consist 
in tlie al'iseiico of the elementary sensation con’csponding to red. 
To persons thus aifected the solar spectrum appears to consist of 
two decidedly distinct colours, with white or gray at their place of 
junctiou, which is a little way on the less refrangible side of the 
line F. One of these two coloui's is H‘*^d.)tloss nearly identical with 
the normal sensation of blue or violet. It attains its maximum 
about midway between P and G, and extends beyond G as far as 
the normally visible spectrum. The other colour extends a censid{‘r- 
able distance*, into what to normal eyes is tlie red p>urtion of the 
spectrum, attaining its maximum about midway betwcfin D and E, 
and becoming deeper and more faint till it vanishes at aliout the 
place whore to normal eyes crimson begins. The scarlet of the 
spectrum is thus visible to the colour-blind, not as scarlet but as a 
deep dark colour, perhaps a kind of dark green, orange and yellow 
as brighter shades of the same colour, while bluish -green appears 
nearly white. 

It is obvious from this account that what is called ''colour-blind- 
ness ” should rather be called dichroiG vision, normal vi.sion being 
distinctively designated as tricliroic. To the diehroic eye any colour 
can be matclicd by a mixture of yellow and blue, and a match can 
be made between any three (instead of four) given colours. Oljects 
which iiavG the same colour to the trichroic eye liave also tlie same 
colour to the diehroic eye. 

1078. Colour and Musical Pitch,. — As it is compiletely esLablished 
that the ditlbrehco between the colours of the s]ieetrum i,s a difler- 
cnce of vibration-frequency, there is an obvious analogy between 
colour and musical pitch; but in almost all details tlic relations 
between colours are strikingly different from the relations between 
sounds. 

The compass of visible colour, including the lavender rays which 
lie beyond the violet,' asff .are joerhaps visible not in thoiiiselves, 
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but by tbe fluorescence which they produce on th(3 retina, is, 
according to Helmholtz, about an octave and a fourth; lait if we 
exclude the lavender, it is almost exactly an octavo. Attempts 
have been made to compare the successive colours of tlie spectrum 
with the notes of the gamut; but n\uch forcing is necessary to 
bring out any trace of identity, and the gradual transitions which 
characterize the spectrum, and constitute a feature of its beauty, are 
in marked contrast to the transitions ])er saltum which are required 
in music. 


CHAPTER LXXIY. 


^VAVE TUE(.)ilY 01-' LIUHT. 


1079. Principle of Huygens.^ — The propagation ot‘ waves, whether 
o£ sound or light, is a pro]-)agation of energy. Ihicli small portion o£ 
tlic niediuni experiences successive changes of state, involving changes 
in the forces wdiich it exerts upon neigldxmriug portions. These 
changes of force produce changes of state in these neighbouring por- 
tions, or in such of them as lie on the forward side of the wave, and 
thus a disturbance existing at any one p)art is propagated onwards. 

Let us denote by the name wave-front a continuous surface drawn 
through particles which have the same phase; then each wave-front 
advances with the velocity of light, and each of its points may be 
regarded as a sceondai’y centre from wdrich disturbances are continu- 
ally pr<)pagated. This mode of regarding the propagation of light is 
due to Hm’-gens, who derived from it the following j>rinciple, whicli 
lies at the root of all practical applications of the uiidulatory theory: 
The distarlxuice at any point of a vMve-front vs the residtant (given 
l)y the parallelogram of motions) of the separate dlsiurhances which 
the dUferevi povtlanH of the same Wiive-front in any one of its 
earlier podtions, woidd have, occamone.d if adiny dmyhj. This 
principle involves tlui physical fact that rays of light are not atfc-cted 
hy crossing one aaiother; and its truth, whicli has been experiment- 
ally tested by a variety of consecpiences, iimst I te taken as an indica- 
tion that the amplitudes of luminiferous vibrations am intinitcsimal 
in comparison ^Yitll tlio -wave -lengths. A similar law applies to the 
resultant of small disturbances generally, and is called hy writers on 
djaiamics the law of “superposition of small motions.” It is analo- 
gous to the arithmetical principle that, wdien a and h are very small 
fractions, the product of 1 -f- a and 1 -f & may he identified with 

^ For the spelling of this name see remarks hy Lalande, MCmoires de V Academic, 1773. 
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l+iX+?>; the term which represents the mutual influence of two 
small changes; being negligible in comparison with the sum a+Z> of 
the small changes themselves. 

? 1080. Explanation of Rectilinear Propagation. — In a medium in 
Avhich light travels with the same velocity in all parts and in all 
directions; the waves propagated fr(.>m any will be concentric 
spheres; having this point for centre; and tlie lines of proiiagation; 
in other words tlie rays of light, will bo tbo radii of those spheres. 
It can in fact he shown that the only part of one of these waves 
which needs to ho considered, in computing the rc^sultant disturhance 
of an external point, is the part which lies directly between this 
external point and the centre of the sphere. The remainder of the 
wave-front can be divided into small parts, eacli of which, by the 
mutual interference of its own subdivisions, gives a I’esultant effect 
of zero at the given point. We express these properties by saying 
that in a homoge-neous (ind isotrojne medimn the 'ivavc-surface is a 
sphere;, and the rags are normal to the ivave-fronts. This class of 
media includes gases, liquids, crystals of the cubic system, and well- 
annealed glass- 

If a medium bo homogeneous but not isotropic, disturbances 
emanating from a point in it Avill be propagated in \ravos which will 
retain their form unchanged as they expand in receding from their 
source, Init this form will not gemnully bo spbericaL The rays of 
light in such a medimn will ])e straight, proceeding dirc'ctly from the 
centre of disturbance, and an}” one ra}’’ will cut all tlie v'avo-fronts 
at the same angle; but this angle •^vill genei'ally bo different for 
different rays. In this case, as in the last, the disturbance produced 
at any point may be computed by merely taking into account tliat 
small portion of a wave-front which lies directly between the given 
point and the source, — in other words, which lies on or very near to 
the ray which traverses the given point. 

A disturbance in such a medium usually gives rise to two sets of 
waves, having two distinct forms, and these remarks apply to each 
set sei.'iarately. 

The tendency of the different parts of a wave-front to propagate 
disturbances in other directions besides tbo single one to which such 
propagation is n.sually confined, is manifested in certain phenomena 
which are included under the general name of diffraction. 

The only wave-fronts with which it is necessary to concern our- 
selves are those wdiich belong to waves emanating from a single 
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point, ^—-tbat is to say, either from a surface really very small, or 
from a surface wliicli, by reason of its distance, subtends a very 
small solid angle at the parts of space considered. . / ^ , 

. 1081. Application to Eefraction.- — When waves are propagated from 
one medium into another, the principle of Huj'gcns leads to the 
fVdlowingv construction 

Let A E (Fig. 770) represent a portion of the surface of separation 
between, two media, and AB a portion of a wave-front in tlie first 
medium; both portions being small enough to be rt^garded as plane. 



Then straight lines C A, D B E, normal to the wave-front, represent 
rays incident at A and E. From A as centre, describe a wave-surface, 
of such dimensions that light emanating from A \voiild reach this 
surface in the same time in which light in air travels the distance 
B E, and draw a tangent plane (perpendicular to the plane of incid- 
ence) through. E to this surface. Let .F he the jjoint of contact 
(which is not necessarily in the plane of inciilencc). Then the tan- 
gent plane E F is a wave-front in the second mediiim, and A F is a 
ray in the second medium; for it can ho shown that disturbanci's 
propagated from all points in the wave-front AB will just have, 
reached E F when the disturbance propagated from B lias reached E. 
For example, a ray proceeding from m, the middle point of the line 
AB, will exhaust half the time in travelling to the middle point a 
of A E, and the remaining half in travelling through af, equal and 
parallel to half of A F. 

Wlien the wave-surfaces in both media are spherical, the j^lanes of 
incidence and refraction ABE, AFE coincide, the angle BAE 
(Fig. 771) between the first wave-front and the surface of separation 
is the same as the angle between the normals to these surfaces, that 
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is to say, is the angle of incidence; and the angle AEF hetween 
the surface of seinaration and the second wave-front is the angle of 

-■BE ' ■ 

refraction. The sine of the former is and the sine of the latter 

is The ratio therefore But BE and AF are the 

distances travelled in the same 
y time in the two media. Hence 

f the sines of the angles of in- 

L cidence and refraction are di- 

/ / rectly as the velocities of pro- 

/ / pagation of the incident and 

^ refracted light. The 

J / y index of refraction from one 

medium into another is there- 
/ fore the rcitio of the velocity 

of light in the first medium to 
its velocity in the second; and 
the ahsolute irnlex of refraction of uny medium is inversely as the 
velocity of light in that medium, ' f 

i 1082. Application to Reflection.~The explanation of reflection is 
precisely similar. Let C A, D E (Fig. 772) he parallel rays incident 
at A and E; AB the wave-front. As the successive points of the 

surface, hemisphericjal wmves 
diverge from the points of in- 
cidence; and hy the time that 
B reaches E, the wave from A 
will have diverged in all diree- 
tions to a distance equal to 
BE. If then 'we descrihe in 
the plane of incidence a semi- 
circle, Avith centre A and radius 
equal to B E, the tangent E F 
to this semicircle wip Pe the 
wave -front of the reflected 
light, and A F will he the reflected ray corresponding to the incident 
ray GA. From the equality of the right-angled tj'i angles ABE, 
EFA, it is evident that the angles of incidence and reflection arc 
equal. ; ■ * 

1083. KTewtoniaa Explanation of Refraction.-— In the Newtonian 
theory, the change of direction which a ray experiences at the bound- 


Fig. 771.— Wav’e-front in Ordinary Ilefraction. 


Fig. 772.— 'Wuve-frout in Reflection. 


Foucault’s crucial experiment. 
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ing surface of two media, is attributed to tlie preponderance of tbe 
attraction of the denser medium upon the particles of light. As the 
resultant force of this attraction is normal to the surface, the tan- 
gential component of velocity remains unchanged, and the normal 
component is increased or diminished according as tlie i neidcnce is 
from fare to dense or from dense to rare. Let /z denote the relative 
index of refraction from rare to dense. Let v, 'f' he the velocities of 
light in the rarer and denser mecliiim respectively, and i' the angles 
which the rays in the two media make with the normal. Then the 
tangential components of velocity in the two media are v sin L v' auii' 
respectively, and these by the Newtonian tlieory are equal ; v.dience 

whereas according to the undulatory theory ~ = \ In 

the Newtonian theory, the velocity of light in any medium is 
directly as the absolute index of refraction of the medium ; whereas, 
in the undiilatory theory, the reverse rule holds. 

The main design of Foucault’s experiment with the rotating mirror 
(§ 942), in its original form, was to put these opposite conclusions to 
the test of direct experiment. For this purpose it was not necessary 
to detei’inine the velocity of the rotating mirror, since it affected 
both the observed displacements alike. The two imag«\s were seen 
in the same field of view, and were easily distinguished by the green- 
ness of the water-image. In every trial the water-image was more 
displaced than the air-image, indicating longer time and slower velo- 
city; and the measurements taken were in complete accordance with 
the undulatory thooiy, while the Newtonian theory was conclusively 
disproved. ' 

• 1084. Principle of Least Time. — The path By which light travels 
from oiie point to another is in the generality of eases that, wliicli occu- 
pies least time. For example, in ordinary cases of retleetion (except 
from very concave^ surfaces), if we select any two pjoii it s, crus on the 
incident and the other on the reffected ray, the sum of their distances 
from the point of incidence is less than the sum of their distances 
from any neighbouring point on the reflecting' surface. In this case, 
since only one medium is concerned, distance is proportional to time. 
When a ray in air is refracted into water, if we select any two points, 

^ Suppose an ellipse described, having the two seleetod points for foci, and passing 
through the point of incidence. If the curvature of the reflecting surface in the plane of 
incidence is greater than the curvature of this ellipse, the length of tho path is a maximum, 
if less, a minimum. This follows at once from the constancy of the sum of the focal 
distances in an ellipse. 
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one on the incident find tiie other on the roiVactod ray, and call their 
distances fmm any point of the refracting surface s, s' respectively, 
and the velocities of propagation in the tiro media v, v\ then the sum 

of and is generally less when s and s' are measured to the point 
of incidence than ^vhen they arc measured to any neighhouring point 
on the surface. is evidently tlie time of going from the first point 
to the refi-aetinu: surface, and the time from the refracting surface 
to the second point. 

The proposition as ahovo enunciated admits of certain, exceptions, 
the time being sometimes a maximum instead of a minimum. The 
really essential condition (which is fulfilled in both these opposite 
cases) is that all points on a small area surrounding the point of 
incidence give iiimfiihlj the same time. The component 'waves sent 
from all parts of this small area will be in the same phase, and will 
propagate a ray of light by their combined action. 

When the two points considered are conjugate foci, and there i.s 
no aberration, this condition must be fulfilled byall the rays which 
pass through both; and the time of travelling from one focus to the 
other is the same for all the rays. Spherical waves divorgiiig from 
one focus will, after incidence, become spherical waves converging to 
or diverging from its conjugate focus. An efiect of this kind can be 
beautifully exhibited to the eye by means of an elliptic disli contain- 
ing mercury. If agit.ation is produced at one focus of the ellipse by 
dipping a small rod into the liquid at this point, circular weaves will 
be seen to converge towards the other focus. A circular dish exhi- 
bits a similar result somewhat imperfectly; waves diverging from a 
point near the centre will be seen to converge to a point symmetri- 
cally situated on the other side of the centre. 

When the second point lies on a caustic surface formed by the 
rcfiection or refraction of rays emanating from the first point, all 
points on an area of sensible magnitude in the neighbourhood of the 
point of incidence would give sensibly the same time of travelling 
as the actual point of incidence, so that the light which traverses 
a point on a caustic may he regarded as coming from an area of 
sensible magnitude instead of (as in the case of points not on the 
caustic) an excessively small area. An eye ]Dlacftd at a point on a 
caustic will .see this portion of the surface fille<i with light. 

- - As the velocity of light is inversely proportional to the index of 
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refraction p., tlic time of travelling a distance s with constant velocity 
may be represented by ps, and if a ray of light passes from one point 
to another by a crooked path, made up of straight lines Sj, So, Sg, .... 
lying in media whose absolute indices are fx,, p., . . . , the expres- 
sion -f s ,2 + ftg §3 -j- . . . represents the time of passage. This 
expression, which may be called ike sum of such terms as (xs, must 
therefore fulfil the above condition; that is to say, the points of 
incidence on the surfaces of separation must ho so situai.ed that this 
sum either remains absolutely constant when small changes arc sup- 
posed, to he made in the ])ositions of these points, or else retains that 
approximate constancy which is clmractoristic of maxima and minima. 
Conversely, all linos from a luminous p<jiut which fulfil this condition, 
will he paths of actual rays. . , . / ' ' 

1085. Terrestrial Refraction.’-^The atmosphere may bo regarded as 
homogeneous when we confine our attention to small portions of it, 
and hence it is sensibly true, in ordinary experiments where no great 
distances are concerned, that rays of liglit in air are straight, just as 
it is true in the same limited sense that the surface of a liquid at rest 
is a horizontal plane. The surface of an ocean is not plane, but 
approximately spherical, its curvature being quite sensible in ordinary 
nautical observations, whore the distance concerned is merely that 
of the visible sea-horizon; and a correction for curvature is in like 
maimer required in observing levels on land. If the ohseiver is 
standing on a perfectly level plain, and observing a distant object at 
precisely the same height as his eye above the plain, it will appear 
to be below his eye, for a horizontal 'plane through his eye will pass 
above it, since a perfectly level plain, is not plane, but shares in the 
general curvature of the earth. It is easily proved that the apparent 
depression due to this cause is half the angle between the verticals 
at the positions of the oh.sorver and of the object observed. But 
experience has shown that this apparent depression is to a consider- 
able extent modified by an opposite disturlfing cause, called terres- 
trial 'ce/mctlori: When the atrnosjihere is in its normal condition, 
a ray of light from the object to the observer is not straight, hut 
is slightly concave downwards. 

This curvature of a nearly horizontal ray is not due to the curva- 
ture of the earth and of the layers of equal density in the earth’s 
atmosphere, as is often erroneously supposed, but would still exist, 

^ For tho leading idea which is developed in §§ 1085-1087, the Editor is indebted to 
suggestions from Professor James Thomson. 

To ■ 
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and with no sonsiLle cliaiigo in its amount, if tlie earth’s surface were 
plane, and the directions of gravity everywhere parallel. It is due 
to the fact that light travels faster in the rarer air above than in the 
denser air below, so that time is saved by deviating slightly to the 
upper side of a straight course. The actual amount of curvature (as 
determined by surveying) is from i- to -do of the curvature of the 
earth ; that is to say, the radius of curvature of the ray is from 2 to 
10 time-s the earth’s radius. 

1086. Calculation of Curvature of Bay. — In order to calculate the 
radius of curvature from physical data, it is better to approach the 
subject from a somewhat different point of view. 

The wave-fronts of a ray in air are perpendicular to the ray; and 
if the ray is nearly horizontal, its wave-fronts will he nearly vertical. 
If two of these wave-fronts are produced downwards until they meet, 
the distance of their intersection from the ray will be tlie radius of 
curvature. Let us consider two points on tbe same wa-ve-iront, one 
of them a foot above the other; then the upj)er one being in rarer air 
will be advancing faster tlian the lower one, and it is easily shown 
that- the difference of their velocities is to the velocity of cither, as 
1 foot is to the radius of curvature. 

Put (3 for the radius of curvature in feet, v and •y-f-tJ ?? for the two 
velocities, /a and /u~- for the indices of refraction of the air at the 
two points. Then we have 

Z 0 If. 0 ^ ns t / i \ 

_ ^2: 0/^ ziearly. (I) 

■ ■ p V , p ^ , , 

Now it has been ascertained, by direct experiment, that the value 
of j£ 4 — 1 for air, within ordinary limits of density, is sensibly pro- 
portional to the density (even when the temperature varies), and is 
*0002943 or -siVir tho density corresponding to the pressure 7G0”™, 
(at Paris) and temperature 0®C. The difference of density at the two 
points considered, supposing them both to bo at the same tempera- 
ture, will be to tbe density of either as 1 foot is to tho “ height of 
the homogeneous atmosphere” in feet, which call H (§ 211). Then 

will be and tbe value of ^ in (1) may bo -written 

j = 1) = j£ (m- 1) =11 f-) 

Hence p is 3400 times tbe height of the homogeneous atmosphere. 
. But this height is about 6 miles, or -^1-^ of the earth’s radius. The 
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value of p is therefore about 4| radii of the earth. This is on the 
assumptions that the bardmeter is at 760“*“, the thermometer at 0° C., 
and that there is no change of tempemtnre in ascending. If 'WO depart 
from these assumptions, we have the following consequences: — 

I. If the harometer is at any other height, the factor g. remains 

unaltered, and the other factor ju —1 varies d.irectly as the pressure. 

II. If the temperature is f Ceritigr.adc, II is changed in the direct 
ratio of l + a t, a denoting the coefficient of expansion. The first 

factor is therefore changed in the inverse ratio of 1 + a t The 

second factor is changed in the same ratio. The curvature of tin.' I’ay 
therefore varies inversely as (1 + a 

III. Suppose the temperature decreases upwards at the rate of "• 

of a degree Centigrade per foot. The expansion due to -- of a degree 
Centigrade is The first factor or will 

*=> p-V densiiy 

therefore become g - which, if we put % = 54i0 (coiTesponding 
to 1° Falir. in SOO feet), and rechion H as 26,000, is approximately 
<>^00“" 347065 hV^ ~6/* The seeoM factor of the expr for - 
is unaffected. 1 1 appears, then, that decrease of temperature upwards 
at the rate of 1° 0. in 640 feet, or l^ F. in SOO feet (which is the gene- 
rally-received average), makes tire eurvariire of the ray five-sixths of 
what it would he if the temperature were uniform^ 

Combining this correction with correction II., it appears that, with 
a mean temperature of 10'* G. or 60'’ F., and barometer at 760”““, the 
curvature of a nearly horizontal ray (taking the car tide curvature as 
unity) is 

This is in perfect agreement with observation, the received average 
(obtained as an empirical deduction from observation) being 4 or 
1087. Curvature of Inclined Rays. — Thus far we have heexi treating 

of nearly horizontal rays. To adapt our formula for - ( (2) § lOSG) to 
the case of an oblique ray, we have merely to multiply it hy cos 0, 

If tlio temperature decreases upwards at the rate of 1° 0. in n feet, or 1° F. in n' feet, 

the first factor of the expression for I (which 'woxild be I- at uniform temperature) becomes 

p Jd. 
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0 denoting tlie iiicliiin,tion of tlie ray to the horizontal, or the inclina- 
tion of the -wave-frfJnt to the vertical. For, if we still compare two 
points a foot apart, on the same wave-front, and in the same vertical 
plane with each other and with the ray, their difference of height 

will be the product of 1 foot by cos 0, and ^ will therefore be loss 

than before in the ratio cos 0. : ^ ^ 

Hence it can be shown, that the earth’s curvature, so far from 
being the cause of terrestrial refraction, rather tends in ordinary cir- 
cinustances to diminish it, by increasing the average obliquity of a 
ray joining two points at the same level. 

The general formula for the curvature of a ray (lying in a vertical 
plane) at any point in its length, may be written 


(i^~l) cose 

p H \ » / 


n denoting the number of feet of ascent which give a decrease of 1° C., 
and 7h' the number of feet which give a decrease of 1° F. The unit 
of length for H and p may be anything we please. 

1088. Astronomical Refraction,-— Astronomical refraction, in virtue 
of which stars appear nearer the zenith than they really arc, can be 
reduced to these principles; but it is simpler, in the case of stars not 
more than '70'’ or 80“ from the zenith, to regard the earth and the 
layers of equal density in the atmosphere as plane, and to assume 
(§993) that : the final result is : the same as if the rays from the star 
were refracted at once out of vacuum into the horizontal stratum of 
air in which the observer’s eye is sitnated. If 2 ; be the apparent and 
s+h the true zenith distance, we shall thus have 


whence 


sin s — sin {3* -f- /i) 

ss sin e cos A + ens 3 sin //. 
=5 sin 0 + A cos z, nearly, 


1089. Mirage, — An appearance, as of water, is frequently seen in 
sandy deseid.s, where the soil is highly heated by the sun. The 
observer sees in the distance the reflection of the sky and of terres- 
trial objects, a,s in the surface of a calm lake. This phenomenon, 
which is called rdimge, is explained by the heating and consequent 
rarefaction of the air in contact with the hot soil. The density. 
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within a certain distance of the ground, increases upwards, and rays 
traversing this portion of the air are hent upwards (Fig. VTS), in 
accordance with the general rule that the concavity must bo turned 
towards the denser .side. ’Rtiys which were descending at a very 
slight inclination before entering this stratum of air may have their 
direction so much changed as to he 1.)ent up to an ol)server’s eye, an<i 
the change of direction wall he greatest for those rays wdiich have 



descended lowest; for these not only have travelled for the 
greatest distance in the stratum, hut will also have travelled through, 
that part of it in which the change of density^ is most rapid, Ilcnce, 
if wc trace a jiencil of rays from the observer's eye, wc shall find 
that those of them whicli lie in the same vertical piano cross each 
other in traversing this stratum, and thus produce inverted images. 
If the stratum is thin in comparison with tlm* height of the observer’s 
e}re, the appeai’ance presented will be nearly equivalent t(,) that pro- 
duced by a mirror, while the objects thus 3'eficcted a, re also seen erect 
by higher rays which have not descended into the vStr.'itum where this 
action occurs. 

A kind of inverted mirage is often seen across masses of calm 
water, and is called looraing; images of distant ol jects, such as ships 
or hills, being seen in an inverted position iininediately over tlie 
objects themselves. The explanation just given of the mirage of the 
desert will apply to tliis phenomenon also, if we suppose at a certain 
lieight, greater than that of the ohserver’s eye, a layer of rapid tran- 
sition from colder and denser air below to warmer and rarer air 
above. 
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An appearance similar to mira,ge may Le obtained by gently 
depositing alcohol or luethylatod spirit upon water in a vessel with 
plate-glass sides. The spirit, though lighter, has a higher index of 
refraction thau the water, and rays traversing the layer of transition 
are bent upwards. This layer accordingly behaves like a mirror 
when looked at very obliquely by an eye above it.^ 

1090. Curved Eays of Sound. — The reasoning of §§ lOSl, lOSG can 
be applied, with a slight modification, to the propagation of sound. 

Sound travels faster in warm than in cold air. On calm sunny 
afternoons, when the ground has hecome highly heated by the sun’s 
rays, the temperatui’e of the air is much higher near the ground than 
at moderate heights; hence sound bends upwards, and may thus 
become inaudible to observers at a distance by passing over their 
heads. On the other hand, on clear calm nights the gTOund is cooled 
hy radiation to the sky, and the layers of air near the ground are 
colder than those above them; hence sound bends downwards, and 
may thus, by arching over intervening obstacles, become audible at 
distant points, which it could not reach by rectilinear propagation. 
This influence of temperature, which was first pointed out by Pro- 
fewssor Osborne Beynolds, is one reason why sound from distant 
sources is better heard by night than by day, 

A similar effect of wind had been previously pointed out by Pro- 
fessor Stokes. It is well known that sound is better lieard with the 
wind than against it. This difference is due to the circumstance 
that wind is checked hy friction against the earth, and therefore 
increases in velocity upwards. Sound travelling with the wind, 
therefore, travels fastest above, and sound travelling against the 
wind travels fastest below, its actual velocity being in the former 
case the sura, and in the latter the difference, of its velocity in still 
air and the .velocity of the wind. The velocity of the wind is so 
much loss than that of sound, that if uniform at all heights its influ- 
ence on audibility would scarcely be appreciable. 

1091. Calculation, — To calculate the curvuture of a ray of sound 
duo to variation of temperature with height, we may employ, as in 

§ 1080, the formula ~ = where 2 denotes the difference of velocity 

for a diflbrencG of 1 foot in height. The value of v varies as V (1 -f- h i!), 
or approximately as 1 + -^ at, t denoting temperature, and « the co- 

. ^ A more complete discussion of the optics of mirage will be found in two papers by 

the editor of this work in the Philosophical Magazine for March and April, 18/3, and in 
Hatun for Nov. 19 and 26, 1874. 
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efficient of expansion, wliicli is Hence if the velocity at u be 
denoted by 1, the value at f will be denoted by 1 
temperature varies by ^ of a degree per foot, the value of — at tem- 
peratures near zero will be that is, ^ud the radius of curva- 
ture will be 546% feet. This calculation ;shows that tlie bending is 
much more considerable for rays of sound than for rays of light. ; • 
. 1092. Diffraction i’ringes.---When a beam of d sunlight is 

admitted into a dark room through a narrow slit, a screen placed at 
any distance to receive it will show a line of white light, bordered 
■with coloured fringes which become 'wider as the slit is narrowed. 
They also increase in width as the screen is removed further off. If 
they are viewed through a piece of red glass which allows only red 
rays to pass, they will appear as a succession of bands alteimately 
bright and dark. 

To explain their origin, we shall suppose the sun’s rays (which may 
be reflected from an external mirror) to be perpendicular to tlie piano 
of the slit,^ so that the wave-fronts are parallel to this plane, and we 
shall, in the first instance, confine our attention to light of a particular 
w'ave-lGngth; for example, that of the light transmitted by tlio red 
glass. Then, if the slit be uniform through its whole length, the 
positions of the bright and dark bands will he governed by the fol- 
lowing laws: — 

1. The darkest parts will be at points whose distances from the 
two edges of the slit differ by an exact number of wave-lengths. If 
the di'fierence he one wave-length, the : light, whi^^^ arrives at any 
instant from different parts of the width of the slit is in all possible 
phases, and the resultant of the whole is: zero. In fact, the disturb- 
ance produced by the nearer half of the slit cancels that produced 
by tbe remoter half. If the difference, be % wave-lengths, we can 
divide the slit into % parts, such that the effect due to each part is 
thus nil. 

2. Tlio brightest parts will be at points whose distfinees from the 
two edges of the slit difi er by an exact number of wuivc-lengths 

That is, to the i)haio of the two knife-edges by which the .slit is bounded. Thi.«! condi- 
tion can only be strictly fulfilled for a single point on the sun’s disc. Every point on the 
sun’s surface sends out its own waves as an independent source ; and -waves from one point 
cannot interfere with waves from another. In the experiment as descrihed in the text 
the fringes due to different parts of the sun’s surface are all produced at once on the 
screen, and overlap dach other. 
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a half. Let the difference be then we can divide the slit into 

n inefficient parts and one efficient part, this latter having only half 
the width of one of the others.' 

Each colour of light has its ownalternate bands of brightness and 
darkness, the distance from band . to band being greatest for red and 
least for violet. The superposition of all the bands constitutes the 
coloured fringes wdffch are seen. . 

This experiment furnishes the simplest answer to the objection 
formerly raised to the undulatory thet^ry, that light is not able, like 
sound, to pass round an obstacle, but can only travel in straight linos. 
In this experiiiie,nt light does pass round an obstacle, and turns more 
and more away from a straight line as the slit is narrowed. 

"When the slit is not exceedingly narrow, the light sent in oblique 
directions is quite insensible in comparison with the direct light, and 
no fringes are visible. ‘‘We have reason to think that when sound 
passes through a very large aperture, or when it is reflected from a 
large surface (which amounts nearly to the same thing), it is hardly 
sensible except in front of the opening, or in the direction of reflection.”- 

There are several other modes of producing diffraction fringes, 
which our limits do not permit ns to notice. We proceed to describe 
the mode of obtaining a pure spectrum by diffraction. 

Z- 1093. Diffraction by a Grating. — If a piece of glass is ruled with 
parallel equidistant scratches (by means of a dividing engine and 
diamond point) at the rate of some hundreds or thousands to the inch, 
we shall find, on looking through it at a slit or other bright line (the 
glass being held so that the scratches are parallel to the slit), that a 
number of spectra are presented to view, ranged at nearly equal 
distances, on both sides of the slit. If the experiment is made under 
favourable circumstances, the spectra will be so pure as to show a 
number of Fraunhofers line.s. 

Instead of viewing the spectra with the naked eye, we may with 
advantage employ a telescope, focussed on the plane of the slit; or 
we may project the spectra on a screen, by first placing a convex 

^ Each elemeiit of the length of the slit tends to 2 :)i'oduce a system of circular rings (the 
screen being supjposed parallel to the plane of the slit). If the ^yi^lt]l of the slit is uniform, 
these systems will be precisely alike, and will have for their resultant a system of straight 
bands, parallel to the slit and touching the rings. Those are the bands described in the 
text. Hence, to determine the illumination of any point of the screen, it is only necessary 
to attend, as in the text, to the nearest points of the two edges of the slit. 

®Airy, Undulatory Theory. Art. 28. 
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lens so as to form an image of the slit (which must he very strongly 
illmuinatcd) on the screen, and then interposing the ruled glass in 
the path of the beam. 

A piece of ghivss tlms ruled is called a grating} A grating for 
difiraction experiments consists essentially of a number of parallel 
strips alternately traaisparent and opaque. 

The distance between the “tised lines’’’ of the spectra, and the 
distance from one spectrum to the next, are found to depend on the 
distance of the strips moasui-ed from centre to centre, in other words, 
on the iiumlxir of scratches to tlie inch, but not at all on the relative 
breadths of the transparent and opaque 
strips. This latter circumstance only 
affects the brightness of the spectra. 

Diffraction spectra arc of great practi- 
cal importance — 

1. As furnishing a uniform standard of 
reference in the comparison of spectra. 

2. As affording' the most accurate 
method of determinino’ the wave-lengths 
of the difl’erent elementary rays of 
light. 

V :' 1084. Principle of Diffraction Spectrum. 

— Let GG (Fig- 774) he a grating, re- 
ceiving light from an infinitely® distant 
point lying in a direction perpendicular 
to the plane of the grating, so that the 
wave-fronts of the incident light are 
parallel to this plane. Let a convex 
lens L be placed on the other side of the 
grating, and let its axis make an acute 
angle Q ■with the rays incident on the 
grating. Then tlie light collected at 
its principal focus F consists of all the 
light incident upon the lens parallel to 
its axis. Let s denote the distance 



Fig. 774 ■ 

rrindplc of Diii'raction Spoctnnn. 


Engraved glas.s gratings of sufficient size for spoeti'oscopic pnrpo.ses (.say an incli sqnai’c) 
are extremely exjiensive and difficult to proenro. Lord Eayleigli lias made numerous 
jffiotogi'aphic copjics of such gratings, and the copies appear to he equally effcctivo with 
the originals. 

* It is not necessary that the source should he infinitely distant (or the incident I’ays 
parallel); but this is the simplest case, and the most usual case in practice. 
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between tlie rulings, measured from centre to centre, so that if, for 
example, there are 1000 lines to the inch, s will be xijinr of an inch; 
and siijipose first that s sin d is exactly equal to the wave-length X of 
one of the elementary kinds of light. Then, of all the light which 
falls upon the lens parallel to its axis, the left-hand portion in the 
figure is most retarded (having travelled farthest), and the right-liand 
portion least, the retardation, in comparing each transparent interval 
with the next, being constant, and equal to s sin 6, as is evident from 
an inspection of the figure. Now, for the particular kind of light for 
which X = 8 sin 0, this retardation is exactly a wave-length, and all 
the transparent intervals send light of the same phase to the focus F ; 
so that, if there are 1000 such intervals, the resultant amplitude 
of vibration at F is 1000 times the amplitude due to one interval 
alone. For light of any other wave-length this coincidence of phase 
will not exist. For example, if the difference between X and s sin 0 
is xdW difference of phase between the lights received from 
the 1st and 2d intervals will be X, between the 1st and 3d xjnnr 
between the 1st and 501st K or just half a wave-length, and 
so on. The 1st and 501st are thus in complete discordance, as are 
also the 2d and 502d, &c. Light of every wave-lengdh except one 
is thus almost completely destroyed by interference, and the light 
collected at F consists almost entirely of the particular kind defined 
by the condition 

X = s sin (?. (1) 

The purity of the diffraction spectrum is thus explained. 

If a screen bo held at F, with its plane perpendicular to the prin- 
cipal axis, any point on this screen a little to one side of F will 
receive light of another definite wave-length, corresponding to an- 
other direction of incidence on the lens, and a pure spectrum will 
thus bo depicted on the screen. X. , 

1090. Practical Application. — In the arrangement actually em- 
ployed for accurate observation, the lens L L is the object-glass of a 
telescope with a cross of spider-lines at its princijial focus F. The 
telescope is first pointed directly towards the source of light, and is 
then turned to one side through a measured angle 9. Any fixed line 
of the spectrum can thus he brought into apparent coincidence with 
the cross of spider-lines, and its wave-length can be computed by 
the formula (1). 

The spectrum to which formula (1) relates is called the spectrum 
of the first order. 
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Tliere is also a spectrum o£ the second order, corresponding to 
values of 0 nearly twice as great, and for which the equation is 

2 X = s sin '0. (2) 

For the spectrum of the third order, the equation is 

^ 3X = ssin0; (3) 

and so on, the explanation of their formation being almost precisely 
the same as that above given. There are two spectra of each order, 
one to the right, and the other at the same distance to the left of 
the direction of the source. In Angstrom’s observations,^ whicb are 
the best yet taken, all the spectra, up to the sixth inclusive, were 
observed, and numerous independent determinations of wave-length 
were thus obtained for several hundred of the dark lines of the solar 
spectrum. 

The source of light was the infinitely distant image of an illumi- 
nated slit, the slit being placed at the principal focus of a collimator, 
and illuminated by a beam of the sun’s rays reflected from a mirror. 

The purity of a diflraction spectrum increases with the number of 
lines on the grating which come into play, provided that they are 
exactly equidistant; and may therefore be increased either by in- 
creasing the size of the grating, or by ruling its lines closer together. 
The gratings employed by Angstrom were about f of an inch square, 
the closest ruled having about 4500 lines, and the widest 1500. 

As regards brightness, diflraction spectra are far inferior to those 
obtained by prisms. To give a maximum of light, the opaque inter- 
vals should be perfectly opaque, and the transparent intervals per- 
fectly transparent; but even under the most favourable conditions, 
the whole light of any one of the spectra cannot exceed about -jV 
of the light which would be received by directing the telescope to 
the slit. The greatest attainable intrinsic brightness in any part of 
a diffraction spectrum is thus not more than jV of the intrinsic 
brightncvss in the same part of a prismatic spectrum, obtained with 
the same slit, collimator, and observing telescope, and with the same 
angular separation of fixed lines. The brightness of the spectra partly 
depends upon the ratio of the breadths of the transparent and 
opaque intervals. In the case of the spectra of the first order, the 
best ratio is that of equality, and equal departures from equality in 
opposite directions give identical results; for example, if the breadth 

^Angstrom, Recherchu sur la Sjiectre sdaire, ITpaal, 1S6S, 
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o£ the traiispai’oiit intervals is to the breadth o£ the opaque eiiher 
as 1 : 5 or as 5 : 1, it can be shown that the quantity of light in the 
first spectrum is just a quarter- of what it would be with the. breadths 
equal. 

When a dilFraction spectrum is seen with the naked eye, the 
cornea and ciystalline of the eye take the place of the lens L L, and 
form a real imag’O on the retina at F. 

1096. Betardation Gratings. — If, instead of supposing the bars of 

the grating to be opaque, we suppose them to be transparent, but to 
produce a definite change of phase either by acceleration or retarda- 
tion, the spectra produced will be the same as in the ease above 
discussed, except as regards brightness. W c may regard the efibet 
as consisting of the superposition of two exactly coincident sets of 
spectra, one due to the spaces and the other to the hars. Any one 
of the resultant spectra may be either brighter or loss bright than 
cither of its components, according to the difterence of phase between 
them. If the bars and spaces are equally transparent, the two .super- 
imposed spectra will be equally bright, and their resultant at any 
part may have any brightness intermediate hetween zero and four 
timas that of either component. ‘ , 

1097. Eefiection Gratings. — Difiraction spectra can also bo obtained 

by reflection from a surface of speculum metal fiiiGly ruled with 
parallel and equidistant scratches. The appearance presented is the 
same as if the geometrical image of the slit (with respect to the 
grating regarded as a plane mirror) were viewed through tlm grating 
regarded as transparent. ' ■ 

1098. Standard Spectrum. — ^The simplicity of the law connecting 
wave-length with position, in the spectra obtained by difiraction, 
offers a remarkable contrast to the “irrationality” of the dispersion 
produced by prisms. Diffraction spectra may thus be fairly regarded 
as natural standards of comparison; and, in particular, the limiting 
form (if we may so call it) to. which the diffraction spectra tend, 
as sin d becomes small enough to be identified with 6, so that devia- 
tion becomes simply proportional to wave-length, is generally and 
deservedly accepted by spectroseopists as the ahsoluie standard of 
reference. Thi.s limiting form is often briefly de.signated as “the 
diffraction spectrum;” it differs in fact to a scarcely appreciable 
extent from the first, or even the second and third spectra furnished 
in ordinary cases by a grating. 

The diffraction spectrum differs notably from prismatic spectra in 
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tlie mucli greater relative extension ol the I'ed end. Owing to this ^ 
circumstance, the hrightest part of the ^dilfraction spectrum of solar 
light is nearly in its centre. 

The first three columns of numbers in the subjoined table indicate 
the approximate distances between the fixed lines B, D, E, F, G in 
certain prismatic spectra, and in the standard diffraction spectrum, 
the distance from B to G being in each case taken as 1000: — 



riint-glass. 
Anglo of 60“. 

Bisulphide of 
Oarbon. 
Angle of 60*. 

Diffraction, or 
Difference of 
Wave-length. 

Difference of 
Wave-fre(iuency, 

Bto D, . . 

220 

194 

381 

278 

D to E, . . 

214 

206 

243 

232 

E toE, . . 

192 

190 

160 

1S4 

E to G, . . 

374 

410 

216 

306 


1000 

1000 

1000 

1000 


In the standard diffraction spectrum, deviation is simply propor- 
tional to wave-length, and therefore the distance between two colours 
represents the difierence of their wave-lengths. It has been sug- 
gested that a more convenient reference-spectrum would he con- 
structed by assigning to each colour a deviation proportional to its 
wave-frequency (or to the reciprocal of its wave-length), so that the 
distance between two colours will represent the difference between 
their wave-frequeneies. The result of thus disposing the fixed lines 
is shown in the last column of the above table. It differs from privS- 
matic spectra in the same direction, but to a much less extent than 
the difiraction spectrum. 

It has been suggested by Mr, Stoney as extremely prob>able, that 
the bright lines of spectra are in many cases harmonics of some one 
fundamental vibration. Three of the four bright lines of hydrogen 
have wave-frequencies exactly proportional to the numbers 20, 27, and 
32; and in the spectrum of chloro-chromic acid all the lines whose 
positions have been observed (31 in number) have wave-frequencies 
which are multiples of one common fundamental. 

'■ 1099. Wave-lengths. — Wave-lengths of light are commonly stated 
in terms of a unit of which 10^” make a metre, — hence called the 
tenth-'iiietve. Tlio following are the wave-lengths of some of the 
principal “fixed lines” as determined by Angstrom:^ — 

' The ■wave-lengths of the sptjctral lines of all elementary substances will be found in 
Dr. W. M. Watts’ Index of Spectra; and the ■wave-lengths and wave-frequencies of the 
dark lines in the solar si^ectrum, with the names of the substances to which 3nany of them 
are due, ■will be found in the British Association Report for 1878 (Dublin), px>. 40-91. 
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WAVE-LENGTHS IN TENTH-METKES. 


A . . 


7604 

E . , 


6269 

B 


6867 

F 

» 

4861 

0 . . 


6562 

G . 


4807 

Di . 


6896 

Hi . 

, 

8968 

l>i . 


5889 


. 

3933 


The velocity of light is 300 million metres per second, or 300 x 10^® 
tenth-metres per second. The number of waves per second for any 
colour is therefore 300 x 10^® divided by its wave-length as above 
expressed. Hence wm find approximately:-— 

ForA. , . . . 895 millions of millions per second. 

„ D . ... . 510 „ 5, . j> 

„ H . > , • . /CO ,j }, >» 

1100 . Colours of Thin Films. Newton’s Eings. — If two pieces of 
glass, with their surfaces clean, are brought into close contact, coloured 
fringes are seen surrounding the point where the contact is closest. 
They are best seen when light is obliquely reflected to the eye from the 
surfaces of the glass, and fringes of the complementary colours may 
be seen by transmitted light. A drop of oil placed on the surface of 
clean water spreads out into a thin film, which exhibits similar 
fringes of colour; and in general, a very thin film of any transparent 
substance, separating media whose indices of refraction are difierent 
from its own, exhibits colour, especially when viewed by obliquely 
reflected light. In the first experiment above-mentioned, the tliiii 
film is an air-film separating the pieces of glass. In soap-bnhbles or 
films of soapy water stretched on rings, a similar effect is produced 
by a small thickness of w’^ater separating two portions of air. 

The colours, in all these cases, when seen by reflected light, are 
produced by the mutual interference of the light reflected from the 
two surfaces of the thin film. An incident ray undergoes, as ex- 
plained in § 992, a series of reflections and refractions; and we ma,y 
thus distinguish, for light of any given refrangibilify, several systems 
of waves, all of which originally came from the same source. These 
systems give by their interference a series of alternately bright and 
dark fringes; and when ordinary white light is employed, the fringes 
are broadest for the colours of greatest wave-length. Their super- 
position thus produces the observed colours. The colours seen by 
transmitted light may be similarly explained. 

The first careful observations of these coloured fringes were made 
by Ne-wton, and they are generally known as JS^eivton’s rings. 
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POLARIZATION AND DOUBLE REFRACTION. 


1101. Polarization. — ^Wlien a piece of the semi-transparent mineral 
called tourmaline is cut into slices by sections parallel to its axis, it is 
found that two of these slices, if laid one upon the other in a particular 
relative position, as A, B (Fig. 775), form an opaque combination. 
Let one of them, in fact, be turned round 'upon the other through 
various angles (Fig. 775). It will be found that the combination is 
most transparent in two posi- a 
tions differing by 180°, one of 
them , a b being the natural 
position which they originally 
occupied in the crystal; and 
that it is most opaque in the Hg. 775.-Tourmalme riatea. 

two positions at right angles 

to these. It is not necessary that the slices should be cut from the 
same crystal. Any two plates of tourmaline with their faces parallel 
to the axis of the crystals from which they were cut, will exhibit 
the same phenomenon. The experiment .shows that light which has 
passed through one such plate i.s in a peculiar and so to speak unsym- 
metrical condition. It is said to bo flanG-‘polarizG(k According to 
the undulatory theory, a ray of common light contains vibrations in 
all planes pas.sing through the ray, and a ray of plane-polarized 
light contains vibrations in one plane only. Polarized light cannot 
be distinguished from common light by the naked eye; and for all 
experiments in polarization two pieces of apparatus must be employed 
— one to produce polarization, and the other to show it. The former 
is called the polarizer, the latter the analyser; and every apparatus 
that serves for one of these purposes will also serve for the other. 
In the experiment above described, the plate next the eye is the 
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analyser. The usual process in examining' light with a view to tost 
whether it is polarized, consists in looking at it through an analyser, 
and observing whether any change of brightness occurs as the analyser 
is rotated. When the light of the blue sky Is thus examined, a 
difference of brightness can always he detected according lo the 
« position of the analyser, especially at the distance of about 90° from 
the sun. In all such cases there are two positions differing by 180°, 
which give a minimum of light, and the two positions intermediate 
between these give a maiimuni of light. 

The extent of the changes thus observed is a measure of the com- 
pleteness of the polarization of the light. 

fc' 1102. Polarization by RefleGtion. — Transmission through tourmaline 
is only one of several ways in which light can be polarized. When 
a beam of light is reflected from a polished surface of glass, wood, 
ivory, leather, or any other non-metallic substance, at an angle of 
from 50° to 60° with the normal, it is more or less polarized, and in 
like manner a reflector composed of any of these substances may be 
employed as an analyser. In so using it, it should be rotated about 
an axis parallel to the incident rays which are to be tested, and the 
observation consists in noting whether this rotation produces changes 
in the amount of reflected light. 

Mahis' Polariscope (Fig. 776) consists of two reflectors A, B, one 

serving as polarizer and the other 
analyser, each consisting of a 
Each of these 


pile of glass plates, 
reflectors can be turned about a 
ja horizontal axis ; and the upper one 
^ (which is the analysei”) can also 
be turned about a vertical axis, 
^ the amount of rotation being mea- 
^ sured on the hoiizpntal circle 0 G 
^ To obtain the most powerful ef- 
^ fects, each of the reflectors should 
^ be set at an angle of about 33° to 
the vertical, and a strong beam of 
common light should ho allowed 
to fall upon the lower pile in such a direction as to he reflected 
vertically upwards. It will thus fall upon the centre of the upper 
pile, and the angles of incidence and reflection on both the piles will 
be 'about 67°. The observer looking into the upper pile, in such a 


rig. 770.— Jlalus’ rolariseope. 
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dii-oction. a.s to recciv(3 tlio reflected beaimi will find that, as tlie upper 
pile is rotated about a veidical axis, there are two positions (diftering 
1'7 180'") in wliicli he see.s a black spot in tlie centre of the field of 
view, these being the positions in which the upper pile refuses to 
reflect the light reflected to it from the lower pile. Tlicy are 90° on 
cither side of the position, in which the two piles care parallel; this 
latter, and the positioii difiering from it hy 180'", being those which 
give a maximum of reflected light. 

For every reflecting suhstaiiee there is a particular angle of inci- 
dence which gives a maximum of polarization in the rcllected light. 
It is called tlie migle for the substance, and its tangent is 

alwca.ys etpial to tlie index of refraction of the substance; or what 
amounts to the same thing, it is that particular angle of incidence 
which is the complement of the angle of refraction, so that the 
refracted and reflected rays are at right anglesd This important law 
Wcas discovered experimentally by Sir David Bi’ewster. 

The reflected ray under these circumstances is in a state of almost 
complete polarization; and the advantage of employing s, piIeoi 
plates consists merely in the greater intensity of the reflected light 
thus furnished. The tran.smitted light i.s also polarized; it diminishes 
in intensity, but becomes more completely polarized, as the mmi^ 
of plates is increased. The reflected and the transmitted light are 
in fact mutiudly complementary, being the two parts into whicli 
common light has been decomposed; and their polarizations arc 
accordingly opposite, so that, if Taoth the transmitted and reflected 
beams are exarai.ned by a toiirmaline, the maxima of obscuration 
will bo obtained by ].)laciug the axis of the tourmaline in the 
one ease parallel and in the other perpendicular to the plane of 
incidence. 

It is to be noicul that Avhat is lost in reflection is gain<3d in trans- 
mission, and that polarization never favours rei lection at the expense 
of transmission. 

T 1103. Plane of Polarization. — That particular plane in whicli a ray 
of polarized light, incident at the polarizing angle, is most copiously 
reflected, is called the plane, of polari^aiion of the ray. When the 
polarization is produced by reflection, the plane of i^jfloction is the 

^ Adopting the indices of refraction given in the table § 986, we find the following valnoi} 
for the polarizing angle for the nnderniontioned substances : — 

Diamond,, . . 67* 43' to 70° 3' 1 Crnvm-glas.s, . . 56° 51' to 57° 23' , 

Flint-glass, , . 57° 36' to 58°’40' ! Water, , , , . , 53° 11' 
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plane o£ polarization. According to Frosnol’s theory, whicli is that 
generally received, tho vibrations o£ light polarized in any phi.nc are 
perpendicular to that pi ano (§111 b). Tho vibrations of a ray rcllectcd 
at the polarizing angle, are accordingly to bo regarded as j'lerpcndi- 
cular to the piano of incidence and reflection, and therefore as parallel 
to tlie reilocting surface. v ' ' 

1104-. Polarization by Double Befraction, — We have dcscrilx'd in 
§ 99S some of tho principal phenomena of double refraction ia uniaxal 
crystals. AVe have now to mention the important fact that tho two 
rays furnished by double refraction arc polarized, tbe polarization in 
this ease being more complete than in any of the eases thus far dis- 
cussed. On looking at the two images through a plate of tourmaline, 
or any other analyser, it will bo found that they undergo great varia- 
tions of brightness as the analyser is rotated, one of them becoming 
fainter whenever the other becomes brighter, and the maximum 
brightness of either being .simultaneous with the absolute extinction 
of the other. If a second piece of Iceland-spar be used as the analyser-, 
four images will be seen, of which one pair become dimmer as the 
other pair become brighter, and either of these pairs can bo extin- 
guished by giving the analyser a proper position. 

1105. Theory of Double Refraction. — The existence of double refrac- 
tion admits of a very natural explanation on the undnlatory theory. 
In uniaxal crystals it is assumed that the elasticity of the luminifer- 
ous aether is the same for all vibrations executed in directions perpen- 
dicular to the axis; and that, for vibrations in other directions, the 
elasticity varies solely according to the inclination of the direction 
of vibration to tbe axis. There are two classes of doubly-refracting 
uniaxal crystals, called respectively 'positive and negative. In the 
former the elasticity for vibrations perpendicular to tbe axis is a 
maximum; in the latter it is a minimum. Iceland-spar belongs to 
the latter class; and as small elasticity implies slow propagation, a 
ray propagated by vibrations perpendicular to the axis -will, in tliis 
crystal, travel with minimum velocity; while the most rapid pro- 
pagation will be attained by rays whoso vibrations are parallel to 
the axis. 

Consider any plane oblique to tbe axis. Tbrougb any point in 
this plane we can draw'' one line perpendicular to the axis; and tho 
line at right angles to this will have smaller inclination to tho axis 
than any other line in the plane. These tw'O lines are the directions 
of least and greatest resistance to vibration; the former is the direc- 


THEORY OF DOUBLE REFRACTION. 


1123 


tion of Yibratioii for an ordinary, and the latter for an extraordinary 
ray. The yelocity of propagation is the same for the ordinary rays 
in all directions in the crystal, so that the wave-surface for these is 
spherical; hut the velocity of propagation for the extraordinary rays 
differs according to their inclination to the axis, and their wave- 
surface is a spheroid whose polar diameter is equal to the diameter 
of the aforesaid sphere. The sphere and spheroid touch one another 
at the extremities of this diameter (which is paralhd to the axis of 
the crystal), and the ordinary and extraordinary rays coincide both 
in direction and velocity along this common diameter. The general 
construction for the path of the extraordina-ry ray is dne to Huygens, 
and has hooii described in § 1081, Fig. 770, where G Ais tho incident 
and A F the refracted ray. 

When tlie plane of incidence contains the axis, the spheroid will 
be symmetrical with respect to this plane; and, therefore, wlieii we 
draw the tangent plane E F perpendicular to the plane of incidence 
(as directed in the construction) the point of contact F wij.1 lie iu the 
plane of incidence. 

Another special case is that in which the plane of incidence is 
perpendicular to the axis, and tho refracting snrfaco parallel to the 
axis. In this case also thcj spheroid will be symmetrical with respect 
to tho plane of incidence, which will in fact bo the equatorial plane 
of the spheroid, and the point of contact F will as before lie in tliis 
piano. Moreovc'r since the section is equatorial it is a circle, and 
hence, as .shown in Fig. 771, the law of sines will he applicable. Tho 
rati(5 of tho sines of the angles of incidence and refraction for this 
particular case is called the eidmordinary index of refraction for 
tlie crystal. It is tho ratio of the velocity in air to the velocity 
along an equatorial radius of the spheroid. 

In general, the spheroid is not symmetrical with respect to the 
plane of incidence, and th(‘. refracted rayAF does not lie in this 
plane. 

Tourmaline, like leoland-spar, is a negative uniaxal crystal; and 
its use as a polarizer depends on the property Vvdiich it possesses of 
ahsorhing tho ordinary much more rapidly than the extraordinary 
ray, so that a th ickness which is tolerably transparent to the latter 
is almost completely opaque to the former. 

1106. NicoTs Prism. — One of the most convenient and effective 
contrivances for polarizing light, or analysing it when polarized, is 
that knowm., from the name of its inventor, as Nicol's prism. It is 
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made by slitting a rhomb of leeland-spar along a diagonal plane 
achcl (Fig. 777), i^^d cementing the Iavo j»ioees togvihov in their 

natural position by Canatla balsam, a 
S.. substance whose rei'ractive index is inter- 

\ mediate between the ordinary and extra- 

ordinary indices of the crystuld A ray of 
common light S I undergoes double refrac- 
\ \ tion on entering the prism. Of •the t\vo 

\ V A y \ rays thus fornied) the ordinary ray is 

\ Vy \ totally reflected on meeting the first sniv 
\ '/'V\ \ face of the balsam, and passes put at one 

V iy \\ \ of the cry|tal, as o 0 ; while the ex- 

traordinary ray is transmitted through 
/ the balsam as through a parallel plate, 

and finally emex'ges at the end of the 
\j^ prism, in the direction e E, parallel to the 
rig. 777 .— Xiooi’s Prism. Original direction SI. This apparatus has 

nearly all the convenience of a tourmaline 
plate, with the advantages of much greater transparency and of 
complete polarization. 

In Foucault’s jDrism, wliicli is extensively used instead of Nicol’s, 
the Canada balsam is omitted, and there i.s nothing hut air between 
the two pieces. This change has the advantage of slxortoning the 
prism (hccamso the critical angle of total reflection dejamds on tlio 
relative index of refraction of the two media), hut give.s a smaller 
field of view, and rather more loss of light by reflection. 

1107. Colours produced by Elliptic Polarization.— Very beautiful 
colours may be produced by the peculiar action of polarized light. 
For example, if a piece of selenite (crystallized gyp.suin) about tl-io 
thickness of paper, is introduced hetxvcon the polarizer and amdj'scr 
of any polarizing arrangement, and turned about into difleremt 
directions, it will in some positions appear brightly coloured, tlu^ 
colour being most decided when the analyser is in eitlier of the txvo 
critical positions which give respectively the greate,st light and 
greatest darkness. The colour is changed to its complementary by 


tt and h are the corners at which three equal obtuse angles meet (§ S)99), The ends of 
the rhomb which are shaded in the figure are rhombuses. Their di-agonals drawn through 
a and h respectively will lie in one plane, which will contain the axis of the cry.stal, ,and 
will cut the plane of section achdvA, right angles. The length of the rhomb is about three 
and a half times its breadtli. 


i-ilA .. 


C'OLOUE BY ELLIPTIC POLAEIZATION. 


1125 


rotating tlie analyser tlirongh a Hglit angle;^ rotation o£ the piece 
of selenite, when the analyser is in either of the critical positions, 
merely alters the depth of the colour without changing its tint, and 
ill certain critical positions of tlie selenite there is a complete absence 
of colour. Thicker plates of selenite restore the light when ex- 
tinguished by tho analyser, but do not show colour. 

1108. Explanation. — The following is the explatiation of tho.so 
appearances. Lc;t tlie anaiyser be turned into such a position as to 
produce complete extinction of the plane-pohuized light which comes 
to it from the polarizer; and let the plane of polarization and th(‘. 
plane perpendicular thereto (and parallel to tho polarized rays) be 
called the two picmes of reference. Lot the slice of s(donite he laid 
so that tho polarized rays pass through it normally. Tlieii there arc 
two directions, at right angles to each other, which are tlie directions 
of greatest and least elasticity in the plane of the slice. Unless the 
slice is laid so that these directions coincide with the two planes of 
rtd'ereiice, the jdane-polarized light which is iiu'idcnt upon it will he 
broken up into two r.ays, one of which will traverse it more rapidly 
than the other, lleferring to the diagram of Lissajous’ figures (Fig. 
G34), let the sides of the rectangle be the directions of greatest and 
least elasticity, and let tho diagonal line in the first figure he the 
direction of tho vibrations of an incident ray, — -this diagonal accord- 
ingly lies ill one of the two planes of reference. In traversing the 
slice, the component vilirations in the directions of greatest and 
least elasticity will lie propagated with unequal velocities; and if tlic 
incident ray be homogeneous, tho emergent light will Ijc elli])tically 
polarized; that is to say, its vibrations, instead of being rectilinear, 
will be elliptic, precisely on the principle^ of Blackburn’s ptaidnlum 
(§ Tho shape of the ellixise depends, as in the case of Lis- 

sajoiis’ figures, on the amount of retardation of one of the two coin- 
poiioiifc vibrations as compared with the other, and this is directly 
proportional to the thickness of the slice. The analyser resolves 
these clli]-jtic vibrations into two rectilinear components parallel 
and jiGrpondicular to the original direction of vibration, and 
suppresses one of tbcsfi components, so that only the other remains. 

The principle is tijiit, ^^•]lcreas rlisjJaceroont of a particle par:i]lel to either of the sides 
of the reotaiigio calls out a restoring force directly opposite to the displ.'icoinont, displace- 
ment in any other direction calls out a restoring force inclined to the direction of displace- 
ment, being in fact the resultant of the two restoring forces which its two components 
parallel to the sides of the rectangle “would call out. 
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K. 775.~Citlonrs of 
Suluuile I'lattis. 


Thus if the ellipse in the annexed iigure (Fig. 778) represent the 
vibrations of the light as it eniergcM froin the selenite, and CD, 
E F be tangents parallel to the original direction 
of vibration, the perpendicular distance between 
these tangents, A B, is the component vibration 
which is not suppressed when the analyser is so 
turned that all the light would he suppressed if 
the selenite were removed. By rotating the analy- 
ser, wo shall obtain vibrations of various amplitudes, 
coiTCsponding to the distances between parallel 
tangents drawn in various directions. 

For a certain thickness of selenite tlie ellipse may 
become a circle, and we have thus what is called circularly ‘polavized 
light, which is characterized by the property that rotation of the 
analyser produces no change of intensity. Circularly polarized light 
is not however identical with ordinary light; for the interposition 
of an additional thickness of selenite converts it into cliiptically 
(or in a particular case into plane) polarized light (§ 111-i). 

The above explanation applies to homogeneous light. "When the 
incident light is of various rofrangibilities, the retardation of one 
component upon the other is greatest for the rays of shortest wave- 
length, The ellipses are accordingly diiferent for the different elemen- 
tary colours, and tlie analyser in any given j'josition will produce 
unequal suppression of different colours.- But since the coinponojit 
which is suppressed in any one position of tlio analyser, is the com- 
ponent which is not suppressed when the analyser is turned tlirough 
a right angle, the light yielded in the former case phis, the light 
yielded in the latter must he ecpial to the whole light which was 
incident on the selenite.^ Hence the colours exhibited in these two 
positions must be complementary. 

It is necessary for the exhibition of colour in tlioso experiments 
that the plate of selenite should be very tliin, otherwise the retarda- 
tion of one component vibration as compared with the other will ho 
greater by several complete periods for violet than for red, so that 
the ellipses will he identical for several different colours, and the 
total nou-siippresscd light will he sensibly wliite in all positions of 
the analysei*. 

^ Wc here neglect the light absorbed and scattered; btxt tbe loss of this does not sensibly 
affect the colour of the whole. It is to be borne in mind that the intensity of light is mea- 
sni-ed by the square of the .amplitude, and is therefore the simple sum of the intensities of 
its two components when the resolution ia-ifectangular. 
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IVo thick plates may however be so combined as to produce the 
ef'lect oi one thin plate. For example, two selenite plates, of nearly 
equal thickness, may be laid one upon the other, so that the direc- 
tion of greatest elasticity in the ono shall bo parallel to that of least 
elasticity in the other. The resultant etlect in this case will be that 
due to the difference of their thicknesses. Two plates so laid arc 
said to be crosuf’cL 

1109. Colours of Plates perpendicular to Axis. — A different class of 
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app(.^m‘anees arc presented when a plate, cut from a uniaxal crystal 
by sections perpendicular to the axis, is inserted between the polar- 
izer and the analyser. Instead of a broad sheet of imiforin colour, 
\ve. lia,ve tiow a system of coloured rings, interrupted, ■wdicii the 
analyser is in oiu; of the tw'o critical positions, by a black or white 
ci'os.s, as at A, B (Fig. 770). 

1110. Explanation. — The following is the oxjjlanation of these ap- 
jiearanccs. Suppose, for simplicity, that the analyser is a plate of 
tourmaline held close to the eye. Then the light which comes to 
the eye from the nea.r'cst point of the rdate under 
examination (the foot of a jierpeiidicular dropped \ 

upon it from the eye), has traversed the plate \ 

normally, and therefore parallel to its optic axis. \ 

-It has therefore not been resolved into an ordi- \ 

nary and an ex.tra,ordIiiaiy ray, liut has emerged 

from the ])late in the same condition in wiii eh / 

it ontereil, and is therefore black, gray, or white 

according to the position of the a,nalyscr, just 

as it would be if the plate were removed. But cross. 

the light which comes obliquely to the eye from 

any other part of the plate, has traversed the plate obliquely, and 

has undergone double refraction. Lot E (Fig. 780) be the position 
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o£ the eye, E 0 a pcn-peiidicular on tlie plate, P a point on the civ- 
cumferenee ot* a cii-cle described about O as centre. Tlien, since 
E 0 is parallel to the a.xis of the pUito, the. direction of vibration 
for the ordinary ray at P is perpendicular to the plane E 0 P, and 
is tang-ential to the circle. The direction of vibration for the extra- 
ordinary ray lies in the plane E 0 P, is nearly perpendicular to E 0 
(or to tlie axis), if the angle O EP is small, and deviates more iT(nn 
perpendicularity to thc'. axis as the angle O E P increases. Both for 
this reason, and also on account of the greatet thickness traversed, 
the retardation of one ray upon the other is greater as P is taken 
further from 0; and from the symmetry of the circumstances, it 
must be the same at the same distance from 0 all round. ’ In con- 
sequence of this ihtardation, the light vvliich emerges at P in the di- 
recti on P E is elliptieally polarized ; and by the agency of the analyser 
it is accordingly resolved into two compohents, one' of which is sup- 
pressed. With liomogeneous light, rings alternately dark and bright 
would thus be formed at distances from 0 corresponding to retarda- 
tions of 0, 1, 1|, 2, 2^, . . . complete periods; and it can be shown 

that the radii of these rings would be proportional to the numbers 0, 
VI, V2, V3, V4*, V5, V6: . . . The rings are larger for light of long 
than of short wave-length; and the coloured rings actually exhibited 
wlien white light is employed, are produced by the superposition of 
all the systems of monochromatic ring.s. The monochromatic rings 
for rod light are casil}?' seen by looking at the actual rings through 
a piece of red glass. 

Let (1, P, Pig. 781, bo the smue points whicb wen^ denoted by 
these letters in Fiu. 780, and lc;t AB bo the direction of vibi’ation of 

the light iheident on the crystal at P., 
Draw AC, DB parallel to OP, ami 
completA ■ bhe^ : r A 0 B D. 

Then the length an^ of this 

rectangle are approximately the difec- : 
tions of vibration of the two cmuu- 
ponents, one of which loses upon the 
other in traversing thc crystal. The 
vibration of the emergent ray is re- 
presented by an ellipse inscribed in the rectangle ACBI) (§ 022, 
note 2); and -when the loss is half a period, this ollipso shrinks into 
a straight line, namely, the diagonal C D. Through C and I) draw 
lines parallel to AB; then the distance bet-ween these parallels 
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represents tlio clonblo amplitude of the vibration wliicb is trans- 
mitted \Yhon tlicre has been a retardation of half a period, and is 
greater than tiro distance between tlie tangents in the same direc- 
tion to any of t]ie inscribed ellipses. A retardation of another half 
period will again reduce the inscribed ellijjse to the straight lino 
A B, as at first. The position D 0 corresponds to the brightest and 
A B to the darkest part of any one of the scries of rings for a given 
wave-length of light, the analyser being in the position for sup- 
pressing all the light if the crystal wore removed. IVlien the analyser 
is turned into the position at right angles to this, AB corresponds 
to the brightest, and D C to the darkest parts of the rings. It is to 
he rcraeixibered that amount of retaivlation depends upon distance 
from the centre of the rings, and is the same all round. The two 
diagonals of our rectangle therefore correspond to dillerent sizes of 
rings. 

If the analyser is in such a position 'witli respect to the point P 
considered, that the suppressed vibration is parallel to one of the 
sides of the rectangle (in other words, if OP, or a line perpendi- 
cular to O P, is the direction of suppression) the retardation of one 
component upon the other has no influence, inasmuch as one of the 
two components is completely suppressed and the other is completely 
transmitted. There are, accordingly, in all positions of the analyser, 
a pair of diameters, coinciding with the directions of suppression 
and non-suppression, which are alike along their whole length and 
free from colour. 

Again if P is situated at B or at 90° from B, the comer C of the 
rectangle coincides with B or wu'th A, and the rectangle, \Yith all its 
inscribed ellipses, shrinks into the straight line AB. The two 
<liamoters coincident with and perpondienlar to AB are therefore 
alike along their W’hole length and uiicolonred. 

The two colourless crosses wliich we have thus accounted foi’, one 
of them turning with the analys(3r and the other remaining fixed 
with the polarizer, arc easily observed when the analyser is not near 
tlie critical positions. In the critical positions, the two crosses come 
into coincidence; and these are also the positions of maximum black- 
ness or niaximuiri whiteness for the two crosses considered separ- 
ately. lien CO the conspicuous character of the cross in either of 
these positions, as ro|)rcsentcd at A, B, Fig. 779. As the analyser is 
turned away from these positions, the cross at first turns after it 
with half its angular velocity, hut soon breaks up into rings, some- 

IsmlX 
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wliafc in the manner represented at C, wliicli corresponds to a posi- 
tion not differing nmcli from A. 

1111, Biaxal Oiystals.*-- Crystals inay ho divided optically into 
three classes: — 

1. Those in ndiich there is no distinction of diffoi,-ent directions, as 
regards optical properties. Such crystals are said to bo optically 
iaoiropic. 

2. Those in which the optical properties are the same for all direc- 
tions equally inclined to one particnlar direction called tlie optic axis, 
but yary according to this inclination. Sucli crystals are called 
tiniaxal. 

3. All remaining crystals (excluding compound, and irregular for- 
mations) belong to the class called biaxal. In aiy homogeneous 
elastic solid, tlicre are three cardinal directions called axes of elasti- 
city , possessing the same distinctive properties which helong to thc 
two principal planes of vibration in Blackburn’s pendulum (§ 924'); 
that is to say, if any small portion of the solid be distorted by for- 
cibly displacing one of its particles iii one of these cardinal directions, 
,the forces of elasticity thus evoked tend to urge the particle di recti y 
back; whereas displacement in any other direction calls out forces 
whose resultant is genex'ally oblique to the direction of c]is] )lacoment, 
so that when the particle is released it does not lly back through the 
position of equilibrium, but passes on one side of it, just as tlio bob 
of Blackburn’s pendulum generally passes beside and not through 
the lowest point which it can roach. 

In biaxal crystals, the resistances to displacement in the three 
cardinal directions are a-ll unequal; and this is true not only for the 
crystalline substance itself, but also for the luminiferous jcthcr which 
pervades it, and is influenced by it.^ The construction givmx by 
Fresnel for the wave-surface in any crystal is as follows; — First 
take an ellipsoid, having its axis parallel to the three cardinal direc- 
tions, and of lengths depending on the particular crystalline sub- 
stance considered. Then let any plane sections (which will of course 
be ellipses) be made through the centre of this ellipsoid, let normals 
to them bo drawn through the centre, and on each normal let points 
be taken at distances from the centre equal to the greatest and least 
radii of the corresponding section. Tlie locus of these points is the 
complete wave-surface, which consists of two sheets cutting one 

* The cardinal directions are however believed not to bo the same for the aither as for 
the matei'ial of the crystal, 
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.‘mother at four points. These four points of intersection are situated 
upon the uorinals to the two circular sections of the ellipsoid, and 
the two ojdlo cures, from which hiaxed crystals derive their name, 
arc closely related to these two circular sections. The optic axes 
a.rc the directions of sinyle vnive-vclocliy, and the normals to the 
tun circular sections are the directions of single ray-velocliif. The 
direction of advance of a waive is ahviiys regarded as normal to the 
front of tlu^ wave, whereas the direction of a ray (delhied by the 
condition of traversing two apertures placed in its path) always 
passes through the centre of the wmve-surfacc, and is not in gerieral 
norimd to the front. Both tlu'so pairs of directions of single velo- 
city are in the plane 'which contains the greatest and least axes of 
the ellipsoid. 

When two axes of the ellipsoid are crpial, it becomes a spheroid, 
and the crystal is nniaxal. When all three axes a, re c(]nal, it becomes 
a sphere, and the crystal is isotropic. 

Experiment has showm that biaxal crystals expand with heat 
unequally in three cardinal directions, so that in fact a spherical 
piece of such a crystal is changed into an ellipsoid^ when its tem- 
perature is raised or lowered. A spherical piece of a uniaxal crystal . 
in the same circumstances changes into a spheroid; and a spherical 
piece of an isotropic crystal remains a sphere. 

it is genemlly possible to determine to wdiich of the tliree classes 
a crystal belongs, from a mere inspection of its shape as it occurs in 
nature. Isotropic cryshils are sometimes said to be symmetidcal 
about a pennt, uniaxal crystals about a line, biaxal crystals about 
neither. The following statement is rather more precise; — 

If there is one and only one line uhout wdiich if the crystal be 
rotated through 90° or else through 120° the crystalline form reiuaiii.s 
in its original position, the crystal is nniaxal, having that line for 
the axis. If there is more than one such lino, the crystal is .isotropic, 
while, if there is no sneli line, it is biaxal. Even in tlie last case, if 
there, exist a jdano of crysta]li}io symmetry, such that one half of 
the crystal is the reflected imago of the otlier half with respect to 
this plane, it is also a plane of optical symmt;try, and one of the three 
cardinal directions for the mthcr is perpendicular to it." 

^ This fact furnishta the best possible (lofinition of an ellipsoid for persons unacquainted 
■witli solid ge(jmetry. 

“ Tlie optie axes either lie in the plane of symmetry, or lie in a perpendicular plane and 
are equally inclined to the plane of symmetry. 

For the precise statement here J^ven, the Editor is indebted to Professor Stokes. 
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Glass, \vlicn in a strained condition, ceases to be isotropic, and if 
inserted between a polarizer and an ainalyser, exhibits coioiired 
streaks or spots, which afford an indication of the distribution of 
strain tliroug'Ii its substance. The experiment is shown sometimes 
with unannealed <^lass, which is in a condition of ponnoueut strain, 
sometimes with a piece of ordinary glass which can be subjected to 
force at pleasure by turning a screw. Any very small ]>ortion of a 
piece of strained glass has tlio optical properties of a crystal, but 
different portions have dilierent properties, and lienee the glass as a 
whofp does not behave like one crystal. 

The production of colour by interposition between a polarizer and 
an analyser, is by far the most delicate test of double refraction. 
Many organic bodies (for example, grains of starch) are thus found 
to he doubly refracting; and niicroseopists often avail themselves of 
this means of detecting diversities of structure in the objects which 
they examine. 

1112. Eotation of Plane of Polarization.— When a plate of quartz 
(rock-crystal), even of considerable thickness, cut perpendicular to 
the axis, is interposed between the polarizer and analyser, colour is 
exhibited, the tints changing as the. analyser is rotated; and similar 
effects of colour are produced by employing, instead of quartz, a 
solution of sugar, inclosed in a tube with plane glass ends. 

If homogeneous light is employed, it is found that if the analyser 
is first adjusted to produce extinction of the polarized light, and the 
quartz or saccharine solution is then introduced, there is a partial 
restoration of light. On rotating the analyser through a certain 
angle, there is again complete extinction of the light; and on com- 
paring different plates of quartz, it will he found that the anglo 
through which the analyser must be rotated is proportirmal to the 
thickness of the plate. In the ease of solutions of sugar, the angle 
is proportional jointly to the length of the tube and the strength of 
the solution. 

The action thus exerted by quartz or sugar is called rotation of 
the plane of polarization, a name which precisely expresses tha 
observed phenomena. In the case of ordinary quartz, and solutions 
of sugar-candy, it is necessary to rotate the analyser in the direc- 
tion of watch-] lands as seen by the observer, and the rotation of 
the plane of j^olarization is said to be Q'igJd-Jiavdcd. in the case 
of what is called left-handed quartz, and of solutions of non-crystal- 
lizabie sugar, the rotation of the plane of polarization is in the 
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(')pposite direction, and the observer must rotate the analyser against i 
watcb.-hands. 

The amount of rotation is different for the different elementary 
colours, and has been found to be inversely as the square of the 
wave-length. Hence the production of colour. 

1113, Magneto-optic Eotation. — Faraday inatle the remarkable dis- 
covery that the plane of polarization can be rotated in certain 
circumstances by the action of magnetism. Let a long rectangular 
piece of “ heavy-glass ” (silico-borate of lead) be plnced longitudinal ]y 
lietween the poios of the powerful clectro-rnaguet represented in 
Fig. 445 (page (383), -which is for this purpose made hollow in its 
axis, so that an observer can see tbrough it from end to end. Let a 
Nicoi’s prism b(3 -litted iiito one end of the magnet, to servo as polar- 
izer, and another into the other end to serve as analyser, and let one 
of them be turned till the light is extinguished, Tiien, as long as 
no current is passed round the electro-magnet, the interposition of 
tlie heavy -glass will produce no effect; but the passing of a current 
while the heavj'-glass is in its ]-)laee between the poles, produces 
rotation of tlie plane of polarization in the same direction as that in 
which the ciuTont circulates. The amount of rotation is directly^- a,s 
the strength of currtint, and directly as the length of lieaw-glass 
traversed by the light. Flint-glass gives about half the effect of 
h(3a.vy- glass, and, all transparent solids and liquids exhihit an effect 
of the same kind in a more or less marked degree. 

A .steel magnet, if extremely powerful, may bo used instead of an 
(ilectro-magnet; and In all cases, to give the strongest effect, the 
lines of magnetic force should coincide with the direction of the 
transmitted ray. 

Faraday regarded these phenomena as proving the direct action 
of magnetism upon light; but it is now more commonly believed 
that the direct effect of the magnetism is to put the particles of the 
ti'ansparcnt hody in. a peculiar state of strain, to which tlie observetl 
optical effect is due. 

In eveiy case tried by Faraday, tbe direction of the rotation was 
the same srs tlie direction in. which the current circulated; but cer- 
tain substancc.s^ liave since been found which give rotation against 
the current. The law for the relative amounts of rotation of differ- 
ent colours is approximately the same as in the case of quartz. 

^ Ono such substance ia a solution of Fo’^CP (old notation) in metbylic (not methylated) 
alcohol - s... ' 
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The direction o£ rotation is with watch-hands as seen from one end 
of the arrangement, and against watch-hands as seen from the other ; 
so that the same'*\)iece of glass, in the same circumstances, bcha,vcs 
like right-handed quartz to light entering it at one end, and like 
Icft-handcil quartz to light entering it at the other. 

The rotatory po^Yer of quartz and sugar appears to depend upon a 
certain uiisyinmetrieal arrangement of their molecules, an arrange- 
iricut somewhat analogous to the thread of a screw; right-handed 
and left-handed screws representing the two opposite rotatory 
powers. It is worthy of note that the two kinds of quartz crystallize.- 
in ditferent forms, each of which is unsymmetrical, one being like 
the image of the other as seen in a looking-glass. Pasteur has con- 
ducted extremely interesting researches into the relations existing 
between substances which, while in other respects identical or nearly 
identical, differ as regards their power of producing rotation. For 
the results wo must refer to treatises on chemistry. 

Dr. Kerr has recently obtained rotation of the plane of polariza- 
tion by reflection from intensely magnetized iron. In some of the 
experiments the direction of magnetization was normal, and in others 
parallel to the reflecting surface. V 

1114. Circular Polarization. Presners Rhomb.—- We Imve explained 
in § 1108 the process by which elliptic polarization is brought about, 
when plane-polarized light is transmitted through a thin plate of 
selenite. To obtain circular polarization (which is merely a case of 
elliptic), the plate must be of sucli thicliness as to retard one com- 
ponent more than the other by a quarter of a lvave-levgth,(md must 
be laid so that the directions of the two component vibrations make 
angles of 45“ with the plane of polarization. Plates speciaih?" pre- 
pared for this purpose are in general use, and are called quarter- 
wave plates. They are usually of mica, which differs but little in its 
properties from selenite. It is impossible, however, in this way to 
obtain complete circular polarization of ordinary white light, since 
different thicknesses are required for light of ditferent W'ave-lengths, 
the thickness which is appropriate for violet being too small for 
red. 

Fresnel di.scovered that plane-polarized light is elliptically polar- 
ized by total internal reflection in glass, wlienever the plane of 
polarization of the incident light is inclined to the plane of inci- 
dence. The rectilinear vibrations of the incident light are in fact, 
resolved into two components, one of them in, and the other per- 



CmCULAR rOLAEIZATION. 


1135 


pendiciilar to, tlie plajie of incidence; and one of these is retarded 
with respect to the other in the act of reflection, by an amount de- 
peiniinq: on the angle of incidence. He determiifed the magnitude 
ot this angle for which the retardation is precisely of a wave-length ; 
and constructed a or oblique parallelepiped 

of glass in which a ray, entering normally 

at one end, undergoes two successive reflections at 
this angle (about 55°), the plane of reflection being 
the vsanie in Loth. The total retardation of one 
component on the other is thus I of a wavc-lciigtli ; 
ami if the rhomb is in such a position that the 
plane in which the two reflections take place is at 
an angle of 45° to the plane of polarization of the 
incident light, the emergent light is circularly 
polarized. The efleet does not vary much with the 
wave-lengtli, and sensibly white circularly polarized 
light can accordingly he obtained by this method. 

When circularly polarized light is transmitted 
through a Fresnel’s rhomb, or through a quarter- " 

wave plate, it becomes plane-polarized, and we 
have thus a simple mode of distinguishing circularly polarized 
light from common light; for the latter does not become polarized 
when thus treated. Two quarter-wave plates, or two Fresnel’s 
rhombs, may be combined either so as to assist or to oppose one 
another. By the former arrangement, which is represented in Fig. 
782, we can convert plane-polarized light into light polarized in a 
perpendicular plane, the final result being therefore the same as if 
the plane of polarization had been rotated through 00°. The several 
stops of the process are illustrated by the five diagrams of Fig. 785, 


82 . 

esuel’s llliomlii 


rig. 7S3.--Fonn of Vibraticin in traversing the ElioiHlis. 

which represent the vibrations of the five portions AC, CB, Bd, de>oa 
of the ray ^Yhich traverse.s the two rhombs in the preceding figure. 
The sides of the square are parallel to the directions of resolution; 
the initial direction of vibration is one diagonal of the square, and 
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the final direction ih the otlier diagonal; a gain or Ioas of half a com- 
plete vibration on the part of cither eoniponent being just suiHcicnt 
to effect this chang'e. 

1115. Direction of Yihration of Plane-polarised Light. — The plane of 

polarization of plane-polarized light may be delined as the piano in 
which it is most copiously reflected. It is perpendicular to tlie plane 
in which the light ref uses to Vhe reflected (at the polarizing angle); 
and is identical with the original paxie of reflection, if the polariza- 
tion was produced by refieetion.:^^^: is soniewliat arbi- 

trary, but has been adopted by universal consent. 

When light is polarized hy the double refraction of Iceland-spar, 
or of any other uniaxal crystal, it is found that the plane of polariza- 
tion of the ordinary ray is; the plane which contains the axis of the 
crystal. But the distinctive properties of the ordinary ray are most 
naturally explained by supposing that its vibrations are perpendi- 
cular to the axis. Hence we conclude that the direction of vibration 
in plane-polarized light is normal to the so-called plamj of polariza- 
tion, and therefore that, in polarization by reflection, the vibrations 
of the reflected light are parallel to the reflecting surface. 

This is Fresnels doctrine. MacCullagh, however, revcr,-;ed this 
hypothesis, and maintained that the direction of vibration is hi the 
plane of polarization. Both theories have been ably expounded; but 
Stokes contrived a crucial experiment in diffraction, wliieh confirmed 
Fresners view;^ and in his classical paper on “Cliange of llcfrangi- 
bility,” ho has deduced the same conclusion from a consideration of 
the phenomena of the polarization of light by ixifleetion from exces- 
sively fine particles of solid matter in suspension in a 

1116. Vibrations of Ordinary Light, — Ordinary light agrees with 
circularly polarized light in always yielding two beams of equal 
intensity when subjected to double refraction; but it difiers from 
circularly polarized light in not becoming plane-polarized by trans- 
mission through a Fresnel’s rhomb or a quarter- wave plate. Wliat, 
then, can be the form of vibration for common light? It is probably 
veiy irregular, consisting of ellipses of various sizes, positions, and 
forms (inchiding circles and straight lines), rjipidiy succeeding one 
another. By this irregularity we can account for the fact that 
beams of light from diflerent sources (even from diflerenfc points of 
the same flame, or from different parts of the sun’s di.se), cannot, by 

^ Camlrulje Tramactiom, 1850. 

JPhiloso]phka.l Trmmdiom,lhtt2', 
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any treatment wliatcvor, be irtade to exhibit the phenomena of 
mutual interference; and for the additional fall that the two rect- 
angular coiuponents into which a beam of common light is resolved 
by double refraction, cannot bo made to interfere, even if their 
planes of polarization arc brought into coincidence by one of the 
methods of rotation above described. 

Certain plioiioinena of interference show that a few hundred con- 
secutiYo vibrations of common light maybe regarded as similar; but 
as the number of vibrations in a second is about 500 millions of 
millions, there is ample room for excessive diversity during tlio time 
that one imj)ressioii remains upon the retina. 

1117. Polarization of Radiant Heat. — The fundamental identity of 
radiant heat and light is confirmed by thermal experiments on 
polarization. Such experiments were first successfally performed by 
Forbes in 1884, shortly after Melloni’s invention of the thermo- 
multiplier. He first proved tlie polarization of heat by tourmaline; 
next by transmission through a bundle of very thin mica platevS, 
inclined to the transmitted rays; and afterwards by reflection from 
the multiplied surfaces of a pile of thin mica plates placed at the 
polarizing angle. He next succeeded in showing that polarized heat, 
even when quite obscure, is subject to the same modifications which 
doubly refracting crystallized bodies impress upon light, by suffering 
a beam of heat, after being polarized by transmission, to pass through 
an interposed plate of mica, serving the purpose of tlio plate of selenite 
in the experiment of § 1107, the heat traversing a second mica himdle 
before it was received on the thermo-pile. As the interposed plate 
was turned round in its o^vn plane, the amount of heat shown by the 
galvanometer was found to fluctuate just as the amount of light 
received hy the eye under similar circurnstances would have done. 
He also succeeded in producing circular polarization of heat hy a 
Fresnel’s rhomb of rock-salt. These results have since been fully 
confirmed by tbe experiments of other observers. 
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PeEIOD, WA-VE-LEN-aTII, AND TEi'.ocrTr. 

1. If an undulation travels at the rate of 100 ft, per second, and the wave- 
length is 2 ft., find the period of vibration of a particle, and the numl.>er of vibra- 
tions which a particle makes per second. 

2. ' It is observed that \vaves pass a given point once in every 5 seconds, and 
that the dishiuce from crest to crest is 20 ft. Fiiul the velocity of the waves in 
feet per second, 

3. The lowest and highest notes of the normal human voice have about 80 and 
800 vibrations respectively per second. Find their wave-lengths when the velo- 
city of sound is 1100 ft. per second. 

4. Find their wave-lengths in water in wliich the velocity of sound is 4000 feet 
per second. 

5. Find the wave-length of a note of 500 vibrations per second in steel in 
which the velocity of propagation is 15,000 ft. per secoiul. 

Pitch and Mdsicae Intervaes. 

6. Show that a “fifth” added to a “fourth” inakc.s an octave. 

7. Calling the successive notes of the gamut Doi, Bei, Mii, Fui, Soli, Lai, Sii, 
Doi, show that the interval from SoU to Eej is a true “fifth.” 

8. Find the fn-st 5 harmoniag of Poi, 

9. A siren of lo holes makes 2188 revolutions in a minute when in unison 
with a certain tuning-fork. Find the number of vibrations per second made by 
the fork. 

10. A siren of 15 holes makes 440 revolutions in a quarter of a minute when 
in unison with a certain jiipe. Find tlie note of the pipe (in vibrations per 
second). 

Eeelection op Sound, and Tone.s of Pipes. 

11. Find the di.stance of an obstacle which sends back the echo of a sound to 
the source in li- seconds, when the velocity of sound is 1100 ft, per second. 

12. A well is 210 ft, deep to the surface of the water. What time will elapse 
between producing a sound at its month and hearing the echo? 

13. What is the wave-length of the fundamental note of an open organ-pipe 
10 ft. long; and what are the wave-lengths of its first two overtojios? Find also 
their vibration-numbers per second. 

14. What is the wave-length of the fundamental tone of a stopped organ pipe 
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r> ft. long ; and wliat are llie 'ivave-ieiifths of its first two overtones? Find also 
their vibratiou-iiuiuliers per second. 

1 . 0 . "What slionld he the length of a tube stopped at one end that it may 
re-sinuicl to the note of a tuning-fork •which makes 520 vibrations per second; and 
what .should be the length of a tube open at both ends that it may resound to the 
same fork. [The tubes are .sig^posed narrow, and the smallest length that will 
sullice is intended.] 

l(i. ^Vould tuiies twice as long as those found iu last question resound to the 
fork? "Would tubes three times a.s long? 


Beats. 

17. One fork makes 2.oG vibratioms per second, and .another inake.s 2C0. How 
many beats %Yill they give iu a second when sounding together? 

IS. Two sounds, each consisting of a fundai-aeutal tone with its first two har- 
monics, reach the ear together. One of the fundamental tones has 300 and the 
other D(>3 vibration.s per second. How many beats per second .are due to the 
fundaniontal tones, how^ many to the first harmonics, and how many to the 
second harmonics ? 

19. A note of 225 vibrations per second, and another of 33G vibrations per 
second, arc .sounded togetlior. Each of the two notes contains the first two har- 
monics of the fundainental. Shv>w that two of the harmonics will yield beats at 
the rate of 3 per second. 

"Velocity of Sousd in Gases, 

£0, If the velocity of sound iu air at 0® C. is 33,240 cm. per second, find its 
velocity in air at and in air at lOU® C. 

21, If the velocity of .sound in air at 0® 0. is 1090 ft. iier .secoiul, what is the 
velocity iu air at 10“ ? 

22. Show that the di (Terence of velocity for 1“ of difference of temperature in 
the Fahrenheit scale is about i ft. per second. 

£3. If the wave-length of a certain note be 1 metre in air at 0®, wdiat is it in 
.air .at 10"’ ? 

21. The density of bydrogon being* *06926 of that of air at the same pressure 
and temperature, find the velocity of sound in hydrogen at a temperature at which 
the velocity iu air is 1100 ft per second. 

25. The quotient of pressure (in dynes per sq. cm.) by density (in gm, per cubic 
cm.) for nitrogen at O' C. is 807 million. Compute (in cm. per second) the velocity 
of sound iu nitrogen at this temperature. 

26. If a pipe gives a note of 512 vibrations per second iu air, wlmt note will 
it give in hydrogen ? 

27. A. ]fi]ie gives a note of 100 vibrations per second at tbe temperature 10“ C. 
What must bo the temperature of the air that the same pipe may yield a note 
higher by a major fifth ? 

VlBEATIONS OF StUINGS. 

28. Find, in cm, per second, the velocity with which pulses travel along a 
strinsT whose mass nei* emu 'of t®Djttth is *005 gia',, 'Whcn s'tretched with a force of 
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29. If tlie length of Hits string in last question he 3:l cm., find the nnmber of 
vibrations that it makes per second when vibrating in it.s fumlamoidal mudej also 

thenimibers corresponding to its first two overtones, 

30. The A string of a violin ia 33 cm, long, has a mass t>f niocri gm. per cm., 
and makes 440 vibrations per second. Find the slreteliing force iu dynes. 

31. The F string of a violin is 33 cm. long, has a mass of '004 gui. iier cm., ami 
makes dCO vibrations per second. .Ifind t!ie stretching force iu dynes. 

32. Two strings of llie same length and section are formed of m.aterinls wliose 
ppecilic gravities ar’e respt^ctively d and (X, Each of these strings is streiched with 
a, v'eicrht crmal to 3000 times its own weight. What is the musical interval 
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PiioToiiETRr, Shadows, axd Plane Mierors. 

30. A lamp and a taper are at a distance of 4T5 in. from each otlicr; and it 
is known that their illnniinating powers are as 6 to 1. At what di.stanco from tlio 
lamp, in the sti-aight line joining the flames, must a screen be placed tiiat it may 
be equally ilUunmated by tliem both? 

37. Two pai-aliel plane mirrors face each other at a distance of 3 ft., apd a 
small object is placed between them at a distance of 1 ft. from the tirst mirror,' 
and therefore of 2 ft. from the second. Calculate the distances, from the iirst 
mirror, of the three nearest images which- are seen iu it; and make a similar cal- 
culation for the second mirror. 

38. Show that a person standing upright in front'of a vertical plane mirror 
will just be able to see his feet iu it, if the top of the mirror is on a love! wdth his 
ej'es, and its height from top to bottom is half the height of his eyes above his 
feet. 

39. A square plane mirror hangs exactly in the centre of one of the walls of a 
cubical room. What must be the size of the mii)v;or that an observer with his 
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eye exactly iu the oenti-e of the room may just he able to see the whole of the 
opposite wall reflected in it except the part concealed by his bodyl 

40. Two ]ilaiio mirrors contain an. angle of 160", and form images of a small 
olijoct between them. Show that if the object be within 20" of either mirror 
there will bo tln’oe images ; an<l that if it be more than 20° from both, there will 
be only two. 

41. Show tliat when the sun is shining obliquely on a plane mirror, an object 
directly in front of the mirror may give two shadows, beshles tlm direct shadow. 

42. A person standing beside a river near a bridge observes that the inverted 
image of the concavity of the arch receives his shadow exactly as a real inverted 
arch would do if it were in. the place where the image appears to be. Explain 
this.. ■ 

43. If a globe be placed upon a table, show that the hrcadlh of the elliptic 
shadow cast by a candle (co.nsidered as a luminous point) will be independent of 
the position of the globe. 

44. What is the length of the cone of the umhra thrown by the carthl and 
what is the diameter of a cro.ss section of it made at a distance equal to that of 
the niQonl 

The I’adiiTs of the sun is 112 radii of the earth; the distance of the moon from 
the earth fe 60 radii of the earth; and the distance of the sun from the earth is 
24,000 X’adii of the earth. Atmospheric I’efractiou is to be neglected. 

45. The stem of a siren carries a plane mirror, thin, polished on both sides, and 
parallel to the axis of the stem. The siren gives a note of 3-15 vibrations per 
second. The revolving plate has 15 holes; A fixed source of light sends to the 
mirror a horixoutal pencil of parallel rays. What space is traversed in a second 
by a point of the reflected pencil at a distance of 4 metres from the axis of the 
siren 1 This axis is supposed vertical. 


SriiEmcAL MinnoRS. 

4G. Find tho focal length of a concave mirror whose radius of curvature is 
2 ft., and find the position of the image («) of a point 15 in, in front of the mirror; 
(6) of a point 10 ft. in front of tho mirror; (e) of a point 9 in. in front of the 
miiTor; \d) of a point 1 in. in front of the mirror. 

47. Calling the diameter of the object unity, find tbe diameters of the image 
ill the four preceding cases. 

48. The flame of a caudle is ])laced on the axis of a concave s])hevical mirror 
at the distance of 154 cm., and its image is formed at tho distance of 45 cm. What 
is the radims of curvature of the mirror? 

49. On the axis of a concave spherical mirror of 1 m. radius, an object 9 cm. 
Iiigli is ]>lacod at a distance of 2 m. Find the size and position of tlie image. 

50. What is the size of tho circular image of the sun which is formed at the 
principal focus of a mirror of 20 m, radius? The apparent diameter of the sun 
is 30'. 

61. In front of a concave spliericjil mirror of 2 metres’ mdius is placed a con- 
cave luminous arrow, 1 decimetre long, perpendicular to the principal axis, and at 
the distance of 6 metres from the mirror. What are the position and size of the 
image ? A small plane reflector is then placed at the principal focus of the spherical 
mirror, at au inclination of 46"-iO‘tIie principal axis^ its polished side being next 
the miiTor. What will be the new position’ 


4 
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Bbfractiox. 

{Tlie index of refraction of glass is to be taken as S, except where otherwise spcciiiod, and 
tiio index of refraction of water as J). 

52. The sine of 45“ is ■s/h, or 707 nearly. Hence, determine wdieiher a ray 
incident in -water at an angle of 45“ witli the surface will emerge or will be 
rellccted ; and determine the same question for a ray in glass. 

53. If the index of refraction, from air into crown-glass be 11, and fi'om air 
into iliut-glass 1|, find the index of refraction from crown-glass into tlint-glass. 

54. The index of refraction from water into oil of tiu’peutiiie is TH; find the 
index of refraction from air into oil of turpentine. 

55. The index of refraction for a certain glass jirism is I’d, and the angle of 
the prism is 10“. Tind approximately the deviation of a ray refracted through it 
nearly symmetrically, 

>/ 56. A. ray of light falls perpendicularly on the surface of an eqiiilateval prism 

of glass with a refracting angle of C0“. What will be the deviation produced by 
the prism 1 Index of refraction of glass 1*5. 

57. A speck in the interior of a piece of plate-glass appears to an observer 
looking normally into the glass to be 2 mm. from the near surface. What is its 

: real distance? 

58. The rays of a vertical sun are brought to a focus by a lens at a distance of 
1 ft. from the lens. If the lens is held just above a smooth and deej.) pool of watei’, 
at what deptli in the -w'ater will the rays come to a focus? 

59. A mass of glass is bounded by a convex surface, and parallel rays incident 
nearly normally on this surface come to a focus in the interior of the glass at a 
distance «. Find the focal length of a plano-convex lens of the same convexity, 
supposing the ra 3 '-s to be iiicidout on the convex side. 

GO. Show tliat the deviation of a ray going through an. air-prism in water is 
towards the edge of the prism. 

Lenses, &c. 

61. Compare the focal lengths of two lenses of the same size and shape, one 
of glass and the other of diamond, their indices of refraction being respectively- 
1“6 and 2'G. 

62. If the index of refraction of glass be 3, show that the focal length of an 
equi-couvex glass lens is the same as the radius of curvature of either face. 

63. The focal length of a convex lens is 1 ft. Find the positions of the image 
of a small object when the distances of the object from the lens are respectively 
20 ft., 2 ft., and 1| ft. Are the images real or virtual? 

64. Wlieii the distances of the object from the lens in last question are respec- 
tively 11 in., 10 in., and 1 in., find the distances of the image. Are the images 
veal 01 ' virtual ? 

65. Calling the diameter of the object unity, find the diameter of the image 
in the six eases of questions 63, 64, taken in order, 

GO. Show that, -when the distance of an object from a convex lens is double 
il'.c focal length, the image is at the same distance on the other side. 

67. Tlie object is 6 ft. on one side of a lens, and the image is 1 ft. on the other 



68. Tlie ohjoct is 3 in. from a lens, and its innage is IS iu. from the lens on the 
same side. Is the lens convex or concave, and what is its focal length ? 

69. Tl)p object is 12 ft. from a lens, and the image 1 ft. from the lens on the 
same side. Find the focal length, and determine whetlier the lens is convex or 
concave. 

70. .A person who secs best at the distance of 3 ft., employs convex spectacles 
with a focal length of 1 ft. At what distance should he hold a hook, to read it 
with the aid of these .spoctacle.s? 

71. A person reads a hook at the di.stance of 1 ft. wdth the aid of concave 
spcciaclos of 6 in. focal length. At what distance is the image which he sees? 

72. A pencil of paiulltd ra 5 ''s fall upon a sphei’c of glass of 1 inch radius. 
Find the princijiul focus of rays near the axis, tlie index of refraction of glass 

’’being I'o. 

73. What is the focal length of a double-convex lens of diamond, the radius of 
curvature of each of its faces being 4 miliimotrcs? Index of refraction 2'5. 

74. An object 8 centimetres high is placed at 1 metre distance on the axis of 
an equi-convex lens of crown-glass of index 1*5, the radius of curvature of its faces 
being 0'4 m. Find the size and position of the image. 

75. Two converging lenses, with a common focal length of O'Oo m., are at a 
distance of 0'05 in. apart, and their axes coincide. "What image will this system 
give of a circle O’Oi m. in diameter, placed at a distance of ’1 m. on the prolonga- 
tion of the common axis? 

76. Show that if F denote the focal length of a combination of two lenses in 
contact, their thicknesses being neglected, we have 

1 _ I 

F ' J\ + fi 

/i and /i denoting the focal lengths of the two lenses. 

77. What is tlie focal length of a lens composed of a convex lens of 2 in. focal 
length, cemented to a concave lens of 9 in. focal length? _ 

78. Apply the fonmilm of § 1015 to find the focal length of a lens, the thick- 
ness being neglected. 

79. The ohjeebive of a telescope has a focal length of 20 ft. "What will he the 
magnifying power when an eyc-piece of half-inch focus is used ? 

80. A sphere of glass of index 1-5 lying upon a horizontal plane receives tlie 
sun’s rays. What must be the height of the sun above the horizon that the prin- 
cipal focus of the sphere may be iu tliis horizontal plane? 

81. A small plane mirror is placed exactly at the principal focus of a telescope,' 
nearly perpendicular to its axis, and the telescope is directed approximately 
to a distant luminous object. Show that the rays rellected <at tlie mirror will, 
after rcpassiiig tlio object glass, return in the exact direction from which they 
came, in spite of the small errors of adjustment of the mirror and telescope. 

82. An eye is placed close to the sui'face of a large sphere of glass (/i=f) which 

is silvered at the ]>aek. Show that the image which the eye sees of itself is three- 
fifths of the natural size. ' ■ 

83. The refractive indices for the rays D and F for two specimens of glass are 

Orown-glasa ..JlH-.r' ^ ’'I’ljSTO ' 1*5344 

* ’ Flint-glass • 1*6481 
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ANSWERS TO EXAMPLES. 


anti an achromatic kns of 20 in. focal length is to he formed hy their comhinatioii. 
Show that if the rays X) and F are brought to tluj same focus, the focal lengths of 
tlie two lenses which are combined will be about 7*9 in. for the clwn^^a^ i3’l in. 
for the flint. , .* 


ANSWERS TO EXAMPLES IN ACOUSTICS. 

Ex. 1. sec. 50. Ex. 2. 4. Ex. 3. 13| ft. 1§ ft. Ex. 4, 61| ft., ft. 
Ex. 5. 30 ft. 

Ex. 6. 3 X ^ = 2. Ex. 7. §2 “ S’ Ex. 8. Doj, Soh, D03, Mia, Sols, 

Ex. 9. 647" Ex. 10. 440." 

Ex. 11. 825. Ex. 12. ^,1 = ’332 sec. ; Ex. 13. 32 ft., 16 ft., 10| ft.; 34|, 68|, 
103^. Ex. 14, 20 ft., 6| ft., 4 ft.; 55, 165, 275. Ex. 15. ft., || ft. Ex. 16. 
An open tube twice or three times as long will resound, because one of its over- 
tones will coincide with the note of the, fork. A stopped tube three times as long 
will resound, but a stopped lube twice as long will not. 

Ex. 17, 4. Ex. IS. 2, 4, 6. Ex. 19, 675 - 672 = 3. 

Ex. 20. 33843, 38850. Ex. 21. 1110. Ex. 22. The velocity is 1090 at 32“ and 
1110 at 50“. Ex, 23. 1*018 metre. Ex. 24. 4180 ft. per second. Ex. 25. 33732. 
Ex. 26. 1945 vibrations per second. Ex. 27. 364“ C. 

Ex. 28. 37417. Ex. 29. 567, 1134, 1701. Ex. 30. = 29040, f= i;2 5?! = 5481600. 
Ex. 31. v = 43560, f = 7589000. Ex. 32. Unisoiu Ex, 33. Length of iron = l'6S 
times length of platinum. 

Ex. 34. 10 ft. Ex, 35. 12SOO ft. per second. 


ANSWERS TO EXAMPLES IN OPTICS. 

Ex. 36. 2*95 m. Ex. 37. 1, 5, and 7 ft. behind first mirror; 2, 4, and S ft. behind 
second. Ex. 39. Side of mirror must be ^ of edge of cube. 

Ex. 41. They are the shadows of the object and of its image, cast by the sun’s 
image. The former is due to the intercepting of light after reflection; the latter 
to the intercepting of light before reflection. Ex. 42. The sun’s image throws a 
shadow of the man’s image on the real arch, owing to his intercepting ways on 
their way to the water.- Ex. 43. First let the globe be vertically under the flame, 
and draw through the flame two equally inclined planes, touching the globe. 
Their interaections with the table will be parallel lines which will be tangents to 
the shadow, and -will still remain tangents to it as the globe is rolled between the 
planes to any distance. Ex. 44, 216 radii of earth ; 1| radii. Ex. 45. 308 «•= 1156 
metres. 

Ex. 46. Focal length 1 ft.; (a) 6 ft. in front of mii-rov; (b) IJ- ft, in front; . 
(c) 3 ft. behind mixTor; (d) in. behind. Ex. 47. 4, 4, lA. 

Ex. 48. 69*6 cm. Ex. 49. Distance f m., height 3 cm. ' Ex. 50. 8*73 cm. 
Ex. 51, Distance Ij m., length dec., new position ^ m. latexMly from focus. 

Ex, 52. The ray in water will emerge, because | is greater than *707 ; the ray 
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- toiallv reflected, because % is less^ than '/07. 3 

;x. r)5. (k Ex. 50. (30* (by total reflection). 

Z Ex. 58. 1 ft. 4 in. Ex. 59. 1 a. ■ 

:,I l..nsUx rf cliamowl is i of food tajgtli o£ 

2 ft, 3 ft. on otber side of lens. Ail i^ea . • • 

ide of lens. All virtual. Ex. 65. 1, % ^aV 

Ex. 68. 3| in., convex. Ex. 69. ft., cleave. E 
Bx. ”2. 1-5 in. from centre, or *5 in. fi;om 
iHi IBx. 74. Distance % m. on other side, - ■ 

, m. beyond second lens; ^lianioter of imap 'OOe ni. E 
Ex.80“ Sine of altitude altitude =41 49. 3.x. 81 
. •* > miA noint on jnii’ror, and are roflect( 
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Aberration, astronomical, 963. 

—• chromatic, loSo. 

— of lenses, 1022. 

— spherical, 978. 

Absorption and emission of rays, 

Accidental images, 1096. 
Aohromatisn'i, joSt, . 

Acoustic pendulum, 892. 

ASther, luminiferous, 9.1.7. 

Air, vibration of, 868. 

Airy’s apparatus for law of sines, 
99S- , , 

Amplitude of vibration, 866. I 
Analyser, 1119. 

Anamorphosis, 990. 

Apertures form images, 950. 
Artificial horizon, 968. 1 

Astronomical refraction, 1003, 
iioS, 

Astronomical telescope, 1043. 
Atmospheric refraction, 1 105. 

Axes, optic, in crystals, loii, 
1122, 113X, 

Basilar membrane of ear, 943. 
Beats, 892, 942. 

Bellows of organ, 91S. 

Bells, vibration of, 867, gis- ! 

Bernoulli’s laws, 919, I 

Bia.xal crystals, 1130. | 

Binocular vision, 1033, I 

' Blackburn’s pendulum, 932, 1125. 
Block pipe, 917, , j 

Brightness, 1050-1056. 

■ — intrinsic and effective, xosi. ] 

— of spectra, 1078. 

Bright spot behind eyepiece, 1045. 1 
Buys Ballot’s experiment on sound, 
907, 

Cigniard de Latotir’s siren, 822. 
Camera lucida, 999. 

— obscura, 1037, 

— photographic, 102S. 
Cassegranian telescope, 1050, 
Caustics, 986, 1000, 1104. 

Centre of lens, 1015. 

Character of a musical note, 897, 

933- 

Chemical harmonica, 869. 

Chladni’s figures, 915. 

Chromatic aberration, loSo. • 
Chroinosphere, 1075. 

Circular polarization, tiz6, 1134. 
Colladdn’s experimerit at Lake of 
Geneva, 8S3, 949. 

Col!i.-natioi), line of, 105S, 


Collimator of spectroscope, 1069, 

. 1071. ■ ■ 

Colour, 1087-1098. 

— and music, 1097. 

— blindness, 1097. . 

— by polarized light, 1124*1133. 

— cone, 1094. 

— ■ equations, 1091. 

— mixture of, 1089-1095. 

• — of powders, loSa. 

— of thin films, niS. 

Comma, pot; 

Complementary colours, 1095. 
Concave lenses, 1023. 

— mirroni, 977, 

Concord, 941. 

Cone of colour, 1094. 

Conjugate foci, 978, 1016, 
Constitution of compound vibra- 

: tions, 934. 

Construction for image, 982. 
Convex mirrors, 989. 

Cornu on velocity of light, 937. 
Gritic.al angle, 996. 

Cross and rings, 1127, 

Cross-wires of telescope, 1022, 
1057. 

Crystals, optical classific.ation of, 
1130, 

Curvature of rays m air, T106. 

— ofsound r.ays, mo, 

Gylindric mirror, ggo. 

Dark ends of spectrum, 1064- 
. 1067. ■ . 

— lines in spectrum, 1064. 
Depolarization, see Elliptic polari- 

7 .zation. 

Deviation, constructions for, looS, 

: 1009. ■ 

— by rotation of mirror, 976. 

— niinimum, 1008, 1009. 
Difference-tones, 944. 

Diffraction, 1100. 

— by grating, iiia, in6. 

— fringes, tin. 

— spectrum, 1116. 

■ Direction of vibration ui polarized 
light, 1136. 

! Discord, 941. 

Dispersion, chromatic, 1059. 

in spectroscope, 1079. 

Displacement of spectral lines by 
motion, 1077. 

Dissipation of sonorous energy,- 
879- 

Distance, adaptation of eye to, 
1032. . _ ■ 

— |udgment of, 1034, 


Doppler's principle, 1077. 

Dmiblfc refr-iOtiiHi, loici, 1122, 
Duhamel’s vibroscope, 904. 

h'.ar, acoordhig to Helmholtz, 943- 

Kcho, 8S7. 

Edison's phonograph, 939. 
Elementary tones, 945. ■ 
Ellipsoid, 1131. 

Elliptic pol.'irization, 1124. 

Energy of sonorous vibrations, 

'879.-. ■ 

Extraordinary index, 1012, 1123. 

— ray.s, 1012, 1123- 
Eye, 1031. 

Kyc-picccs, loSs, 

Field of view, 1056. 

Films, colours of, 1118. 

Fizeau on velocity of light, 935, 
Flames, manoinetric, 920, 937. 

— singing, 869. 

Flue-pipe, 917. 

Fluorescence, 1066. 

Flute mouthpiece, 917. 

Focal length, .080. 

F’ocal lines, 9S7, 

Foci, conjugate, 978, 1016, 

— explained by wave theory, 

' 1 104.. ■ ■ 

— primary and secondary, 986. 

— principal, 978, 980, 1014. 
Focometcr, 1024. 

F'oeus, 978. 

Foucaiiit’s e.x-periments on velocity 
. oflight, 957,1103..^'^^ 
—.prism, -1-123. ' ' ■ 

Fourier’s thc'irem, 934. 
I’raunhofei’s lines, 1064. 

FVee reed, 925. 

Frequencies of red and violet 
vibrations, 848. 

Frequency, 896. 

Fresnel's rhomb, 1134. 
'—-wave-surface, -1130..' 

Fringes, diflVactiou, uri. 

Galilean telescope, 1047. 

Gamut, 893, 

Gases, velocity of sound in, 883, 

. ... 

Glass, strained, exhibits colours, 
«3»- 

Gratings for diffraction, 1113. 

— photographic, 1x13. 

— reflection, rn6. 

— retardation, 1116. 

Gregorian telescope, 1049. 
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Jupiter’s satellites, eclipses of, 960. 

Kaleidoscope, 974. 

Kerr's magneto-optic cfTects, 1134. 
KBnig’s manomctric flames, 926, 


I.antern, magic, 1030. 

Laplace’s correction of sound- 
velocity, 883. 

T^aryngoscope, 991. 

Least time, principle of, 1103. 
Lenses, 1013. 

— centre of lens, 1015. 

— concave, 1023. 

— formulae for, 1017, 

I,evelling, correctiutis in, 1105. 
Light, 947-“ 37* 

Limma, 899. 

Linear dimensions, in sound, gi6. 


Line of colli mation, 1038, : 

Lines, Fraunhofer’s, 1064. 
Inssajous’ curves, 929. 

Log of wood, propagation of sound 
through, 879. 

Longitudinal and transverse vi- 
brations, 908. 

— vibrations of rods and strings, 

923. 

I.ooking-glasBes, 970. 

Loudness, 896. 

Iwuminiferous mther, 947. 
Lycopodium on vibrating plate, 


Magic-lantern. 1030. 
Magneto-optic rotation, 1133. 
Magnification, 1036. 

— by lens, 1040. 

— - by microscope, 1041. 

— by telescope, 1044, 1046. 
Maius’ polariscope, iiao. 


Hadley’s sextant, 976. 

Harmonics, 912, 934, sef Over- 
tones.. 

Heliostat, 1063. 

Helmbolta on colour, 10S9, logi, 

. ■ ■ Joc)6. 

— resonators, 036. 

— theory of dissonance, 942. 
Herscheiian telescope, 1048. 
Huygens’ construction for w.ave- 

front, nor. 

— principle, 1099. 


Iwland-spar, loio, 1122. 

Images, 971. , 

, — accidental, 1096, 

-—brightness of, toss, 
v formed by lenses, J021. 

— formed by small holes, 950. 

— in mid air, 9R5. 

— on screen, 984, 1055. 

— sise of, 982, J021. 

Index of refraction, 996, 1102. 

— — - table of, 996. 

of air, 1x06. 

Interference of sounds, 889-893 
Intervals, musical, 8g8. 

Invisible parts of spectrum, 1064. 
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Manometric flames, gad, 937, 
M.arch of conjugate foci, gBt, 1020. 
Maxwell’s colour-box, 1093. 
Merabrana basilaris, 943. 

Mica plates for circular polariza- 
tion, 1134. ' 

Michelson on velocity of light, 960. 
Micrometers, 1058. 

Microscope, compound, 1041. 
electric, 1030. 
simple, 1039. 
soliir, 1029. 

Minor scale, 901. 

Minimum deviation by prism,, 
1008, 1009. ■ 

Mirage, 1108. 

Mirrors, 970. 

— concave, 977. 

— convex, 989. ^ 
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ELECTROMAGNETISM 


PREFACE 


The present book is the second of several voiiimes which are 
intended to replace the hilroduction to Theoretical Physics written 
by the same authors in 1933. By separating the material on mechanics, 
on electromagnetism, and on the quantum theory, we believe that it is 
possible to give a somewhat better rounded treatment of each of these 
fields, which will be more useful to the teacher and the student. We 
have taken advantage of the opportunit 3 ’' to give a considerably more 
complete treatment of the foundations of electrostatics and magneto- 
statics, and to introduce some of the new developments in electro- 
magnetic theory since 1933. At the same time, we have tried to 
preserve, and even to extend, the general unitj^ of treatment which 
we believed so important when the earlier book \vas published. We 
have a conviction that the teaching of theoretical physics in a number 
of separate courses, as in mechanics, electromagnetic theory, potential 
theory, thermodynamics, and modern physics, tends to keep a student 
from seeing the unity of physics, and from appreciating the importance 
of applying principles developed for one branch of science to the prob- 
lems of another. 

We have developed electromagnetism from first principles, and 
have included in the appendixes enough of the necessary?- mathematical 
background so that the student familiar with the calculus and dilfer- 
ential equations can follow the work, -without further training in 
mathematics or in mathematical physics. Nevertheless, electro- 
magnetic theory is a later historical development than mechanics, and 
it makes use of many mathematical methods, as in vector and tensor 
analysis, potential theory, and partial differential equations, which 
were first developed for mechanics, and find their most straightforward 
applications in mechanical problems. Although we feel that the 
present volume is designed so that it can be used by itself, a thoi'ough 
grounding in mechanics is a very desirable prerequisite. The student 
-who first familiarizes himself with the companion volume on mechanics 
will find many similarities in treatment of the two fields, which will 
enhance his understanding of both. 

Electromagnetic theory has developed in two principal directions 
since its original formulation in the middle of the last century: toward 
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the electromagnetic theory of light, treating very short wave lengths, 
and providing the mathematical foundation for the theory of optics; 
and toward the longer wave lengths encountered in electrical engineer- 
ing and radio. In the last few years, the practical applications have 
come at constantly shorter wave lengths, until with the recent develop- 
ment of microwaves the gap between the two branches of the subject 
has been practically closed. We handle problems of both types, mak- 
ing no distinction between the methods used for them. 

In 1933, it was almost universal practice to use the Gaussian system 
of units for handling electromagnetic problems, and Introduction to 
Theoretical Physics is written in terms of those units. Since then, the 
mks, or meter-kilogram-second, system has come into common use, 
and we have made use of that system in the present volume, believing 
that its advantages over the Gaussian system are considerable. We 
give in an appendix, however, a discussion of the various systems of 
units, including a formulation of all the important equations in terms 
of the Gaussian system, so that the reader will not be at a disadvan- 
tage in consulting other books using the Gaussian units, and so that 
he will understand properly the relations among the various systems. 

We quote from the preface of Introduction to Theoretical Physics: 

“In a book of such wide scope, it is inevitable that many important 
subjects are treated in a cursory manner. An effort has been made to 
present enough of the groundwork of each subject so that not only is 
further work facilitated, but also the position of these subjects in a 
more general scheme of physical thought is clearly shown. In spite 
of this, however, the student will of course make much use of other 
references, and we give a list of references, by no means exhaustive, but 
suggesting a few titles in each field which a student who has mastered 
the material of this book should be able to appreciate. 

“At the end of each chapter is a set of problems. The ability to 
work problems, in our opinion, is essential to a proper understanding of 
physics, and it is hoped that these problems will provide useful px’ac- 
tice. At the same time, in many cases, the problems have been used to 
extend and amplify the discussion of the subject matter, where limita- 
tions of space made such discussion impossible in the text. The 
attempt has been made, though we are conscious of having fallen far 
short of succeeding in it, to carry each branch of the subject far enough 
so that definite calculations can be made with it. Thus a far surer 
mastery is attained than in a merely descriptive discussion. 

'‘Finally, we wish to remind the reader that the book is very defi- 
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nitely one on theoretical physics. Though at times descriptive 
material, and descriptions of experimental results, are included, it, is 
in general assumed that the reader has a fair knowledge of experimental 
physics, of the grade generally covered in intermediate college courses. 
No doubt it is unfortunate, in view of the unity which we have stressed, 
to separate the theoretical side of the subject from the experimental in 
this way. This is particularly true rvhen one remembers that the 
greatest difficulty rvhich the student has in mastering theoretical 
physics comes in learning how to appl3'' mathematics to a physical 
situation, how to formulate a problem mathematically, rather than 
in solving the problem when it is once formulated. We have tried 
wherever possible, in problems and text, to bridge the gap between pure 
mathematics and experimental physics. But the only satisfactory 
answer to this difficulty is a broad training in which theoretical physics 
goes side by side with experimental physics end practical laboratory 
work. The same ability to overcome obstacles, the same ingenuity 
in devising one method of procedure when another fails, the same 
physical intuition leading one to perceive the answer to a problem 
through a mass of intervening detail, the same critical judgment 
leading one to distinguish right from wrong procedures, and to 
appraise results carefully on the ground of physical plausibility, are 
required in theoretical and in experimental phj^sics. Leaks in vacuum 
systems or in electric circuits have their counterparts in the many 
disastrous things that can happen to equations. And it is often as 
hard to devise a mathematical S3>'stem to deal with a difficult problem, 
without unjustifiable approximations and. impossible complications, as 
it is to design apparatus for measuring a difficult quantity or detecting 
a new effect. These things cannot be taught. They come only from 
that combination of inherent insight and faithful practice which is 
necessary to the successful physicist. But haff the battle is over if the 
student approaches theoretical physics, not as a set of mysterious 
formulas, or as a dull routine to he learned, but as a collection of 
methods, of tools, of apparatus, subject to the same sort of rules as 
other physical apparatus, and yielding physical results of great impor- 
tance. ... The aim has constantly been, not to teach a great collec- 
tion of facts, but to teach mastery of the tools by ■which the facts have 
been discovered and by which future discoveries will be made.” 

JoHisr C. Slater 
NathIniel H. Frank 

Cambridge, Mass., 

■ July,lQ4:i ■■■' ■ ■ 



PaEIfACB 


CONTENTS 


Pase 

V 



Chapteb I 

THE FIELD THEORY OF ELECTROMAGNETISM 


Introduction 1 

1. The Force on a Charge 10 

2. The Field of a Distribution of Static Point Charges 11 

3. The Potential 14 

4. Electric Images 16 

Problems 17 


Chapter II 
ELECTROSTATICS 

Introduction 

;1. Gauss’s Theorem 

'2. Capacity of Condensers. . 

3. Poisson’s Equation and Laplace’s Equation 

4. Green’.s Theorem, and the Solution of Poisson’s Equation in an Unbounded 

Region. . 

5. Direct Solution of Poisson’s Equation . 

Problems 


19 

19 

21 


24 

26 

27 


Chapter III 

SOLUTIONS OF LAPLACE’S EQUATION 
Introduction. , 29 

1. Solution of Laplace’s Equation in Rectangular Coordinates by Separation 

of Variables 29 

2. Laplace’s Equation in Spherical Coordinates . . . . . . ... . . . , 31 

3. Spherical Harmonics 32 

4. Simple Solutions of Laplace’s Equation in Spherical Coordinates ..... 34 

5. The Dipole and the Double Layer . . . ... . . 35 

6. Green’s Solution for a Bounded Region . .. . . . , . . . , . . . . 38 

Problems. . 39 


Chapter IV 
DIELECTRICS 

Introduction. . . , . . . . ... . • • • • . . . . • .... . . . 41 

1. The Polarization and the Displacement . . . . . . . ........ , 42 

2. The Dielectric Constant . . I . , I . ... . . . , . . 43 

ix ■ 



CONTENTS 


X 

Pack 

3. Boundary Conditions at the Surface of a Dielectric 44 

4. Electrostatic Problems Involving Dielectrics, and the Condenser 46 

5. A Charge outside a Semi-infinite Dielectric Slab 47 

6. Dielectric Sphere in a Uniform Field 49 

7. Field in Fiat and Needle-shaped Cavities 50 

Problems. 51 

Chaptbb V 

MAGNETIC FIELDS OF CURRENTS 
Introduction 53 

1. The Biot-Savart Law 54 

2. The Magnetic Field of a Linear and a Circular Current 55 

3. The Divergence of B, and the Scalar Potential 57 

4. The Magnetic Dipole 59 

5. Ampere’s Law 59 

6. The Vector Potential 62 

Problems. . 64 

Chapteb VI 

MAGNETIC MATERIALS 

Introduction 65 

1. The Magnetization Vector . 67 

2. The Magnetic Field 68 

3. Magnetostatic Problems InvoMng Magnetic Media. . 70 

4. Uniformly Magnetized Sphere in an External Field 72 

5. Magnetomotive Force 75 

Problems 77 

Chapteb VII 

ELECTROMAGNETIC INDUCTION AND MAXWELL’S EQUATIONS 

Introduction 78 

L The Law of Electromagnetic Induction . . 79 

2. Self- and Mutual Induction . 80 

3. The Displacement Current 83 

4. Maxwell’s Equations. .............. 85 

5. The Vector .and Scalar Potentials 86 

Problems. 88 

Chapteb VIII 

ELECTROMAGNETIC WAVES AND ENERGY FLOW 
Introduction, . . . . . . . . . . 90 

1. Plane Waves and Maxwell’s Equations. . . .... . . , . , . . , . 90 

2. The Relation between E and II in a Plane Wave ... . .... . . , 94 


CONTENTS 


xi 

Page 

3. Electric and Magnetic Energy Density 95 

4. Poynting’s Theorem and Poynting’s Vector 99 

5. Power Flow and Sinusoidal Time Variation 102 

6. Power Flow and Energy Density in a Plane Wave 103 

Problems 103 

Chapter IX 

ELECTRON THEORY AND DISPERSION 
Introduction 105 

1. Dispersion in Gases 107 

2. Dispersion in Liquids and Solids 109 

3. Dispersion in Metals Ill 

4. The Quantum Theory and Dispersion 112 

Problems 114 

Chapter X 

REFLECTION AND REFRACTION OF ELECTRO ivl AG NETIC WAVES 
Introduction 117 

1. Boundary Conditions at a Surface of Discontinuity 117 

2. The Law’s of Reflection and Refraction 118 

3. Reflection Coefficient at Normal Incidence . 119 

4. Fresnel’s Equations 120 

,5. Total Reflection 123 

(>. Damped Plane Waves, Normal Incidence 125 

7. Damped Plane Waves, Oblique Incidence , 127 

Problems. . .128 

Chapter XI 

WAVE GUIDES AND CAVITY RESONATORS 
Introduction 129 

1. Propagation between Two Parallel Mirrors. . . . .. . . . . . . . . . 131 

2. Electromagnetic Field in the Wave Guide 135 

3. Examples of Wave Guides ... ......... 138 

4. Standing Waves in Wave Guides 142 

b. Resonant Cavities. 145 

Problems. J46 

Chapter XII 

SPHERICAL ELECTROMAGNETIC WAVES 
Introduction . . ... . . ... . . . . . . . . . . . 148 

1. Maxwell’s Equations in Spherical Coordinates, . . . 148 

2, Solutions of Maxwell’s Equations in Spherical Coordinates . . . .... 151 


CONTENTS 


xii 

Pasb 

3. The Field of an Oscdlatiag Dipole. 157 

4. The Field of a Dipole at Large Distances . . . 158 

5. Scattering of Light 159 

6. Coherence and Incoherence of Light 161 

Problems 165 

Chapter XIII 

HUYGENS’ PRINCIPLE AND GREEN’S THEOREM 
Introduction 167 

1. The Retarded Potentials 168 

2. Mathematical Formulation of Huygens’ Principle ........... 170 

3. Integration for a Spherical Surface by Fresnel’s Zones 173 

4. Huygens’ Principle for Diffraction Problems 175 

Problems. 178 

Chapter XIV 

FRESNEL AND FRAUNHOFER DIFFRACTION 
Introduction 180 

1. Comparison of Fressnel and Fraunhofer Diffraction . 180 

2. Fresnel Diffraction from a Slit 184 

3. Fraunhofer Diffraction from a Slit 187 

4. The Circular Aperture, and the Resolving Power of a Lens 189 

6. Diffraction from Several Slits; the Diffraction Grating 190 

Problems 192 

Appendix I 

Vectors. I95 

Vectors and Their Components 195 

Scalar and Vector Products of Two Vectors 196 

The Differentiation of Vectors. 198 

The Divergence Theorem and Stokes’s Theorem 200 

Problems 204 

Appendix II 

Units. . . . . . ... , . . . . . . ... . ... . . . ..... 205 

Appendix III 

Fourier Series . . . . . . . . . . . . .... . . . . . . . , , . . 217 

Problems . . . . ... . . . . 220 

Appendix IV 

Vector Operations in Curvilinear Coordinates . . , . . . . ; . , 221 

Gradient . . . , . . . ; . , . . . . . . . , . . . 221 




CHAPTER I ^ 

THE FIELD THEORY OF ELECTROMAGNETISM 


A dynamical problem has two aspects: mechanics, the determina- 
tion of the accelerations and hence of the motions, once the forces are 
given; and the study of the forces acting under the existing circum- 
stances. The basic principles of mechanics are simple. In its classical 
form, mechanics is based on Newton’s laws of motion, laws discovered 
and formulated nearly three hundred years ago. The developments 
since then have been technical, mathematical improvements in the way 
of formulating the laws and solving the resulting mathematical 
problems, rather than additions to our fundamental knowledge of 
mechanics. Only in the present century, with wave mechanics, has 
there been a change in the underlying structure of the subject. 

The study of forces, on the other hand, is difficult and complex. 
The first forces brought into mathematical formulation were gravi- 
tational forces, as seen in planetary motion. Next were elastic 
forces. Then followed electric and magnetic forces, wliich are the 
subject of this volume. Their study was mostly a product of the 
nineteenth century. During the present century, it has become clear 
that electromagnetic forces are of far wider application than was first 
supposed. It has become evident that, instead of being active only 
in electrostatic and magnetostatic experiments, and in electromagnetic 
applications such as the telegraph, dynamo, and radio, the forces 
between the nuclei and electrons of single atoms, the chemical forces 
between atoms and molecules, the forces of cohesion and elasticity 
holding solids together, are all of an electric nature. We might be 
tempted to generalize and suppose that all forces are electromagnetic, 
but this appears to be carrying things too far. The prevailing evidence 
at present indicates that the intranuclear forces, holding together the 
various fundamental particles of which the nucleuses composed, are 
not of electromagnetic origin. These forces, of enormous magnitude, 
and appearing in the phenomena of radioactivity and of nuclear 
fission, appear subject to laws somewhat analogous to the electromag- 
netic laws, but fundamentally different. In spite of this, the range of 
phenomena governed by electromagnetic theory is very wide, and it 
carries us rather far into the structure of matter, of electrons and 
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2 ELECTROMAGNETISM [Chap. I 

nuclei and atoms and molecules, if we wish to understand it completely. 
The equations underlying the theory, Maxwell's equations, are rela- 
tively simple, but not nearly so simple as Newton’s laws of motion. 
Instead of stating the whole fundamental formulation of the subject 
in the first chapter, as one can -when dealing wdth mechanics, about 
half of the present book is taken up with a complete formulation of 
Maxwell’s equations. We start with simple types of force, electro- 
st.atio and magnetostatic, and gradually work up to problems of 
electromagnetic induction and related subjects, all of which are 
formulated in Maxwell’s equations. 

In the development of electromagnetic theory, there has been a 
continual and significant trend, which in a way has set the pattern 
for the development of all of theoretical physics. This has been 
the trend away from the concept known as “action at a distance” 
toward the concept of field theory. The classical example of action 
at a distance is gravitation, in which simple nonrelativistio theory 
states that any two particles in the universe exert a gravitational force 
on each other, acting along the line Joining them, proportional to the 
product of their masses, and inversely proportional to the square of 
the distance between them. Such a force, depending only on the 
positions of the particles, quite independent of any intervening objects, 
is simple to think about, and formed the basis of most of physical 
thought from the time of Newton, in the latter half of the seventeenth 
century, on well into the nineteenth century. The first electric and 
magnetic laws to be discovered fitted in well with the pattern. First 
among these was Coulomb’s law. Coulomb investigated the forces 
between electrically charged objects, and found that the force between 
two such objects was in the line joining them, proportional to the 
product of their charges (which could be defined by an experiment 
based on this observation), and inversely proportional to the square 
of the distance between them, in striking analogy to the law of gi’avi- 
tation. Magnets similarly fell in with the scheme. A theory of the 
forces between permanent magnets can be built up by considering 
that they contain magnetic north and south poles, and that the force 
between two poles is proportional to the product of the pole strengths, 
and inversely proportional to the square of the distance. It is true 
that single poles do not seem to exist in nature, but an ordinary magnet 
can be considered as made up of equal north and south poles'in Juxta- 
position, a combination known as a “dipole.” 

Coulomb’s studies were carried on in the latter half of the eight- 
eenth century. Farly in the nineteenth came the discovery of the 
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maignetic effects of continuous currents. First was Oersted’s observa- 
tion that electric current flowing in a loop of wire exerted magnetic 
forces on permanent magnets, just as if the loop itself w’^ere a magnet. 
Then came Ampere to formulate these observations mathematically, 
showing that the magnetic force resulting from a circuit can be broken 
up into contributions from infinitesimal lengths of wire in the circuit, 
and that each of these forces falls ofl as the inverse square of the 
distance, a law often known by the names of Biot and Savart. These 
laws of action at a distance suggested that electromagnetism would 
develop along the lines suggested by gravitational theory. 

Michael Faraday, in the fii'st half of the nineteenth century, was 
the first who really turned the electromagnetic theory into the lines of 
field theory. If a piece of insulator, or dielectric, is put between two 
charged objects, the force between the objects is diminished. Faraday 
was not content to regard this as merely a shielding effect, or a change 
in the force constant. He directed attention to the dielectric, and 
concluded that it became polarized, acquired charges which themselves 
contributed to the force on other charges. To describe these effects, 
he introduced the idea of lines of force, lines pointing in the direction 
of the force that would be exerted on a charge located at an arbitrary 
point of space. He gave a physical meaning to the number of lines 
per unit area, setting tliis quantity proportional to the magnitude of 
the force. He thought of the lines of force in a very concrete way, 
as if there were a tension exerted along them, and a pressure at right 
angles to them, and showed that such a stress system would account 
for the forces actually exerted on charges. Faraday’s fundamental 
idea, in other words, was that things of the greatest importance were 
going on in the apparently empty space between charged bodies, and 
that electromagnetism could be described by giving the laws of the 
phenomena in this space, which he called the “field.” His discovery 
of electromagnetic induction, in which electromotive force is induced 
in a circuit by the time rate of change of magnetic flux through the 
circuit, added certaintj'' to his concepts, by pointing out the importance 
of the magnetic field and its flux. 

Faraday was not a mathematician, and his concepts of the field 
did not immediately appeal to the mathematicians, who were still 
thinking in terms of inverse-square laws. His contemporary Gauss 
furnished the first mathematical formulation of field theory. Gauss 
considered lines of force, their flux out of a region, and proved his 
famous theorem, relating this flux to the total charge within the 
region. It remained for Maxwell, however, some thirty years after 
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Faraday’s first discoveries, to find the real mathematical formulation 
of them. Maxwell accepted wholeheart.edly the idea that the electric 
and magnetic fields were the fundamental entities, and considered the 
partial differential equations governing those fields. He had a back- 
ground of experience to work on. In addition to the work of Gauss, 
there was the formulation of gravitational theory in terms of the 
gra\dtational field and potential, which had been worked out at the 
end of the eighteenth century by Laplace, Poisson, and others. At 
the time, that formulation seemed more a mathematical device than 
anything else, but in the hands of Maxwell it furnished an ideal 
mathematical framework for Faraday’s ideas. The electromagnetic 
field is much more complicated than the gravitational, however, and 
Maxwell had to go far beyond Laplace, Poisson, and Gauss, introduc- 
ing among other things the concept of displacement current, which 
proved to be necessary to reach a mathematical^?- consistent theor^^ 
Maxwell’s equations have stood the test of time since then, and still 
furnish the correct formulation of classical electromagnetic theory; 
it is only the quantum theory which has brought about a fundamental 
revision of our ideas, during the last few years. 

As soon as Maxwell formulated his equations, he was able to draw 
from them a mathematical result predicting a new phenomenon, 
which would hardly be suspected from the laws of Coulomb and of 
Faraday which were his starting points. He was able to show that an 
electromagnetic disturbance originated by one charged body would 
not be immediately observed by another, but that instead it would 
travel out as a wave, with a speed that could be predicted from elec- 
trical and magnetic measurements. Furthermore, the velocity so 
predicted proved to agree, within the small experimental error, with 
the speed of light. Thus at one blow he accomplished two results 
of the greatest importance in the history of physics. First, he gave a 
convincing proof of the superiority of a field theory to action at a 
distance; secondly, he tied together two great branches of physics, 
electromagnetism and optics. 

To see why action at a distance can hardly explain the propaga- 
tion of electromagnetic waves, consider as simple a thing as a radio 
broadcast. In the transmitting antenna, certain charges oscillate 
back and forth, depending on the signal being transmitted. Accord- 
ing to the field theory, these charges produce an electromagnetic wave, 
which travels out with the speed of light. The wave reaches a receiv- 
ing antenna an appreciable time later, and sets the charges in that 
antenna into oscillation, with results that can be detected in the 
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receiver. The forces on the charges in the receiving antenna are 
not determined at all by the instantaneous positions or velocities of 
the charges in the transmitting antenna, but by the values that they 
had at an eai’lier time. Any reaction back on the transmitter will 
be delayed by the time taken by the disturbance to reach the receiver, 
and then to return to the transmitter again, as in an echo. The forces 
on a particle, in other words, do not depend on the positions of other 
charges, but on what they did at past times. It is almost impossible 
to formulate this in terms of action at a distance, but easy to formulate 
if we regard the electromagnetic field as a real entity, taking energy 
from the transmitter, and canying it with a finite velocity to the 
receiver. 

To appreciate the relations between electromagnetism and optics, 
which Max\¥ell demonstrated, we have to go back somewhat further 
with the development of optics. At the time of Newton and Huygens, 
there were two opposed theories of light, New'ton holding a corpuscular 
theory, in which the light was a stream of infinitesimal particles, 
being bent as they passed from one medium to another on account 
of a surface force resulting from different potential energies in the 
various media; whereas Huygens believed that light was a form of 
wave motion, and was able to explain reflection and refraction on 
the basis of the propagation of spherical wavelets, traveling with 
different velocities in different media. Newton’s principal objection 
to the wave theory was his feeling that it did not explain the way in 
which obstacles cast sharp shadows. He was thinking by analogy 
with sound, wliich was known to be a wave motion, in which sound 
bends around obstacles. The thing he did not realize was that the 
wave lengths of light are so small, and that that entirely changes the 
behavior of shadow formation. It is curious that he did not think 
of this, for he was familiar wdth the phenomena of interference and 
diffraction; he made a theory of them which postulated a periodic dis- 
turbance along the direction of ’wave propagation, which he described 
as alternate fits of easy reflection and of easy transmission, and by 
measurement of interference patterns he determined the wave length 
of this periodic disturbance, in good agreement with modern measure- 
ments of the wave length of light. His combination of corpuscles 
with a periodic disturbance, in fact, showed extraordinary similarity 
to the present picture resulting from the quantum theory, in which we 
picture particles, or photons, traveling in accordance with a guiding 
wave field. 

The explanation of into.rference and diffraction from the wave 
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theory, together with the proper treatment of the casting of shadows, 
did not actually come until the first years of the nineteenth century, 
when Young and Fresnel made their discoveries in that field. Fresnel 
not only explained these phenomena, but also formulated the laws of 
reflection and refraction, giving laws, which have proved to be correct, 
for the fraction of the incident light reflected and refracted, as well 
as for the direction of the reflected and refracted beams. Those 
laws also explained the phenomenon of double refraction, by which 
certain crystals such as Iceland spar transmit light in two different 
rays, the ordinary and the extraordinarj^' rays, traveling at different 
angles and speeds, and not satisf3dng the ordinary laws of refraction 
as found in an isotropic medium. The two rays show properties 
described as polarization, Avhich proved to result from the fact that 
light is a transverse, not a longitudinal, vibration, so that two direc- 
tions of vibration are possible, both at right angles to the direction of 
propagation. The whole theory of these vibrations shows a close 
analog}'' to the transmission of transverse elastic vibrations in an 
elastic solid, wdth the one exception that there is no indication of an 
accompanying longitudinal vibration, such as there would be with 
an elastic solid, and such as would constitute the only mode of vibration 
for a fluid. 

The physicists of the nineteenth century were much devoted to 
mechanical models. If light acted like the transverse vibration of an 
elastic solid, they tried to visualize it as a real solid, and gave it a 
name, the “ether." It was hard to understand its properties. In 
the first place, as we have just mentioned, a real elastic solid would 
transmit longitudinal as well as transverse waves, and no good way of 
modifying the theory was found that would eliminate the longitudinal 
waves. In the second place, the solid would have to fill all space, 
and it was obviously very hard to see how, with a very rigid solid 
filling space, it was possible for ordinary bodies to move around 
freely. Much thought was devoted to these questions. Even after 
Maxwell had shown that light was an electromagnetic disturbance, 
not a vibration of a solid, there was still much speculation about the 
nature of the ether. It is really only within the present century that 
physicists have realized that that speculation is essentially meaning- 
less, that the electric and magnetic fields are the fundamental entities 
concerned with optics as well as with electromagnetic forces, and that 
we do not have to endow these fields with mechanical properties 
foreign to their real nature. 

It was this background of an elastic-solid theory of light which 
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Maxwell encountered when he formulated his electromagnetic theory. 
That theory at once removed all the difficulties of the previous theories. 
It yielded only the transverse vibrations, ha\dng no solutions of the 
fundamental equations corresponding to longitudinal waves. Fres- 
nel’s equations for refraction and reflection, and his explanations of 
interference and diffraction, though proposed for an elastic-solid 
theory, proved to be equally valid in the framework of electromagnetic 
theory. And the explanation of the casting of shadows, resulting 
from the small w^ave length shown to exist by experiments on inter- 
ference and diffraction, properly answered Newton’s objection to the 
wave theory. Taken together with the remarkable success of the 
theory in predicting the velocity of light from purely electrical meas- 
urements, all doubt about the electromagnetic nature of light almost 
immediately disappeared, and optics is now treated as a branch of 
electromagnetism, as we shall treat it in this volume. The argument 
was placed beyond question a few years later, when Hertz demon- 
strated the existence of electromagnetic waves of wave lengths of a 
few centimeters. This was soon followed by the use of much longer 
electromagnetic weaves fqr radio communication, leading back in the 
last few years to the use of microwaves, of a few centimeters in length, 
forming one of the most perfect examples of the application of Max- 
well’s equations. 

The developments we have described comprise most of the classical 
part of electromagnetic theory, the part that is taken up in the present 
volume. Two more recent advances have concerned themselves with 
the quantum theory. First, and more revolutionary, has been the 
discovery of the photon, and of the fact that light has an aspect that 
must be explained in a corpuscular way, as w'ell as a wave aspect. 
This was at first a mathematical deduction by Planck, from the theory 
of black-body radiation, at the beginning of the present century, and 
it was follow'ed shortly by Einstein’s deduction of the law of photo- 
electric emission, from Planck’s quantum h3''pothesis. Light of rather 
short wave length, falling on a suitable metal surface, ejects electrons; 
these electrons are observed to have an energy depending only on the 


frequency of the light, being in fact proportional to the frequency, 
and being independent of the intensity of the light, which regulates 
merely the number of photoelectrons, not their energy. This sug- 
gested strongly that the energy of the light was carried by certain 
corpuscles, or photons, shown by Einstein to carry a quite finite 
energy hf, where /i is Planck’s constant, / the frequency, and that a 
photon absorbed by an electron_^of t he m etal transferred its energy 
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to the electron, so that it was ejected as a photoelectroii. Siieli a 
hypothesis was in direct conflict with the wave theory, which a,s we 
shall see predicts a continuous distribution of energy, and for a number 
of years this conflict was regarded as a great stumbling block in tlie 
development of the quantum theory. 

The difldculty still exists, in its way, but it is gradually being 
worked out in the framework of developing quantum electrodynamics. 
It is becoming recognized that the corpuscular and the wave point 
of view simultaneously have their truth, and that the wave is the 
correct description of the average behavior of the photons, but does 
not predict the behavior of an individual photon, which in fact seems 
not to be predictable by any precise theory. The photons move so 
that on the average they deliver the same energj’' to any illuminated 
area that Avould be predicted by the w^ave theory, but the energy is 
actually delivered by the photons, in discrete amounts. At compara- 
tively long wave lengths, or low frequencies, the energy of the photons 
is so small that a great many are delivered by a source of ordinary 
energy, and their discreteness is not of importance. At very high 
frequencies, however, the finite size of the photons is of striking sig- 
nificance, as can be seen in experiments with counters and cloud 
chambers, in which evidence of a single photon (or of a single electron 
or ion) can be directly observed. 

The less striking, but probably equally important, development of 
electromagnetic theory in the last few years has been its place in the 
quantum theory of atomic and molecular structure. Bohr, in 1913, 
was able to explain the structure of a hydrogen atom, as being made 
up of a proton and an electron, acting on each other by ordinary 
electrostatic forces, but governed by quantum mechanics. Develop- 
ing this theory, Schrodinger in 1926 proposed his wave mechanics, 
a form of quantum mechanics suggested by the duality between 
corpuscles and waves in the theory of light. It had been suggested by 
de Broglie that there was a wave phenomenon associated with the 
motion of electrons, as there was until the motion of photons, and 
Schrodinger formulated this ■wave in terms of a wave equation, some- 
what similar to the wave equations of optics. By solving this equa- 
tion, we find descriptions of great accuracy of the structure of atoms, 
mblecules, and solids and matter of all ti^pes. The interesting point 
is that the forces that enter into Schrodinger’s theory are essentiall}'' 
electromagnetic forces as described by classical electromagnetic 
theory l it is in the mechanics that this theory differs from purely 
classical theory. Thus we understand the very broad way in whicli 
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electromagnetic forces underlie a great segment of chemistry, and 
of the theory of the solid, liquid, and gaseous states. 

The applications of Schrodinger’s theory to the structure of matter 
deal almost entirely with particles traveling slowly compared with 
the velocity of light. The electromagnetic theory that has to be 
used is then essentially electrostatics, making no use of the finite 
velocity of propagation of light. When we come to apply the theory 
to particles traveling with velocities comparable with that of light, 
we meet essential difficulties, which have not yet been fully solved. 
We must expect a combination of the theory of radiation, and of the 
electromagnetic forces concerned in an atom or molecule, which will 
]:)e consistent and complete, and this does not yet seem to exist. Of 
course, particles traveling wnth velocities near that of light must 
satisfy the relativistic mechanics. Einstein, in the early years of the 
century, devised his theory of relativity, to explain the dynamics of 
rapidly moAung particles, and the way in 'which the velocity of light 
appeared the same in any frame of reference. The modifications 
tluit proved to ])e necessary were only in the dynamics, not in the 
electromagnetic part of the theory; the forces as predicted by classical 
electromagnetic theory are relativistically correct, as had been shown 
earlier by Lorentz. But, in setting up the quantum electrodynamics 
of rapidly moving particles, it is relativistic rather than Newtonian 
mechanics Avhich must be used as a start, and it is this combination 
which is not yet without its difficulties. 

Probably part of the trouble with these theories is the fact that 
new phenomena are appearing as we go to very rapid particles of very 
high energy, wliich complicate the whole theory. These are the 
phenomena of the forces between the particles, neutrons and protons, 
in the nucleus. There is good evidence that these forces are not 
electromagnetic, but of another variety, produced not by the electro- 
magnetic field, but by a meson field. This field has been described 
mathematically by analogy wdth electromagnetic theory. It similarly 
has a wave aspect, but also a corpuscular aspect, the corpuscles in 
this case being mesons, rather than photons. It is thus becoming 
likely that there exist in nature a number of different levels of forces 
and particles: the electromagnetic field and the photons, the electrons 
and protons and neutrons and their associated fields of the de Broglie 
or Schrodinger type, and the mesons and their fields. And the guid- 
ing pattern for the development of all these theories is at present the 
electromagnetic theory in its classical form. It remains to be seen 
what final synthesis of these' various theories can eventually be made. 
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W6 ar© now ready to proceed ■with our study of classical electro- 
magnetic theory, which alone we shall take up in this volume. We 
start in the historical order, treating electrostatics, first from the basis 
of Coulomb's law, then from the standpoint of field theory, showing 
as Faraday did how much that helps us in the study of problems 
involving dielectrics and conductors. Then we take up in a similar 
way the magnetic field, passing on through the study of electromag- 
netic induction to Maxwell’s equations, and to their application to the 
electromagnetic theory of light and of other electromagnetic radiation 
fields. 

1, The Force on a Charge.-— Electromagnetic theory deals with the 
forces acting on charges and currents. We find that an electric charge 
at a given point of space is acted on by two types of force: an electric 
force, independent of its velocity, and a magnetic force, proportional 
to its velocity (that is, to the current carried by the charge), and at 
light angles to its velocity. We find that different charges at the 
same point of space are acted on by different amounts of force, and we 
arbitrarily define the strength of the charge as being proportional to 
the magnitude of force acting on it in a given field. We shall see 
later how to define the unit of charge, the coulomb. We can define 
two vectors at every point of space, E the electric intensit}^ B the 
magnetic induction, such that the force F on a charge of g coulombs 
moving -with velocity v is given by the vector equation 

F = g(E H- V X B). (1.1) 

Here v X B is the -vector product of v and B, a vector at right angles 
to both, whose magnitude is the product of the magnitudes of v and B 
times the sine of the angle between. The reader unfamiliar with this 
and other aspects of vector notation will find vector methods discussed 
in Appendix I. To measure E and B w^e need only measure the force 
on a moving charge at the point in question. The second term is the 
ordinary motor rule, that the force on a current element is proportional 
to the current, and the component of magnetic field at right angles to 
it, and is at right angles to each. In the inks (meter-ldlogram-second) 
system of units, which w^e shall use, the force will be given by (1.1) in 
newtons (1 newdon = 10^: dynes), if the charge g is in coulombs, if E 
is in volts per meter, v in meters per second, and B in webers per 
square meter (1 weber/sq m = 10-^ gauss The inks system of 
units is discussed in Appendix II, in which a discussion is also given 
of various other commonly used sets of units, and of the form that 
familiar equations take in these other units. We shall see later how 
to define the volt and the -Weber, as w’ell as the coulomb. 
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As far as charge is concerned, with our knowledge that all matter 
is composed of electrons, protons, neutrons, and other such elementary 
particles, ail of ■which prove experimentally to carry charge equal to an. 
integral multiple of the electronic charge e, given by 

e = 1.60 X 10~^® coulomb, (1.2) 

we see that the determination of the charge on a body really resolves 
itself into a counting ol the unbalanced elementary charges on it. 
Tills fact, that ail charges are integral multiples of a fundamental 
unit, is still one of the unexplained puszles of fundamental physics. 
It does not in any way contradict electromagnetic theory, but it is 
not predicted by it, and until we have a more fundamental theory 
that explains it, we shall not feel that we really understand electro- 
magnetic phenomena thoroughly. Presumably its explanation will 
not come until we understand quantum theory more thorouglibr than 
we do at present. 

2. The Field of a Distribution of Static Point Charges. — For a 
number of chapters, we shall be dealing with the forces on charges at 
rest, and shall consider only the electric field E, which will be assumed 
to be independent of’ time. This is the branch of the subject Icnown as 
"electrostatics,” It is now found that the fi.eid E can be determined, 
once the distribution of charge is ‘known. This fact, together with 
(1.1) and Newton’s laws of motion, furnishes a complete system of 
equations; knowing wiiere the charge is, we find E; knowing E, we 
find the force E; knowing the force, we find the acceleration of the 
particles bearing the charge, and hence their motions. Of course, 
our special case of electrostatics must be that in which the total 
force, which may include nonelectrostatic as well as electrostatic 
forces, acting on a body, is zero, so that the body can stay at rest, and 
we can be dealing with a static problem. 

The law giving the field E arising from a distribution of charge 
is very simple. We may consider the charge to be made up of a 
great many small, or point, charges (w^hich on an atomic scale could 
be electrons and protons). We may compute the field resulting from 
each of these point charges. Then the first experimental law is that 
the total field is the vector sum of the fields arising from the various 
point charges. Furthermore, the field E of a static point charge g 
proves to be in the direction pointing away from g, and is equal in 
magnitude to g/4?r«or^ where 

eo = 8.85 X 10-12 farad/m, (2.1) 

and where r is the distance from the charge, measured in meters. 
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This may for the present be considered an experimental law, with 
(2.1) as an experimentally determined coefficient, -determined to 
give the result for E in volts per meter, if q is in coulombs. In Appen- 
dix II we shall see why it is that in terms of the definition of the volt 
and the coulomb we have this particular numerical constant. The 
factor 4ir is included in the formula at this point, because it is more 
convenient to do so for later applications, as we shall see presently. 
We shall also understand later the units, farads per meter, which we 
have assigned to eo in (2.1). 

As a result of our simple law giving the field arising from a point 
charge, we can find easily the force between two charges q and q', 
at a distance r apart. The force is clearly in the direction Joining 
them, and is equal in magnitude to 


F = 

4ireor“ 


( 2 . 2 ) 


It is a repulsion if q and q' have the same sign, an attraction if they 
have opposite sign. Equation (2.2) is Coulomb’s law, in the form 
that it takes in the mks system; we give corresponding expressions in 
other systems of units in Appendix II. In Eq. (2.2) we have an 
illustration of the fact that problems in electrostatics can be handled 
by the ideas of action at a distance, since Coulomb’s law is similar to 

the law of gravitation. 

It is such a simple matter to find 
the field of a point charge that we 
can easily sum such fields vectorially, 
to find the field of an arbitrary charge 
distribution, provided that we Imow 
P where the charges are located. 
Simple examples of the field of distri- 
Fig. 1. — Field of a charged line. butions of particles are the fields of a 

uniformly charged line and plane. 
Let a line carry a constant charge o- per unit length. The contribution 
of the charge in length dx to the field at P, in Fig. 1, is along the direc- 
tion of li] its component along r, which alone integrates to something 
different from zero, is (cr dx/4w€oR^) (r/R) = or The result- 

ant field is 

^ , f “ . dx _ V 

4ir6o J {x"^ d- 2 ^ 60 ^ 

Similarly let a surface carry a constant charge of o" per unit area. The 
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contribution of the charge in the ring of radius between x and x -t- dx 
in the plane, shown in Fig. 2, to the component of field along the 
normal, at P, is (27rcr.T cfa:/47reo/o-) (r/ft) = arx dx/2€oR^, and the 
resultant field is 

err I X dx _ a 
260 if) {x‘^ + 2eo’ 

a constant independent of the distance from the plane. It should be 
noted, however, that the field is directed away from the plane on each 
side of the plane (provided a is positive), so that there is a discon- 



tinuity of cr/eo in the normal component of E in passing through the 
plane. This problem of the field resulting from a distribution of 
charge on a plane illustrates the reason why tlie factor Itt was included 
in the statement of Coulomb’s law, as in (2.2). The reason is that 
this factor then drops out in problems such as the field of a plane 
charge. If we had not included the Air at first, it would have appeared 
at this point. Since more problems are similar to that of the field 
of a plane than to the field of a point charge, it is more convenient to 
handle the factor 47r as we have done. 

The two examples that have just been presented show how simple 
it is to find fields by direct integration in some cases. We shall now 
go on to a more involved, but more powerful, method of finding.the 
field of a distribution of charge, using the method of the potential. 
This method has two advantages over direct integration. First, it is 
more powerful mathematically; there are many problems to which it 
will provide solutions, and in which the direct integration proves to be 
too difficult to carry out. Secondly, there is a whole class of problems 
in which direct integration is of no use, for we do not know the charge 
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distribution to start with. This class of problems includes those 
involving conductors, or dielectrics. With such bodies, as we shall 
see, the presence of certain charges in the neighborhood induces other 
charges on the conductors or dielectrics, or, as we sav , polarizes them. 
Part of our problem is to find the nature and location of this polarized 
charge. The method of the potential can handle this problem, whereas 
direct integration cannot. As a first step in taking up the potential, 
we consider the work done in moving a point charge from one place to 
another in the field, and the potential-energy function resulting from 
this work done. 

3. The Potential. — ^The work that we must do in carrying a unit 
charge from one point to another in the field of a point charge, balanc- 
ing the force exerted by the point charge, is independent of the path. 
To prove this, we note that the work done in going from one point to 
an adjacent point is the product of the force — g/dveor^ which we exert 
to balance the electrostatic force, by the component of displacement 
dr in the direction of force, or is --E • ds, where E is the electric field, 
ds is the vector displacement, and where the scalar product E • ds 
equals the product of the magnitudes of E and ds, and of the cosine 
of the angle between them, as is discussed in Appendix I. Thus, 
integrating, 


Work = — 


E • ds 



This work may then be -written as the difference of a potential energ}' 
at the end points: if we write 


as the potential function at a distance r from a charge q, the work 
done mo-^ng a unit charge from point 1 to point 2, by (3.1), is 

Work — <pz — (ph 

Then, as always with problems involving potentials, we may write the 
force as the negative gradient of the potential: 

E = grad cp = ( 3 . 3 ) 

where the vector operations are discussed in Appendix I. Further- 
more, using the principle of vector analysis that the curl of any gradient 
is zero, we have 

curlE = VXE= 0. (3.4) 

These relations (3.3) and (3.4) hold for the field of a point charge; by 
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addition j they hold for the field of anj'" arbitrary number of point 
charges. 

Use of this principle gives us a simplified way of computing the 
field of a distribution of charges. We sum the potentials of the 
charges, so as to get the total potential as a function of position; 
then we take its gradient, to get the field. TM.s allows us to sum 
the potential, a scalar, rather than the field, a vector. If charges 
are distributed continuously in space, instead of at discrete points, 
we may describe them bj’’ a charge density p, such that p dv is the 
charge located in volume element dv, so that p is in coulombs per 
cubic meter in the mks system. Then -we may write the potential 
of this distribution as 


1 f pdv 

” =S7,i W 


( 3 . 6 ) 


In this expression, we are finding <p as a function of x, y, and z; the 
integration is over dx/ dy' dz' = dv, the coordinates of the point where 
the density p, which is really a function of x', y’, s', is found, r is the 
distance between these two points, given by 


r = V (.r — x')^ + (y — y'Y + (s - z')\ 

The potential is expressed in volts. It will automatical^^ satisfy (3.4) , 
from the way in which it is built up. From <p as given in (3.5), we 
then find E by (3.3). 

Surfaces ^ = constant are called “equipotential surfaces.” The 
field E is normal to the equipotential surfaces, as we can see either 
from the principle of vector analysis that the gradient of a scalar 
is normal to the surfaces on which the scalar is constant, or from 
the elementary fact that, since the worlc done on a charge moving 
from one point to another of the same equipotential surface must be 
isero, any displacement on that surface .must be at right angles to the 
force vector. We may dra'W lines, called ‘•'Imes of force,” everywhere 
tangent to E ; they then cut the equipotentials at right angles. These 
concepts, of the sort stressed particularly by Faraday, are particularly 
useful in electrostatic problems involving conductors. In a conductor, 
charges are free to move about. Thus, if conductors are present in a 
field, we cannot predict straightforwardly where the charge is to be 
found, and hence cannot find <p by (3.5), since we do not know p. 
We do know, however, that a conductor satisfies Ohm’s la^v, which 
states that the current in a conductor is proportional to the electric 
field in it. If our problem is a static ohe, in which all charge is at rest 
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tliore is no current, the field must then be zero everywhere within 
the conductor. The potential must then be constant, by (3.3) . Thus 
a conductor forms an equipotential volume, its surface being an equi- 
potential surface, so that all lines of force must cut it at right angles. 

4. Electric Images.— Suppose we are given the problem of finding 
the potential, and hence the field, of a certain set of charges, qi, 
ga, . . . , at specified points, in the presence of certain conductors 
that are maintained at definite potentials. The potential must then 



Fig, 3. — Electric image of a point charge in a conducting plane. 


satisfy the following conditions: it must be equal to the required 
constant value on the surface of each conductor, and it must reduce 
to a value like (3.2) at each of the charges. These conditions can be 
shown to determine the potential uniquely. Sometimes by a simple 
device we can set up a potential, or the corresponding field, satisfying 
these conditions; we can then be sure we have solved our problem. 
Thus consider a single charge g at a distance d from a grounded 
conducting plane. There is a problem, shown in Fig. 3, which has a 
potential that reduces to the proper value where the charge is, and 
which gives a potential zero on the surface, by symmetry: it is the 
problem of two equal and opposite charges ±g, at a distance 2<^ apart, 
the mid-plane taking the place of the surface. The correct lines of 
force and equipotentials are then as shown in Fig. 3, the dotted exten- 
sions being really nonexistent. The fictitious charge -g behind the 
metallic surface is called an “electric image,’’ from the analogy of an 

optical image^ and this method is called the “method of images.” 
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The method of images can also be used for the problem of a point 
charge and a conducting spliere. This depends on a geometrical 
theorem. In Fig. 4, let oa/oc — oc/oh. The triangles oac and obc arc 


b 


Fig. 4. — Image of a point charge in a conducting sphere. 

similar, for they have the angle aoc in common, and the sides including 
the angle are proportional. Thus 



00 , __ oc _ ri 
oc ob ra 


(4.1) 


If we then place a charge q at h, and a charge — (oc/o6)g at a, the 
potential at any point of the circle will be 


ra \obJri rz r-2 ’ 

using (4.1). Thus the circle, or the sphere formed by rotating it 
around the axis ob, is an equipotential of zero potential. Hence the 
two charges, g at 6 and its image — (oc/ob)q at a, give a field that is a 
solution of the problem. A somewhat more general problem can be 
solved by adding to the field of these two charges the field of an arbi- 
traiy point charge at the center o of the circle. Tliis charge will give a 
potential that is constant over the surface of the sphere, so that 
the field of all tliree charges is consistent with the assumption that the 
sphere is a conductor. By adjusting the amount of charge at the 
center o, we can solve the problem of the potential of a point charge 
q at h, and a conducting sphere carrying any desired amount of charge. 

Problems 

1. An electron of charge — e (e = 1.60 X 10"^'' coulomb) and mass m 
{m = 9.1 X 10““^ kg) moves in a magnetic field B (in gausses) i'n a plane at right 
angles to B. Show that it moves in a circular path of radius p, and find the value 
of the product Bp in terms of the velocity of the electron. 

2. An electron moves in a uniform electric field directed along the x axis, 
and a uniform magnetic field along the y axis. It starts from rest at the origin. 
Show that it moves in a cycloidal path, and find the drift velocity, or the velocity of 
the center of the rolling circle along the z axis. If the electric field is 10^ volts/cra, 
and the magnetic field is 10'* gausses, find the value of the drift velocity . 
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S. Find the angular velocity of rotation of an ion in a cyclotron. If the 
magnetic field is 15,000 gausses, what should be the wave length and freq\iency of 
the oscillator used to run the cyclotron, if it is accelerat ing protons? 

4. When the velocity of a particle approaches that of light, a force at right 
angles to the velocity produces an acceleration transverse to the velocity given by 
the equation F = mta, where mt is the transverse mass, equal to 


Too 

y/l —~iA/cP‘ 


if is the rest mass, n the velocity, c the velocity of light. Discuss the cyclotron 
in the relativistic range, showing that the resonant frequency must change as the 
ions are speeded up. If protons are to be speeded up to 600 million electron volte, 
find the ratio by which the oscillator frequency must change as they accelerate from 
rest to their maximum speed. 

6. A charge e is located a distance d from an infinite conducting plane. Find 
how much work is required to remove the charge to infinite distance, agaimst the 
attraction of its electric image. 

6- Find the potential at distance r from an infinitely long straight w'ire carrying 
a charge cr per unit length. 

7. Inside a hollow infinitely long grounded conducting cylinder of radius R 
is placed a thin charged wire, carrying a charge or per unit length. The wire is 
placed parallel to the axis of the cylinder, and distant by an amount d from the 
axis. Find the potential at points ^yithin the cylinder. [Hint: Use the construc- 
tion of Fig. 4 and of Eq. (4.1).] 

8. Find the attraction between a charge g, and a grounded conducting sphere, 
as a function of the distance of g from the center of the sphere. 

9. Find the attraction between a charge g, and an uncharged, insulated, con- 
ducting sphere, as a function of the distance of q from the center of the sphere. 
(We shall prove later that, if the sphere is uncharged, the total fictitious cliarge 
located at points o and a in Fig. 4 must be zero.) 

10. Two parallel-wires carry equal and opposite charges ± 0 - per unit length. 
Consider the intersections of the equipotentials with a plane normal to the wires, 
and the lines of force, which will lie in that plane. Show that the lines of force and 
equipotentials form two families of circles, orthogonal to each other. 

11. A charge q is placed indde a hollow metal sphere of radius a at a distance r 
from the center. Show that the force acting on the charge 5 is given by 



q^ar 

4-7reo(«^ “ r®)2 


12. Find the force per unit length with which two long parallel metal cylinders, 
each of diameter a and separated by a distance d between centers, attract each 
other, if they carry a charge per unit length +0-, respectively. 
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The simple concept of lines of force and of equipotential surfaces, 
which we introduced in the preceding chapter, becomes of real value 
when it forms the l^asis of an analytical treatment founded on differ- 
ential equations. This treatment, worked out oiiginally by Gauss, 
Poisson, Laplace, and others, can be used either for electrostatics, to 
which we apply it, or for gravitational forces, which consist of inverse- 
square forces, as electrostatic forces do. It was actually for the 
gravitational case that much of the mathematical \vork of the present 
chapter was originally developed. We shall find, ho^Yever, that it 
forms a very natural mathematical framework for electrostatics, and 
that it leads us into certain equations that will later underlie the 
general case of electromagnetism, not merely the static problem. We 
develop the equations in the present chapter, and solve some electro- 
static problems by means of the solution of partial differential equa- 
tions in the next chapter. 

1. Gauss’s Theorem. — Suppose we set up a closed surface S, 
enclosing a volume V within which are certain charges qi, q>z, ... . 
We now form a surface integral over >5, as follows: We take an element 
da of the area of the surface. If n is unit vector along the outer normal, 
and if E is the value of the electric intensity at da, the surface integral 
is E ‘Uda, integrated over the surface iS. Gauss’s theorem is then 
the following; 

I 

That is, the surface integral of the normal component of E over a 
surface S equals 1/eo times the total charge included within the surface. 
Let us prove this important theorem. First we prove it for a single 
point charge; then by addition the theorem obviously holds for any 
collection of point charges. For a single charge, consider an element 
da of surface, as shown in Fig. 5. The contribution of this element 
to E • n da is \E\ da cos (E,n). But da cos (E,n) is the proiection 
of da on the plane normal to E, or is r® dw, where dw is the solid angle 
of the cone subtended by da. Also IJ&I = g/4ir€or®. Thus the cdntri- 
, , ^ . 19 ■ 
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4r6or‘ 


r- dw 


Q 

4x61 


rfco. 



■ E 

^ J{E,n) 

dco 

Fig. 5. — CGii5:]truction for Gauss’s theorem 


Integrating over 8 involves integrating dco over the complete solid 
angle 4x, resulting in q/eo, in agreement with (1.1). Thus, summing 

over an arbitrary numbta- of 
point charges, Gauss’s theorem is 
proved. 

Examples of the application 
of Gauss’s theorem are obvious. 
First consider a poi^itive point cha,rge, and a sphere of radius r sur- 
rounding it. By symmetiw, the field points out along the radius, and 
depends only on r. Thus Gauss’s theorem states that \E\ times the 
area, 4xr% equals q/eo, or \E\ = q/ATreor-. This is trivial, but we can 
eciually well use Gauss’s theorem to find the field of a uniformly 
charg('d. line and plane, as in Chap. I, Sec. 2. For a line carrying a 
charge -r per unit length, let the surface jS be the surface of a circular 
cylinder of unit length, radius r, with the line as the axis. By sym- 
metry, the field points radially 
outward, and depends only on r. 

Thus the field is parallel to the 
flat ends of the cylinder, which do 
not c<tntribute to the surface in- 
tegral; while over the curved face 
the integral is \E\ times the area 
2xr. Since this equals cr / eo , we 
have \E\ = cr/2x6or. For the 
cliarged plane, take 5 as the sur- 
fjwe of a box, as shown in Fig. 6, 
enclosing unit area of the surface, 
the two faces parallel to the plane. 



Fig. 6.' 


-Gauss’s theorem for field of 
charged plane. 


By symmetry, E will be normal to 
Hence only these faces will con- 
tribute to the integral. Each has unit area; thus 2lii;i = tr/eo,, \E\ = 
cr/2eo. Thus we verify the results of Chap. I, Sec. 2, by very simple 
methods. 

As a final example, consider the surface of a conductor carrying a 
surface charge cr per unit area. We set up a surface as in Fig. 6, but 
now to the left of the surface, or inside the conductor, E is zero. Our 
volume still encloses charge cr, but now the surface iiitegrar has a con- 
tribution only from the right-hand face. Thus 1.E1 = o-Ao on the right. 
Wc note that this case can be found from the earlier one bv super- 
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posing a constant field cr/ 2eo pointing to the right on our earlier solu- 
tion. This field cancels the field originally present to the left of the 
plane, and doubles the field originally present on the right. Such a 
coii,stant field makes no contribution to the surface integral concerned 
in Gauss’s theorem, and in fact an 3 ^ constant field, or more generally 
the field of any charge distribution outside the surface, ma 3 '' be added 
to our original solution of the problem, without contradicting Gauss’s 
theorem. It is thus clear that Gauss’s theorem bj^ itself is not enough 
to determine the field completely. In our first case of the charged 
plane we used the additional fact of sAmimetiy, and in the second case 
of the charged surface of the conductor we used the fact that the field 
must be zero within the conductor. In any actual case there would 
be information sufficient to determine the field definitely. We note 
an important result common to all these possible solutions for the 
charged plane, however: the normal component of E undergoes a 
discontinuity of a/eo in everj’’ case in going through a surface charge (r. 
Thus in the case of the charged plane the component to the right 
of the field changes from ~o-/26o to o-/2eo, and in the case of the con- 
ducting surface it changes from zero to cr/co. It is clear from Gauss's 
theorem that this relation is quite general. It has a valuable applica- 
tion, which "will be brought out in the problems: if we know’ the poten- 
tial and field at every point of space, including the neighborhood of 
conductors, we can calculate the surface-charge density on the surface 
of the conductors, since we know the normal component of field. We 
thus see, as we pointed out in the preceding chapter, that a solution 
for a potential that satisfies the correct boundary'- conditions on the 
surface of all conductors allow^s us to find the distribution of charge, 
though otherwise vre should not know how the charge was distributed. 

2. Capacity of Condensers.— A condenser consists of two con- 
ductors carrying equal and opposite charges; its capacity C is defined 
as the charge on one of the conductors, divided by the difference of 
potential between them. In a number of simple cases we can easily 
get the capacity hj use of Gauss's theorem. Thus consider two 
parallel plates of area A, distance of separation d. The field E will be 
normal to the surfaces (if we neglect edge effects). If there is surface 
charge a on one plate, —<t on the other, there will be a field W == v/eo 
betw^een; and the difference of potential, or voltage V, between them, 
will be Ed = crd/eo. The charge Q on the plates will be <rA. Thus 
the capacity will be 
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From this wo see the physical meaning of eo: it is the capacity of a 
condenser whose area is 1 sq m, with two plates 1 ni apart. 

Next consider a cylindrical condenser, consisting of two concentric 
cylinders of radii n, n {r-i > n), of length L. Let the inner conductor 
carry charge -Q, the outer one Q. The field between the two, by 
symmetry, must be radially inwa,rd, and hence by Gauss’s theorem 
must be ~ (Q/L) /2m(ir, just as if the charge were concentrated along 
the axis. T'he potential at distance r is then the quantity uiiose 
negative gradient is the field, or is [{Q/L ) In r. Thus the differ- 
ence of potential is 


Q/L 

2ire(i 


(In 


- In Ti) 




and the capacity is 

^ 27r6(>L' 

In j'o/ri 

For a spherical condenser, consisting of two concentric spheres of 
radii ri and r« > r^), carrying charges ~Q and Q, respectively, the 
field must be radially inward, and hence Gauss’s theorem must be 
-Q/Aicior'^, as if the charge were concentrated at the center. The 
potential at distance r is then — and the difference of potential 

between conductors is (Q/47r€o)[(l/ri) — (l/ra)], so that the capacity is 

c = ^Treo _ 

(lAO - (iA2j 

It is interesting to note that, as the capacity stays finite; 

this value is often referred to as the capacity of a sphere. Thus a 



sphere 1 m in radius has a capacity 4 x 60 with respect to an infinitely 
distant sphere. 

As a final example of capacity we take a somewhat more compli- 
cated case, two parallel cylinders, each of radius a, length L, at is- 
lance D apart between their centei's, where we assume the length 
to be so great that we can neglect end effects. We shall first show 
that equal and opposite charges + Q distributed uniformly over the two 
lines ] and 2 in Fig. 7, where 5A will result in the two CAdin- 
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dricai conductors being equipotentials. To prove this, we use the 
geometrical theorem of Eq. (4.1), Chap. I, though for quite a different 
purpose. From it we see that 8/ a = a/d ~ ri/ro. A line charge +Q 
at 1, and — Q at 2, will have a potential equal to 

Q/L , n 

27reo r2 

Q/L , a 


Q/L 

27reo 


(In 7’i — In To) = 


at every point of the left-hand cylinder, and the negative of this 
at every point of the right-hand cylinder. Thus the cylinders are 
equipotentials, and can be replaced by conductors. By Gauss’s 
theorem, the total charge on each CAdinder is ±Q; for the surface 
integral of the normal component of E over the surface of the cylinder 
must be 1/eo times the total charge inside, which is ±Q for the line 
charges, and lienee for the cylinders that produce equal fields at 
external points. Thus the difference of potential between the cylinders 
is [(Q/L)/7r€()] In a/d, so that the capacity is 

^ ireoij 

In a/d 


This can be put in terms of D, the distance between centers, rather 
than d. We have 


or 


P. ^ ^ = 2 co.sh 

a a a a a C 


C = 


ireoL 

cosh~^ D/2a 


( 2 . 1 ) 


3. Poisson's Equation and Laplace’s Equation.— Suppose that 
within a volume F we have, not a discrete set of point charges, but a 
continuous distribution of volume charge, such as we should have for 
instance from an electronic space charge, if our scale of measurement 
is large enough compared mth the interelectronic distance. We can 
then define a charge density p as the charge per unit volume (in 
coulombs per cubic meter in the mks system). Then Gauss’s theorem 
is replaced by 

/* E.nda - i f pdv, (3.1) 

Js eo J V 

where the volume integral is over the volume F enclosed by the surface 
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S, This must hold for any arbitrary surface and volume. Now we 
may apply the divergence theorem of vector analysis, discussed in 
Appendix I. This states that, if F is any vector function of position, 
and div F, or v Fj is ifs divergence, then 

J F -n da = J^divFdv. (3.2) 

Applying to (3.1), we have 

~ f pdv = / div E dv, 
eo i r Jv 

where the equation holds for any arbitrary volume V. This cannot 
be the case unless the integrands are equal ; that is, unless 

div E = (3.3) 

€0 

This is one of the fundamental equations of electromagnetic theory. 
We now combine with Eq. (3.3) of Chap. I, E = — grad where y is 
the potential. We then have 

vV-'-S- (3.4) 

eo 

This is Poisson’s equation. In a region where there is no volume 
charge, so that p — 0, Poisson’s equation reduces to 

VV = 0, (3.5) 

which is Laplace’s equation, and is one of the most important equa- 
tions in mathematical physics. It is as a result of its appearance in 
this equation that the operator is called the “Laplacian.” 

As an illustration of the variety of problems in which Laplace’s 
equation is encountered, we may mention static elasticity ; elastic 
vibrations are governed by a wave equation, and when the time varia- 
tion in the wave equation is set equal to zero, Laplace’s equation 
results. Another illustration is the steady-state" flow of heat, where 
the temperature satisfies Laplace’s equation. Diffusion, and the 
steady flow of electricity, are two other examples. Many more com- 
plicated equations, such as the wave equations of w^ave mechanics, 
contain the Laplacian operator, and are solved by analogy with 
Laplace’s equation, so that a knowledge of the solutions of laxplace’s 
equation proves to underlie a great deal of mathematical physics. 

4. Green’s Theorem, and the Solution of Poisson’s Equation in an 
Unbounded Region.— A partial differential equation, like Poisson’s 
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or Laplace’s equation, has a great variety of solutions. In the first 
place, Poisson’s equation, being a linear inhomogeneous differential 
equation (that is, containing the Laplacian, involving first powers of 
derivatives of <p, and containing the term — p/eo involving terms 
independent of -p), has a general solution that can be formed as follows: 
we find a particular solution, or particular integral, of the inhomo- 
geneous equation. We also find a general solution of the related 
homogeneous equation, formed bj'' setting the term independent of 
^ equal to zero [that is, in this case, of Laplace’s equation (3.5)]. 
This homogeneous equation is called the “auxiliary equation,” and a 
general solution of it is called the “complementary function.” Then 
the sum of the particular integral, and of the complementary function, 
is in the first place a solution of the inhomogeneous equation, as we 
can see at once by substituting it in the equation. Furthermore, 
if the complementary function has sufficient arbitrariness in it, we 
can use it to satisfy arbitrary boundary conditions. Thus the sum 
of complementary function and particular integral is a complete 
solution of the inhomogeneous equation. In the next chapter we shall 
take up some methods for solving Laplace’s equation, and satisfying 
arbitrary boundary conditions with it. We shall find that, to do this, 
we require an infinite number of arbitrary constants, or an arbitrary 
function, since we are dealing with a partial differential equation. 
In the present chapter w'e shall demonstrate a simple method, called 
“Green’s method,” for finding a particular integral of (3.4). Bj’’ 
combining the two, w^e shall then be in position to get a complete 
solution of Poisson’s equation. 

The first step in deriving Green’s solution of Poisson’s equation 
is to prove Green’s theorem, an important theorem in vector analysis, 
discussed in Appendix I. We prove it from the divergence theorem, 
(3.2), by setting ¥ = <p grad where tp and are scalars. Then (3.2) 
becomes 

<P grad • n da = + grad <p • grad \p) dv. (4.1) 

This is one form of Green’s theorem. To get the more familiar form, 
we next write the same expression with <p and interchanged, and 
subtract, obtaining 

(<p grad ^ - n — y}/ grad ^ • n) da == {<pV^ — dv. (4,2) 

We can now use this theorem to obtain Green’s solution of Poisson’s 
equation. Let us apply the theorem to the whole of space outside 
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a Yery small sphere of radius Jl surrounding a point P. Let ^ == 1/r, 
where r is the distance from P to the point x, y, z. Then ~ 0 
everywhere outside the sphere of radius R; ior i/ is the potential of 
a charge located at P, and hence satisfies Laplace’s equation every- 
where except where the charge is located, or at P . The right side of 
(4.2) is then 

' Yy 

r 


I 


dv, 


integrated over all space except the small sphere. For the left side, 
• n = ~d{l/r)/dr ~ 1/rh Thus the left side is 




; da + 

On the surface of the sphere, r 

1 

P2 


1 


da. 


r dr 

R, [{(p/r^) da is then 


ip j da = 4x^1 


where ip is the average value of <p over the sphere , or is approximately 
the value of <p at P. The second term is {l/R){d(p/dr){4Tli‘^), which 
goes to zero as R approaches zero. Thus in the limit as R goes to 
zero, we have 

f 

■J ~ 


4ir<p 


dv. 


(4.3) 


TMs is a mathematical theorem holding for any function <p, where the 
volume integral on the right side is extended over all space except 
an infinitesimal sphere surrounding the point P, where <p is the value 
of ^ at P, and where r is the distance from P to x, y, z. Now let us 
combine this with Poisson’s equation (3.4). Then, for the potential 
of the charge p, we have 


1 i' 

1 / P 


Axen 


dv. 


(4.4) 


This is Green’s solution of Poisson’s equation. It is identical with 
Ecj. (3.5) ot Chap. I, winch Ave have already obtained; it is simply 
a more elegant method of deriving that result. We shall find this 
more elegant method to be useful, in the next chapter, in finding 
the potential in a bounded region of space, rather than an unbounded 
region as we have here. 

6. Direct Solution of Poisson’s Equation.—— Green’s method forms 
one way of solving Poisson’s equation. However, sometimes p has a 
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sufficiently simple form so that we can solve it directly, regarding 
it as a problem in differential equations. Thus, for instance, suppose 
p is a function of one variable only, say x, independent of y and z. 
Then the potential may also be chosen to be independent of y and 
z. In this case Poisson’s equation becomes an ordinary differential 
equation; 

dV _ _ p(^'). 

dx~ to 

This can be solved as an ordinary differential equation for ^ as a 
function of x, merely by integrating twice with respect to x. As a 
very simple case, let p be a constant. Then we have simply 

= <Po — “ (y~X“. (5.1) 

A eo 

Such solutions of Poisson’s equation are useful in space-charge prob- 
lems. In studying space-charge limited emission from cathodes of 
various shapes, we use Poisson’s equation, expressed in variables 
appropriate to the cathode geometry, to find the potential from the 
charge distribution. This is combined with the dynamical equations 
of motion of the electrons, Newton’s law giving the acceleration in 
terms of the force derived from the potential, and in this way we 
get a complete set of equations to determine both charge density and 
potential. 

We must remember, as has been mentioned earlier, that the 
solution, as found for instance in (5.1), is by no means a general 
solution of Poisson’s equation, even though it contains the two arbi- 
trary constants, and Eq. For it is clear that we can add to it 
any solution of Laplace’s equation, acting as the complementary 
function. It is true that our function <po — Eqx is a solution of 
Laplace’s equation, but it is far from a general solution, since it is a 
function of .r only. We shall examine general solutions of Laplace’s 
equation in the next chapter, and shall show that a great variety of 
such solutions exists. We shall show that, by using a general solntion 
of Laplace’s equation, we can satisfy general boundary conditions; 
we can find a solution such that (p reduces to prescribed values over the 
boundary of the region in which we can satisfy Poisson’s or Laplace’s 
equation. 

Problems 

1. Given a spherical distribution of charge, in which the density is a function 
of r. Prove that the field at any point is what would be obtained by imagining a 
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sphere drawn through the point, with its center at the origin, all the charge within 
the sphere concentrated at the center, and all the charge outside removed. Apply 
this result to the gravitational case, showing that the earth acts on bodies at its 
surface as if its mass were concentrated at the center. 

2. Given a sphere filled with charge of constant density. Prove that, at points 
within the sphere, the field is directly proportional to the distance from the center. 

3. Find the surface density induced by a charge on a plane conductor. Show 
by direct integration that the total induced surface charge equals the inducing 
charge in magnitude. 

4. For a certain spherical distribution of charge, the potential is given by 

'W'here q, a are constants. Find a distribution of charge that will produce 

this potential, finding charge density as function of r, and the charge contained 
between r and r + dr. Consider whether a point charge at the origin is also 
required to produce the potential. The resulting charge distribution represents 
roughly the charge distribution within an atom. 

6. There are certain charges and conductors in an electrostatic field, whose 
potential is tp. Show that the surface density of charge on the surface of a con- 
1 3 

ductor is where n is the normal pointing out of the conductor. 

€o dn 

6. Prove that the potential cannot have a minimum in an uncharged region of 
space. Prove therefore that a point charge cannot be in stable equilil>rium und( 3 r 
the action of electrostatic forces in an uncharged region. 

7. A certain vacuum tube contains a cylindrical cathode of radius rj. Sui- 
rounding it is a space-charge sheath, of constant density — p (where p is positive), 
extending to a larger radius The anode is a cylinder of still larger radius rs. 
If the cathode is at potential the anode at potential ips, find the potential as a 
function of r, both inside and outside the space charge. 

8. Discuss the charge distribution giving rise to equipotentials given by the 

real part of — In [sin wix +jy)] - constant. What is the form of these equi- 
potentials for large values of y? Sketch the lines of force and the equipotentials. 


CHAPTEE III 

SOLUTIONS OF LAPLACE’S EQUATION 


A partial differential equation, such as Laplace’s equation, has a 
great variety of solutions. The type of solution to be used depends 
largely on the type of boundary condition that must be satisfied. 
One method of solution is an extension of Green’s method; we meet 
it later in this chapter. Another method is called “separation of 
variables.” This involves finding solutions that are the product 
of a separate function of each of the three coordinates. It is a common 
method for solution of similar equations, and is in fact the most 
powerful method available for the purpose. Different solutions can 
be found, depending on whether we work in rectangular, polar, or 
other coordinate systems. We start mth rectangular coordinates, for 
a simple illustration of the method. 

1. Solution of Laplace’s Equation in Rectangular Coordinates by 
Separation of Variables. — Working in rectangular coordinates x, y, z, 
let us try to find a solution of == 0 in which ^ is a product of a 
function X of x, a function Y of y, and a function Z of 2 (this is certainly 
not the most general solution, but we shall find that solutions of this 
type exist). Then Laplace’s equation becomes 


d^Z 

FZ Vv + ZZ ^ + XF ^ = 0. 

dir dz^ 


dx' 


We divide by XFZ, obtaining 

1 dLY 1 d^F 1 _ 

X ^ F dif ■*' Z dz-^ 

In this equation, the first term is a function of x only, the second a 
function oi y only, the third a function of z only. It is clearly impos- 
sible that the sum of these should be zero independent of .r, y, z, unless 
each term separately is a constant, and the constants add to zero. 
That is, we must have 


ELECTROMAGNETISM 


IChap. Ill 






30 ELECTROMAGNETISM 

From these we then have three ordinary differential equations, 


d^X 


dx^ 

whose solutions are 


= a^X, 


dy^ ’ 


dz^ 


c^Z, 


X = + ^ 26 "“^ 

Y = Bie^y + 

Z = Cie- + Cae"^, 

where as a result of (1.1), some of the constants a, h, c must be real 
and some imaginary. Thus some of the functions X, Y, Z vary 
exponentially with the arguments, the others simisoidally. The prod- 
uct XYZ is now a particular solution of Laplace’s equation. 

Any linear combination of such particular solutions is also a 
solution. Thus as a general solution we have 

<p = + A2e-^^){Bie'>« + B^ie-^‘y){CieP‘ -h C2e""0 

where the summation is over an infinite number of terms, each with 
separate constants A\, A 2 , Bi, Bn, Cb, C 2 , a, b, c, subject only to the 
relation a- -f 6" •+■ = 0. Thus the general solution has an infinite 

number of arbitrary constants. This is characteristic of partial differ- 
ential equations. The constants are to be chosen so as to fit the 
boundary conditions. We shall use rectangular coordinates if the 
boundary conditions are imposed over the surface of a rectangular 
region. For instance, suppose we have two planes, x ~ 0 and x = d, 
on which the potentials are given as functions of y, independent of 
2 ; we might have a composite electrode on each of these planes, 
different strips being maintained at different potentials by batteries. 
Suppose we wish to find the potential in the region between the 
planes. Clearly we can let v? be independent of 2 , so that c = 0, and 
a® = Then we may write 

43 = d- A2e-“^)(5ie^'“2' -b 52C“'“^). 

wherej = -\/— 1. When = 0, this becomes 

Z(Ai + AA{Bie^‘‘« A- B>ie~‘'‘^y), 

and when a: = d it is 

X{Aie^'^ + Ane~^'^){Bie’^y A- 

Now a sum of an infinite number of terms of the form is one 

way of writing a Fourier series, which we discuss in Appendix ILL 
Thus at a; - 0 the potential must be given by a Fourier series with 
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coefficients (Ai + Ai>)Bi for the term in and at x — d it is given 
by another Fourier series with coefficients By 

the theory of Fourier series we can find these coefficients, and hence 
the quantities AiBi, A^Bi (and similarly A 1 B 2 , A 2 B 2 ). Thus %ve can 
get the infinite set of arbitrary constants, from the boundary conditions. 

The method we have used above, for satisfying boundary condi- 
tions in Laplace’s equation, can be used also in discussing Poisson’s 
equation. Thus suppose we have the same problem as above, two 
parallel planes on which the potentials are to be prescribed functions 
of y, but that between the planes we have certain charge distributions 
that are assumed given. To keep the simplicity of our problem 
resulting from the independence of z, these charge distributions as 
well should be independent of z. We now know, from the two pre- 
ceding chapters, how to find a particular solution of Poisson’s equation 
for the potential resulting from these charge distributions. In par- 
ticular, for this problem, the charge can be considered as made up 
of uniform charges along lines parallel to the 2 axis, and we have 
already seen that such a charged line has a logarithmic potential, so 
that all we need to do is to sum such logarithmic potentials arising 
from all linear charges. The resulting potential, however, will not 
have the correct values along the two planes. We then set up the 
complementary function, a solution of Laplace’s equation, built up 
as in the solution we have worked out in this section, and reducing to 
boundary values on the surfaces which, added to the potential already 
found from our particular solution of Poisson’s equation, will give the 
desired values. This is a problem of the type we have already con- 
sidered, so that we see that the determination of the complementary 
function for solving Poisson’s equation is a problem exactly analogous 
to solving Laplace’s equation directly. 

2. Laplace’s Equation in Spherical Coordinates.— The method of 
separation of variables, wdiich we have applied in rectangular coor- 
dinates in the preceding section, can be applied as well in a number 
of other coordinate systems, notably in cylindrical and spherical 
coordinates, and as a less familiar case in ellipsoidal coordinates. 
The case of spherical coordinates is the more important in practice, 
for it is used for the field of point charges, dipoles, and other charge 
distributions concentrated near a point. In spherical polar coordi- 
nates f , 0, (p, I^aplace’s equation for the potential (we use this symbol, 
so as not to confuse it with the coordinate ip) is 


1 ^ i T a-,/' 

dr \ dr ) r” sin $ d0 qq ) f2 sin® 0 ap® 


0 , 
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as we see in Appendix IV, in which we discuss vector operations in 
curvilinear coordinates. We assume that ^ is a product of three 
functions, one a function of r, one a function of 0, one a function of 
That is, we assume ^ = R(r)Q{e)H<p)- Inserting this function, and 
dividing by the product RQ^, we have 


lid 

R dr 


f,,dR\,l 1 d(..de\ 

\ dr ) Q sin 6 do \ dO ) 


+ 


1 __1_ ^ 
$ sin® 0 d<p^ 


If we multiply by r® sin® 0, the first term and the second will depend 
on r and 0 only, the last on (p only. This is impossible unless each 
of these is a constant, and the constants add to zero. If the last term 
is — m®, we shall have 

d^® 

d ( . „dQ\ m- 

— — i I's i _i_ I <ain f) I — — 

R 


1 1 d ( ,^dR\ .1 1 

R r® dr \ dr / 0 r® si 


d ( . .dQ 
sin 0 de ^ dd 


r- sin® 0 


0 . 


( 2 . 1 ) 

( 2 . 2 ) 


If we multiply by r®, the first term will depend only on r, the second 
and third only on 0. Thus again each of these must be a constant. 
Let the first term be l(l +• 1). Then 


r® dr \ dr y 


1 d 


sin 0 dd 


nTi sm 


dd 


_j_ 


HI + 1) 


1(1 + 1 ) 


R = Q, 




sin® 0 


0 = 0 . 


(2.3) 

(2.4) 


We have now separated the variables, in the sense that we have three 
ordinary differential equations, (2.3), (2.4), (2.1), for the functions 
R, 0, 4'. 

3. Spherical Harmonics. — The solution of these equations is not 
difficult. For (2.3) we may try the assumption R = r". Then we 
find that we have a solution if n(n + 1) == l(l + 1), "whose solutions 
are a = Z, or n = ~(IA- 1) . Thus 


R = ar^ + 




where a, 6 are constants of integration. Equation (2.4) is Legendre’s 
equation. It can be solved by making the substitution 

0 = sin’” 0(do + Ai cos 0 + As cos® 0 + • • •)■ 

We then find, on substituting in (2.4), that the following relations 
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must exist between the A’s: 

Aq\1(1 "h 1) — w,{vfi “h 1)] ~|- 2 A 2 ~ 0 
+ 1) - {m + l)(m + 2)] + 2 • 31.3 = 0 
l2[/(^ + 1) - (to 4- 2)(m + 3)] + 3 • 4 I 4 = 0 


These allow us to solve for all the I’s in terms of lo and A\, which are 
constants of integration. In this way we find 


0 = lo sin” 


li - + 1) — tn{m + .1)] 


21 


cos^ d 


_j_ + 1) ’^nini + 1)][Z(Z + 1) — (m + 2) (to + 3)] ^ 


+ li 8111 ”^ 0 I cos 


4! 

m + 1) - (to- + l)(w + 2)] 
3! 


cos® Q 


[Z(/I "T 1) — (to 4~ l)(w -f- 2)][^(^ H” 1) — (to- -|- 3) (to -j- 4)] 

i ;r-j ^ COS" 


5! 


Finally the solution of (2.1) is 

# = C sin m(p 4- D cos m<p, 


(3.1) 

(3.2) 


where C, D are constants of integration. 

We now find that to and I must be chosen to be integers to satisfy 
certain conditions. Unless w is an integei’j an increase of (p by 2ir, 
which brings us back to the same point of space, would lead to a 
different value of <fi; thus m is an integer, provided that we are solving 
Laplace’s equation in a region that includes all values of cp. Next 
consider (3.1). If the series do not break off, they can be shown to 
diverge when cos 0 = + 1, or along the axis of coordinates. To show 
that this is plausible, we find the ratio of the term in cos^ 6 to that in 
cos^"® 0. This ratio is 

[l{l + 1) - (to + p - 2 )(to + p - 1)] „ 

^ p(p - 1) 

which approaches cos® 0 in the limit where p is very large. Thus 
for cos 0 = ±1, this ratio approaches 4*1, so that the terms of the 
series oscillate without decreasing in magnitude. Under these circum- 
stances it is possible, though not necessary, for a series to diverge. It 
is also possible for the series to converge, but a closer examination 
than we shall give shows in the present case that the series actually 
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diverges, and the series would become infinite for cos 0 = ±1. If 
we are solving Laplace’s equation in a region including the axis, the 
potential certainly cannot become, infinite along the axis. Thus the 
series cannot be allowed to diverge. This can be prevented only if I is 
an integer; for then one of the series (3.1) breaks off to form a poly- 
nomial, which is finite for all values of 0. The corresponding poly- 
nomials are called “associated Legendre functions,” and are commonly 
denoted by Pf (cos 0), provided that the constant factor multiplying 
them is properly chosen. These constant factors, and additional 
properties of the associated Legendre functions, are taken up in 
Appendix V. The product of sin or cos mcp by Pf (cos 8) is called 
a “spherical harmonic.” We then find as our general solution 


xp = yar‘ + ^^Pf (cos d)(C sin m,ip D cos niip). (3.3) 

Here, as with the rectangular case, we can add an infinite number of 
such terms to get a general solution, and the constants can be chosen 
so as to fit boundary conditions. For instance, we may solve the 
problem of the potential between two concentric spheres of radii Vi, 
?’ 2 , where the potential is given by specified fimctions of 6, <p on eacli 
of the spheres. The method of satisfying these boundary conditions 
is taken up in Appendix V. 

4. Simple Solutions of Laplace’s Equation in Spherical Coordinates. 
We have derived a general solution (3.3) of Laplace’s equation. This 
solution is of great value in complicated problems that can be expressed 
in terms of spherical coordinates. However, in certain simple cases 
the solution reduces to very simple forms, which are of great impor- 
tance. Thus let us ask for a solution corresponding to / = 0, m, = 0. 
In this case, by (3.1) and (3.2), wm see that the functions of 6 and ep are 
constants, so that xp reduces to o + h/r. The first term is a constant 
of integration, the second the potential of a charge located at the 
origin. We can determine the constant h if we know the charge, by 
using Gauss’s theorem, or the fact that the potential of a charge q 
at the origin is g/47r6or, so that h = g/dvreo. 

The next simplest solution is for r= 1, to = 0. In this case the 
first sum of (3,1) fails to break off, and diverges, so that we must set 
its coefficient equal to zero in our solution; but the second breaks off 
after the first term, and is a constant times cos 8, Thus for this case 
we have 


( a. 

I ar + p j 


cos 0. 


(4.1) 
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The first term, proportional to r cos d, is simply proportional to z, 
the coordinate along the axis of the spherical coordinates; thus its 
field is a constant along the z axis, which is surely a solution of Laplace’s 
equation. The next term, proportional to cos 9/r^, is particularly 
interesting: it is the potential of a dipole, which we shall consider in 
the next section. Before proceeding to it, we note that (4.1) can be 
used to solve an interesting problem: the potential of a grounded 
conducting sphere in a uniform external field. Let the external field 
be along the 2 axis, and let its magnitude be E. Then at large dis- 
tances from the sphere we must have — —Ez — ~Er cos 9, or we 
must have a ~ in (4.1). Next let the radius of the sphere be R, 
so that the potential must be zero on the sphere. We can arrange to 
have the potential of (4.1) satisfy this condition, by making 


ai? -j- ~ = 0, h = ER\ 

tv 

Thus (4.1) reduces to 

= (^~Er-V cos e, (4.2) 


which is a solution of Laplace’s equation, reduces to zero on the 
surface of the conducting sphere, and reduces to the correct value 
at infinite distance. 



6. The Dipole and the Double Layer. — A dipole by definition con- 
sists of two equal and opposite charges ±q separated by a distance d. 
The potential at point P is then 

g /l 1 

4reo \r r + d 

where r, 6 are as shown in Fig. 8. If d is .small, this is approximately 


cos & 


q d cm 6 

iTTfio 



grad 
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where n is the unit vector along the axis of the dipole. The product 
qd is called the “dipole moment/’ and is denoted m. Thus the 
potential of the dipole is 

, nh cos B / K 1 \ 

^ = 5 -' ( 5 - 1 ) 

47reo 

In speaking of dipoles, it is customary to assume that q is infinitely 
large, d infinitesimally small, in such a way that the dipole moment 
m is finite, and (5.1) forms the exact potential. By comparison with 
(4.1) -we see that the second term of that expression is the potential 
of a dipole of moment A-n-eob, located at the origin. 

By analogy with this treatment of the dipole and its potential, one 
can set up solutions of Laplace’s equations similar to (4.1), but cor- 
I'esponding to larger values of I than unity. One can then interpret 
these solutions as being the potentials of more complicated distribu- 
tions of charge at the origin. In this way one arrives at tlie definitions 
of quadripoles, and a whole series of higher multipoles, corresponding 
to successively larger values of 1. We consider these higher multi- 
poles in Appendix VI. They are of particular importance in studying 
the external electric fields (and, as we shall see later, of magnetic fields) 
of atoms and molecules on the one hand, and of atomic nuclei and 
their elementary constituents on the other. We often are interested 
in their fields at a large distance compared with their dimensions, and 
then they act to a good approximation like multipoles. Thus, for 
instance, a diatomic molecule like HCl, one of whose atoms (H) tends 
to acquire a positive charge, the other (Cl) a negative charge, has a 
field at a distance that consists of a dipole as its leading term. On the 
other hand, a molecule like Nz, which is symmetrical, has no dipole 
moment. We notice from (3.3) that the higher I is, the more rapidly 
the potential falls off with distance, varying as Thus, since 

the higher multipoles correspond to higher values of I, their fields 
fall off more rapidly, and at large distances the field of the multipole 
of lowest I value predominates. For nuclei, the leading term in the 
field at large distances, aside from the electrostatic potential varying 
with 1/r resulting from the nuclear charge, is generally a magnetic 
rather than an electrical term. 

The reader might reasonably be surprised that in our present 
discussion we started by trying to solve Laplace’s equation, ’which 
is the special case of Poisson’s equation which we meet in a region in 
which there are no charges, and end up by finding the potential 
resulting from a point charge, dipole, or higher multipole. How, he 
might ask, did charges get into the theory? The answer is that our 
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spherical coordinate system introduces a singularity^ at the origin, and 
our final solutions, although they satisfy Laplace's equation perfectly 
properly everywhere except at the origin, fail to satisfy it at the 
origin. The term in (3.3) in r* has no singularity at the origin, and 
if we know that there is no charge distribution of any sort at the origin, 
that term alone must be used in setting up a solution of Laplace’s 
equation. On the other hand, the terms in become infinite at 
infinite distance from the origin. Closer examination of them shows 
that they must be connected with the existence of infinite amounts of 
charge at infinite distance. Thus, to take a very simple case, suppose 
we have the potential r cos 6, corresponding to the first term of (4.1). 
This, as we have seen, is the potential of a uniform field, such as would 
be set up ■within an infinite parallel plate condenser. To set it up, we 
should then have to have equal and oppovsite charge distributions 
over two infinitely great condenser plates at infinite distance, and 
each would carry infinite charge. If, then, by some condition of a 
problem, we know that there is no charge at infinite distance, we must 
not use the terms in r' in the solution (3.3) of Laplace’s equation. Of 
course, if there is no charge at infinity, so that we do not use the terms 
in r^, and no charge at the origin, so that we do not use the terms in 
and no charge anywhere between, as is implied by the fact that 
we are trying to solve Laplace’s equation, then there will be no field, 
the potential will be constant everywhere, and there is no problem to 
be solved. 

Returning to the discussion of dipoles, we have seen that (5.1) 
represents the potential of a dipole of moment in. Similarly the 
potential found in (4.2), for the problem of a grounded conducting 
sphere in a uniform external field, is the potential of the superposition 
of a uniform field, and of a dipole of moment We thus see 

that a conducting sphere of radius R acquires an induced dipole 
moment of this amount in an external field. When an object thus 
acquires a dipole moment, it is said to be “polarized,” and if the 
moment is proportional to the field, the ratio is defined as the polar- 
izability a. Thus we have 

m — otE. (5.2) 

As we have just seen, the polarizability of a conducting sphere of radius 
E is AiceaW. 

Often we have occasion to consider, not a single dipole, but a 
so-called “double layer,” a surface distribution of dipoles. Thus 
let two surfaces a distance d apart carry surface charges ±cr per unit 
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area. Then we may say that the dipole moment per unit area is (xd. 
We note that this double layer is equivalent to a parallel plate con- 
denser, and that the potential difference bet\veen the plates is <xd/ eo, or 
the dipole moment per unit area divided by eo. The field is zero out- 
side the double layer. We note that the normal component of E is 
discontinuous by amount <t/€o at a charged surface (as seen in Sec. 1, 
Chap. II), and the potential is discontinuous by an amount (dipole 
moment per unit area) divided by eo at a double layer. 

6. Green’s Solution for a Bounded Region. — So far in this chapter 
we have been considering the direct solution of Laplace’s equation, 
by separation of variables, in rectangular or spherical coordinates. 
We now consider the other important solution, using Green’s method. 
We proceed as in Chap. II, Sec. 4, only we apply Green’s theorem to 
the volume V between the small sphere of radius R surrounding the 
point P, and a larger surface S'. Then, substituting ^ = l/r in 
Green’s theorem, (4.2) of Chap. II, and proceeding as in the derivation 
of (4.3) of Chap. II, we have in addition a surface integral over S' . We 
then have in general 


4ir^ 


vv 


dv 


y.( 


(p grad 


“ grad (p ' tk\ da 


This, like (4.3) of Chap. 11, is a general theorem holding for aii.y function 
(p. If in particular VV = —p/eo, we have 


J ‘ ^ ” 4^. • n) j da. (6.1) 

This expresses <p at any point within V as the sum of two terms: first, 
the volume integral, representing the potential of the charges within 
V ; secondly, the surface integral, which can be computed if the values 
of <p and its normal derivative are known at all points of the surface S'. 
Thus this theorem is in proper form to use in a case in which the 
behavior of the potential is known around the boundary of a region. 
Using the results of the preceding section, we can give a physical 
interpretation to the terms of the surface integral. Suppose we tried 
to set up such a distribution of surface-charge density, and such a 
double layer, on that the field and potential within would have 
the values actually present in the problem, but so that the field and 
potential outside would be zero. The norma! component of field 
on the inner side of S' would be -—(grad ^) • n, so that the discon- 
tinuity in field at the surface is (grad wf) • n. This discontinuity of 


<p = 
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field would be produced by a surface charge of density €o(grad tp) - n. 
The contribution of this charge to the potential would then be 

/eoC grad p>) • n da 

direoJ* 

which is the second term of the surface integral in (6.1). Similarly 
the potential within S' is y, so that the discontinuity is — (f, and the 
corresponding dipole moment per unit area to produce this discon- 
tinuity is — €o<p. The contribution of this to the potential is 

/ if. 

where the differentiation in the gradient is with respect to the coordi- 
nates of the point P. It is the negative of tliis if the diffei’entiation is 
with respect to the coordinates x, y, z of the other end of the vector r, 
as in (6.1). The integral is then just the first term of the surface 
integral in (6.1). The distribution of surface charge and double 
layer over S' which we have just discu.ssed is called "Green’s 
distribution.” We now see the significance of (6.1): the potential 
produced by the charge p within V, and Green’s distribution over S', 
is just the potential tp that we desire within V, but is zero everywhere 
outside. 

Problems 

1. It takes several volts of energy to remove an electron from the interior of a 
metal to the region outside. Find how many volts, if we represent the surface 
layer of the metal by a double bxycr consisting of two parallel sheets of charge; a 
sheet of negative electricity, of density as if there were electrons of charge 
1.60 X 10~^® coulomb, spread out uniformly with a densit.y of one to a square 
4 X 10“® cm on a side; and inside that at a distance of 0.5 X 10”® cm a similar 
sheet of positive charge. 

2. Find the components of electric field residting from a dipole, both in rec- 
tangular and in spherical coordinates. 

3. A charge q is at a distance r from a polarizable dipole, whose moment is a 
times the field in which it is located, where a is tlxe polarizaliility . Find the force 
of attraction between charge and dipole. 

4. Referring to Prob. 9, Chap. I, show that the force between a charge q and 
an uncharged conducting sphere can be found from the resAilt of Prob. 3 above, 
taken together with the polarizaVjility of a coudxrcting sphere, provided that the 
distance between charge and sphere is large compared with the radius of the 
sphere. 

6. A dipole of fixed dipole moment is placed in an external electric field. 
Prove that there is a torque on the dipole proportional to its dipole moment and 
the magnitude of the electric field, and find how the torque depends on angle. 
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6. A dipole of fixed dipole moment is placed in an external electric field that 
is not constant. Prove that there is a force on the dipole depending on the rate of 
change of field with position, and find how this force depends on the orientation of 
the dipole and other features of the field. 

7. Find the potential as a function of position in a region bounded by surfaces 
at a: = 0, a; = L, ?/ = 0, extending to infinity along the y axis, subject to the 
boundary condition that the potential is zero along the two infinite surfaces a; = 0, 
X — L, but that it is an arbitrary function of x along the surface from a; == 0 to 
X ~ L, y — Q. Build up the solution out of individual solutions varying sinu- 
soidally with a:, and exponentially with y, noting that they must decrease rather 
than increase exponentially as y increases. 

8. Find the potential as a function of position within a sphere, if the surface of 
one hemisphere is kept at a potential H-F, the other hemisphere at a potential — V. 

9. Set up Laplace’s equation in cylindrical coordinates, and solve by separa- 
tion of variables. 

10. A hollow pipe of circular cross section is infinitely long, and is grounded. 
A disk maintained at potential V practically closes the pipe at a certain point, but is 
insulated from it. Find the potential as a function of position within the pipe. 

11. Show that a solution of Laplace’s equation in two dimensions can be 

written as a linear combination of terms of the form r" n6, where n can be any 

sin ’ 

positive or negative integer. 

12. Given the two-dimensional potential on a circle of radius R about an origin 
of the form F(0) (0 < 5 < 2t), where V(0) is continuous. Using Green’s theorem, 
show that the potential at any point (r,<p) inside the circle is given by 


Vir,v>) - 




V(9) dd 

_|_ ^2 _ 2ar cos (<p — 0) 


This is known as “Poisson’s integral.” What form would it take for points 
exterior to the circle? 

13. Find the force and torque on a dipole in the field of a point charge. Find 
the force es.erted by the dipole on the point charge, and vei'ify Newton’s third law'. 


CHAPTER IV 
DIELECTRICS 


A dielectric, or insulator, is a material containing dipoles whose 
dipole moment is ordinarily proportional to the applied electric 
intensity. These dipoles can arise physically in two ways. In the 
first place, the molecules of anj' material are composed of positive 
nuclei, surrounded by rapidly moving negatively charged electrons. 
These electrons move very freely through the atom or molecule; they 
are prevented from escaping, however, by intense electric fields. 
When the molecule is placed in an external electric field, the electrons 
tend to be displaced by the field, much as the free electrons in a metal 
are displaced. They cannot travel outside the molecule, however; 
instead, they pile up on the surface of the molecule, resulting efiec- 
tively in a surface charge, and the net result is that the molecule 
becomes polarized, or becomes a dipole. The situation is similar to 
that of the polarization of a conducting sphere in an external field, 
discussed in Chap. Ill, Sec. 5. We can even find a value for the 
polarizability of a molecule, using the formula a ~ of that 

section, and assuming for R a molecular dimension, which is of the 
right order of magnitude. If there are iV atoms or molecules in 
volume F, so that the number per unit volume is W/F, and if each 
one acquires a moment aE, there will then be a dipole moment per 
unit volume of (iV/F)Q:E. This moment is called the ‘'polarization.,’’ 
and is denoted by P ; it is a vector function of position, the polarization 
being in the same direction as E, in an isotropic dielectric. 

The other mechanism by which dipoles can be set up is found in 
certain materials containing polar molecules; that is, molecules that 
have dipole moments even in the absence of an external field. Thus a 
chemical substance like HGl, containing a positive and a negative 
ion, has dipole molecules, the H end of the molecule being positively, 
the Cl end negatively charged. In the absence of an external field, 
the molecules in gaseous or liquid IlClwill be oriented in random direc- 
tions, so that even though each molecule has a moment, the average 
moment per unit volume will be zero. An impressed field, however, 
tends to orient the molecules, and it can be shown that there is a net 
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dipole moment resulting from this, which is proportional to the field. 
Thus this effect, like the other, gives P proportional to E. There is a 
difference, however, which allows the effects to be separated. The 
induced dipoles are independent of temperature. The orientation of 
permanent dipoles, however, is opposed by temperature agitation, and 
by kinetic theory it can be shown that the resulting polarization in a 
given external field is inversely proportional to the absolute tempera- 
ture. By investigating the temperature variation of the dipole 
moment, then, we can experimentally separate the two effects, and 
can find values both for the polarizability of the individual molecules, 
and for their permanent dipole moments. For our present purposes, 
however, we need not distinguish between the two sources of 
dipoles, and need merely assume the existence of a polarization vector P, 
proportional to E, the constant of proportionality of course depending 
on the nature of the dielectric. 

1, The Polarization and the Displacement. — ^Let us consider a 
surface S bounding a volume F, within a dielectric. We start with the 
dielectric iinpolarized, and then allow it to polarize. In this process, 
certain charges will have been carried across the surface aS, so that, 
although originally the volume contains no net charge, there will be 
such a charge after polarization. Let us find this charge, by comput- 
ing the amount of charge flowing across an element da of the surface 
in the process of polarization. We may consider the polarization 
to consist of many dipoles, each of charge q, with displacement d 
(a vector, pointing along the direction of the dipole moment) between 
the equal and opposite charges. If n is the outer normal to F, the 
displacement of a charge g along n will be d • n. All those charges 
contained in the small volume of area da, height d • n, will be carried 
over da in the process of polarization. If there are N /V dipoles 
per unit volume, there will have been a charge of $(iV/F)(d • n) da 
in this small volume, so that the total charge carried out over da 
will be (W/F) (gd • n) da. But (iV'/F)gd is simply the polarization P, 
the dipole moment per unit volume. Thus the charge carried out 
over da is P ‘11 da, and the total charge carried out over the whole 
surface is the surface integral of this quantity. 

If p' is the resulting charge density within the volume, set up by 
the displacement of charge, the charge that has been carried out will 
be ~/p' dy. Thus we have 

‘ XL da p' dv. (1.1) 

Using the divergence theorem, the left side can be rewritten J div P dv; 
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since the relation, (1.1) must hold for any volume, the integrands must 
then be equal, or we have 

div P = -p'. (1.2) 

We may norv combine this equation with Eq. (3.3), Chap. II, which 
we may write eo div E = p, where p represents the volume density 
of charge. We must think carefully how to describe the situation, 
however. We have two types of charge density: the charge that we 
deliberately place on our conducting or dielectric bodies, and the 
charge that automatically appears as a result of polarization. We 
shall call the first sort the “real charge,” the second sort the “polarized 
charge.” Both sorts can produce electric intensity E, so that, in 
Eq. (3.3), Chap. II, the charge density that appears should be the sum 
of real and polarized charge. 

It is customary, however, to use the s^mibol p to denote merely the 
real charge, so that for instance p \Yill be zero within an ordinary 
dielectric. Thus we must replace our equation by 

€0 div E = p ■+• p', 

which means the same as Eq. (3.3), Chap. II, but is expressed differ- 
ently because of the different meaning we now assign to p. Using 
(1.2), we then have 

eo div E — p — div P, div (eoE + P) = p- 

The combination eoE + P comes into the theory so often and in such 
an important way that it is given a special name, the electric displace- 
ment, and a special symbol, D. Thus we write 

div D = p, D - eoE + P. (1.3) 

Equation (1.3) is one of the fundamental equations of electromagnetic 
theory, and is one of Maxwell’s equations. 

2. The Dielectric Constant. — Since P is proportional to E, the 
displacement D is also proportional to E. We define the ratio of D 
to E as the permittivity, and denote it by e. Thus we have 

D = eE. (2.1) 

The ratio of e to eo, which we may call the permittivity of free 
space, is the dielectric constant, sometimes called the “specific induc- 
tive capacity,” and is denoted by k,.. Thus we may write 

^,,,= .1,.,, D =/£,.€oE. : : ,(2.2). 
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The ratio of polarization P to €oE is called the “susceptibility 
denoted x«- Thus we have 

P = x<‘^oE, Kc == 1 + Xf (2.3) 

Clearly the susceptibility is proportional to the polarizability of the 
molecules, and the number of molecules per unit volume; in fact, since 
P = {N /V)aEy we have 

N a 


Xe = 


y €0 


(2.4) 


We thus have means for finding the dielectric constant of a material, 
if we know the polarizability of its molecules. There is one word 
of caution to be expressed, however. It turns out that the polar- 
izability of a molecule is affected by the presence of neighboring 
molecules. Thus in (2,4) we cannot use the value of a that would be 
obtained for a molecule in the absence of neighbors, and expect the 
resulting dielectric constant to be correct for a dense dielectric. We 
shall take up this correction later. 

3. Boundary Conditions at the Surface of a Dielectric. — There are 
two fundamental equations of electrostatics; (1.3) and Eq. (3.4) of 
Chap. I, or 

div D = p, curl E = 0. (3. .1) 

These equations take on special forms in the case commonly met in 
electrostatics, in which the dielectrics consist of materials each with a. 

uniform dielectric constant, but with surfaces of discon- 
tinuity of dielectric constant between the materials. 
Within a homogeneous dielectric containing no charges, 
we have div D = div eE = 0, so that div E = 0. From 
curl E = 0 we conclude as before that E == — grad 
and we can then find that V V = 0, so that Laplace’s 
equation is satisfied for the potential, as in the absence 
of a dielectric. 

At a surface of discontinuity, however, the situation 
is quite different. There e is a discontinuous function of 
position, so that we cannot infer fromcUv eE = 0 that 
div E = 0 ; it will not be true. Let us instead investi- 
gate an uncharged surface of discontinuity between twm 
dielectrics by Gauss’s theorem, using arguments like those in Chap. 11, 
S ec. 1 . Over unit area of the surface we erect a thin rectangular 
volume, as in Fig. 9. We note, from the divergence theorem and the 
equation div D = p, that Gauss’s theorem becomes 



Fig. 9.~ 
Gauss’s theo- 
rem for nor- 
mal compo- 
nent of D. 
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D • n da = j^p dv. 


(3.2) 


Since there is no real charge within our volume, this tells us that 
the total flux of D out of the volume is zero; that is, that the flux in. 
over one of the faces equals the flux out over the other, which demands 
that the normal component of D must be the same on both faces. In 
other words, we conclude that the normal component of D is continu- 
ous at an uncharged surface of separation between two homogeneous 
dielectrics. 

By an argument similar to that v;hich we have just applied, we majr 
apply Eq. (1.1), rather than (3.2), to the small volume of Fig. 9- 
Let us suppose that the dielectric is to the left of the sur- 
face of separation, empty space to the right. There will 
then be polarization to the left, and not to the right, so 

that 


P • n da will be the negative of the component 


Fra. 10. — 
Stokes's the- 
orem for sur- 
face of dis- 
continuity. 


of polarization along the normal pointing awa}^ from the 
dielectric. By (1.1), this equals the polarization charge 
included within the volume. This must clearly be a 
surface charge, and since unit area of the surface is in- 
cluded in the volume, we have the result that the normal 
component of P, pointing out of a dielectric, equals the 
surface polarization charge that appears on the surface 
as a result of the polarization. It is of course clear that, 
since the normal component of D is continuous at an 
uncharged surface, and the normal component of P is not continuous, 
the normal component of E must likewise be discontinuous. 

Next we consider the implication of the equation curl E — 0. We 
draw a contour as shown in Fig. 10, one long side on one side of the 
surface of separation, the other on the other. By Stokes’s theorem 
in vector analysis, the surface integral of the normal component of the 
curl of a vector over a surface equals the line integral of the tangential 
component of the same vector around the contour bounding the sur- 
face. Applying this theorem to a surface bounded by the contour 
in Fig. 10, we note that, since curl E is zero, the line integral of the 
tangential component of E about the contour must be zero, which 
means that the tangential component of E must be equal on both 
long sides of the surface. We then have derived the following general 
results: 


From div D = p: normal component of D continuous 
From curl E = 0 : tangential component of E continuous, 


(3.3) 
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where these conditions hold at an uncharged surface of separation 
l.)etween dielectrics. 

4. Electrostatic Problems Involving Dielectrics, and the Con- 
denser— Without the principles derived in this chapter, it is almost 
impossible to see how to solve electrostatic problems involving dielec- 
trics as well as charges. The dielectrics acquire polarized charges on 
their surfaces, and if we do not know the amount and distribution of 
these charges, we cannot use our ordinary electrostatic principles 
to compute the field. The problem is not unlike that which we met 
in electrostatic problems involving conductors, where we also did not 
know the distribution of surface charges. We solved that problem 
by obtaining a potential that was a solution of Laplace’s or Poisson’s 
equation in the region outside conductors, but satisfied certain bound- 
ary conditions at the surface of a conductor: the potential had to 
reduce to an appropriate constant on the surface of each conductor, 
which implied that the field E was normal to the surface, or that the 
tangential component of E was zero outside this surface. W"e see 
that this condition was a special case of (3.3) : since E is zero within a 
conductor, the tangential component of E must be zero outside, by con- 
tinuity. Equation (3.3) gives no information about the normal com- 
ponent at the surface of a conductor, for the surface is not uncharged. 

We now notice that a method essentially similar to this one can 
be used in solving an electrostatic problem involving dielectrics. 
Inside each dielectric, provided that its dielectric constant is uniform, 
the potential will satisfy Laplace’s or Poisson’s equation, where the 
charge density involved is the real charge, which we assume we know 
about. At each surface of discontinuity, the conditions (3.3) must be 
satisfied by the appropriate components of D and E. Combining with 
the relation (2.1), D = eE, the problem is determined. As a first 
almost trivial example, consider the field of certain charges embedded 
in an infinite dielectric of permittivity e. By Gauss’s theorem, 
/E ■ n da = (l/€)Jp dy. This differs from the corresponding equation 
for free space only in substituting e for eo. Thus Green’s solution of 
Poisson’s equation will carry through just as in Chap. II, Sec. 4, with 
the one difference that e vvill appear in the denominator rather than 
eo‘ Thus the potential, and the field E, of a set of charges in a uni- 
form dielectric, will be Just l/zcg as large as if the same charges were 
located in empty spa,ce. We notice, however, that the displacement 
D of a set of charges in a uniform, dielectric will be the same as if they 
were in empty space. 

As a next example of electrostatic problems involving dielectrics. 
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consider a condenser filled with a uniform dielectric of permittivitj'^ 
rather than with empty space. We can use the same solution of 
Laplace’s equation to represent the potential that we did for the case 
without dielectrics; the only difference is in the relation between the 
charge on the plates and the potential difference. For a given voltage 
between the plates, there will be the same field E everywhere in the 
case with dielectric that there was without it. D will, however, be 
Ke. times as great. By Gauss’s theorem, the surface charge at a 
charged surface will equal B, so that the surface charge on the plates 
will be Ke times as great as if the dielectric were absent. The capacity, 
being the charge divided by the voltage, will then be Ke times as great 
as if the condenser had no dielectric but empty space. It is interesting 
to notice that, at the surface betwmen the dielectric and the conducting 
plate, there will be not only the real surface charge D, but also be a 
polarization surface charge, equal to ~P, or — (k« — l)eoE. The 
total charge, real and polarization, on the surface, will then be eoE, 
the same as the total charge for the condenser in the absence of 
dielectric. The reason a dielectric increases the capacity of a con- 
denser, or the charge that its plates carry for a given voltage, is that a 
fraction (k^ — 1)/K<;0r 1 — I/kb of the charge is effectively canceled by 
polarization charge, leaving only the fraction 1/kc for producing a field. 
Thus, to produce a given field, we must have Kb times as much charge 
as ill the absence of dielectric. 

6, A Charge outside a Semi-infinite Dielectric Slab. — In both the 
problems we have so far considered, the infinite dielectric and the 
dielectric filling a condenser, the effect of the dielectric is very simple: 
the field distribution is just as in empty space, but a given charge 
produces a field only I/kb as strong as in empty space. If this situa- 
tion were always true, the problem of dielectrics w’-ould be trivial, and 
we should not have had to go through all the theory that we 
have presented in this chapter. W^e shall now give two examples to 
show that in general the whole problem is entirely different in the 
presence of dielectrics from what it is without them. First let us take 
the problem of a charge g, in empty space, a distance d from an infinite 
plane surface bounding a semi-infinite dielectric of permittivity e. We 
can solve this problem by an application of the method of images, similar 
to that in Chap. I, Sec. 4, but more complicated. In Fig. 11 we shall 
try to satisfy our conditions by the following assumptions : in the free 
space, to the left of the surface of separation, we assume that the 
potential is g/47reoCi — gV4ireor2, where rt is the distance from the 
charge to the point where we are finding 4^® potential, the distance 
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from the image to the point, and where the second term is the potential 
of an image charge — g', whose magnitude we must still determine. 
In the dielectric to the right of the plane, we assume that the potential 
is q" /47reri, where q" is also to be determined. These assumed poten- 
tials satisfy the first requirement: in the empty space the potential 
satisfies Poisson’s equation, being determined from the charge g; in 
the dielectric it is determined by Laplace’s equation, the charge pro- 
ducing the field being located out- 
side the dielectric. Clearly we 
cannot have a term varying in- 
versely as r2, in the dielectric, for 
there is no real charge located at 
the image of g. 

We must now try to satisfy the 
boundary conditions on the sur- 
face. For the tangential compo- 
nent of E, we note that the 
tangential derivative of potential 
must be the same on both sides of 
the surface, which means that the potential itself is continuous; this 
may be used as a substitute for the condition on the continuity of the 
tangential component of E. Thus, remembering that ri = r 2 at points 
of the surface, we have 

q*' 

(S.l) 



Fio. 11.- 


-Imageo for point charge outside 
dielectric slab. 


T- Q 


For the normal component of D, we note that the charges g and — g' 
will produce fields that add rather than subtract. Femembering 
that we find D by taking the gradient of the potential and multiplying 
by the dielectric constant, this results in 


g -1- g' = g". (5.2) 

Since (5.1) and (5.2) can be solved for g' and g'Mn terms of g, our condi- 
tions are compatible, and our assumed potentials give a solution of the 
problem. Solving for g' and g", we have 



2/i<5 

Ke + 1 


(5.3) 


Lines of force for this problem are shown in Fig. 12. 

We can easily check two special cases of (5.3). First, if Ke = 1, 
so that the whole space is really empty, we have g' = 0, g" = g, so 
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that the field is just that of the charge q in empty space. Secondly, if 
Ke is infinitej q’ = q, and q" = 2q. The field E in the empty space 
in tills case is that produced by the charge q, and an image —q; the 
field within the dielectric is zero, being a field of a finite charge in a 
medium of infinite dielectric constant. Thus the field in this case 


is everywhere the same that we should have for a charge q outside a 
perfect conductor. There are as a matter of fact many ways in which 
a medium of infinite dielectric con- 
stant resembles a conductor. 

6. Dielectric Sphere in a Uni- 
form Field. — As another example of 
problems involving dielectrics, we 
consider a dielectric sphere in a 
uniform external field, in empty 
space. Folloiving Eqs. (4.1) and 
(4.2) of Chap. Ill, we try the as- 
sumption 




cos 9 



outside the sphere, where Eo is the 
field at large distances, and where 
b is to be determined. This as- 
sumption correctly gives the field at 
large distances, and it satisfies La- 
place’s equation; if h can be chosen 
to satisfy the boundary conditions 
at the surface of the sphere, or 
radius R, we shall have a solution of our problem. Let us also try 
the assumption that the field is uniform, and equal to Ei, within the 
sphere. That is, the potential within the sphere is —Ei r cos 9. As 
in the preceding problem, we may take as our two boundary condi- 
tions the continuity of the potential, and of the normal component of 
D. For the potential to be continuous, we must have 


Fig. 12. — Lines of force for point charge 
outside dielecti’ic slab. 


E^R + ^ I COS 6 ~ —EiR COS 0, or 


■EoR -fi 


R^ 


•E iR. 
( 6 - 1 ) 


For the continuity of the normal component of D, tve note that the 
direction of increasing r is the normal direction. Thus inside the 
re the normal component of D is —nbtp/dr — efSi cos 0, and 




50 


ELECTROMAGNETISM 


[Chap. IV 


outside it is (eoEo + ^eob/R^) cos 6. Equating, we have 
e,«, = e«E„ + ~ 

Solving (6.1) and (6.2) simultaneously, we find 
3 €o 


E. 


260 “h 


Ea 


47r6t)& == 4vT6oi?“ Tr'VTT^ Eq. 

-660 •+■ 6l 


(6.2) 


(6.3) 


Thus we have found the complete solution of our pro!)lem. I'he 
quantity 47r6o& is the dipole moment of the dipole that would produce 
the same field at external points as the polarized dielectric sphere. It 
is interesting again to consider the tAVO limiting cases ei - eo, and 
61 = «3 . In the first case, we find Ei = ii/o, 6=0, so that the field 
is uniform everywhere, as of coni'se it must be if the dielectric sphei’e 
is not really present. In the second case, w^e find Ei = 0, 

47r6o6 = AnreaU^Ei), 


so that again the infinite dielectric constant gives the same fields as 
for a conductor, as discussed in Ghap. Ill, Sec. 4. 

There are several remarks to be made about the solution we have 
found. In the first place, there are only very few problems in vdiich 
wm have the simple situation found here, that the field inside the 
dielectric object is uniform. This situation holds, in fact, onljr for an 
object of ellipsoidal shape. The general ellipsoid can be solved exactly, 
as well as the sphere, but by considerably more advanced methods 
than that used here. In the second place, our solution holds equally 
well for the field Avithin an empty spherical hole in the dielectric of 
permittivity ei. As wm see from the derivation, to get this result 
AAm need only interchange eo and ei in the solution (6.3). It is interest- 
ing to consider the field Ei AA'itliin the cavity. The ratio Ei/Ea can 
be AA-ritten 


^ ~ \ J - ~ ^0 „ £l 1 _ 2(61 ~ 6 o) 

Eq / 2 ei ~b 60 60 _ 26 i + €0 



Thus the field inside the cavity is greater than in the dielectric [since 
(61 ” 6o)/(2ei -b eo) is greater than zero], but is less than ei/eo times 
the field in 1 he dielectric. 

7. Field in Flat and Needle-shaped Cavities. — In the preceding 
section we have found the field wuthin a spherical cavity in a dielectric. 
It is interesting also to find the field in a disk-shaped cavity Avhose 
normal points along the field, and m a needle-shaped cavity pointing 
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along the field. In the flat cavity, by symmetry, the field inside as 
well as outside the cavity will be parallel to the field at a large distance, 
so that, by the continuity of the normal component of D, the value of 
D within the cavity will be equal to that in the dielectric. That is, 
the value of E within the cavity will be gi/eo times the value of E in the 
dielectric, or will be ;u- times the value of E in the dielectric. On the 
otlier hand, in a needle-shaped cavity, because of tlie symmetry, 
the field will again be everywhere parallel, and because of the con- 
tinuity of the tangential component of E, the value of E wdthiii the 
cavity will equal that in the dielectric. 

These facts are sometimes used to give definitions of E and D in a 
dielectric, in a form that could be made the basis of an experimental 
method of measuring them: E is the force on unit charge in a long 
needle-shaped cavity parallel to the field, and D is eo times the force 
on unit charge in a flat disk-shaped cavity with, its normal parallel 
to the field. These definitions are analogous to these introduced in a 
similar way by Lord Kelvin for defining the corresponding magnetic 
vectors. It is interesting to note that these two cavities are the 
limiting forms of ellipsoidal cavities as they get very flat or very 
elongated, and the solution for the field, in an ellipsoidal cavity, which 
we have mentioned in the preceding section, reduces to these two 
values ill the two limits. In the intermediate case of the sphere, we 
have seen in the preceding section that the field in the cavity is inter- 
mediate between these two limiting values. 

Problems 

1. A line charge of linear den.sity o- is placed in a medium of dielectric constant 
Ki = ei/eo parallel to and at a distance a from the plane boundary with another 
medium of dielectric constant ko = ea/eu. Find the potential in both media, and 
show that the force per unit length acting on the line charge is given by 

0 -^ Kl ~ K« 
d-TTfilffl Kl -f- K'J 

2. A long circular cylinder of radius a and permittivity e is placed with its axis 
perpendicular to a uniform electric field Eo in air. Find the potential inside and 
outside the cylinder. 

3. Find the capacity of a spherical condenser consisting of a conducting sphere 
of radius ro, a dielectric of dielectric constant ki for ro < r < ri, a dielectric of 
dielectric constant kz for ti < r < and a conducting sphere of radius f 2 . 

4. Find the capacity per unit length of a cylindrical condenser consisting of a 
conducting cylinder of radius ro, a dielectric of dielectric constant /o for ro < r < ri, 
a dielectric of dielectric con.stant ki> for ri < r < ra, and a conducting cylinder of 

■■ radius rj. 
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6. Show that, when a line of force cuts through a surface separating two dielec- 
trics of dielectric constants ki and k 2 , it makes angles 6i and dz with the normal to 
the surface in the two media, given by the relation ki cot 8i ~ ta cot Oz. 

6. A charge rj is placed a distance d in front of a semi-infinite dielectric slab of 
dielectric constant kc. Find the force attracting the charge to the slab. 

7. A hollow dielectric sphere is placed in a uniform external field. Find the 
field both inside and outside the sphere, and in the dielectric, in terms of the inner 
and outer radii of the spherical shell, and its dielectric constant. 


CHAPTER V 


MAGNETIC FIELDS OF CURRENTS 

In Chap. I, we stated that the force on a charge q, moving with a 
velocity v in a magnetic field, in which the magnetic induction is B, 
is g(v X B). Similarly we stated that the force on a charge q in an 
electric field E was qE. So far we have been studying the electro- 
static case. We began by stating the value found experimentally 
for the electric field E produced by a charge q. Combination of that 
statement with the law of force allowed us to get tlie force between 
two charges. We shall now begin a similai- treatment of magnetic 
forces. Magnetic fields can be produced, and magnetic forces experi- 
enced, by two types of bodies: by charges in motion, or electric cur- 
rents, and by magnetized bodies, such as permanent magnets. In 
some cases, the magnetization of magnetic bodies arises from the 
motion of currents within the atoms, coming from electronic motions, 
but in other cases it comes from magnetization that is an intrinsic 
part of the structure of the nuclei or electrons of which the atoms are 
composed. We could start our study from the fields either of magnets 
or of currents. We choose to start with currents, as being in a w’ay 
more fundamental. We shall then show that a current flowing in 
a small closed path is equivalent to a magnetic dipole, and forms a 
model for the dipoles present in magnetic materials, which rve shall 
take up in the next chapter. 

The magnetic field produced by a steady current, which does not 
vary with time, is much simpler than that of a current that varies 
with time, for in the latter case we can have radiation. The problem 
of magnetic fields of steady currents is called “magnetostatics." It 
is clear that a single charge in motion cannot produce a .static mag- 
netic field, for by its very motion it is found at different points of 
space at different times. Thus we cannot strictly state the field 
produced by a charge in motion. Nevertheless, if the charge forms 
part of a steady current, as if there were a procession of charges, 
following one after the other in a formation independent of time, then 
there is a simple law for the field it produces. This law, elucidated 
by the work of Oersted, of Amp&e, and of Biot and Savart, in the 

53 ' 


54 


ELECTROMAGNETISM 


[Chap. V 


early days of tlie nineteenth century, may be made the basis of the 
treatment of magnetostatics, just as the law of Coulomb ma,y ]:)e made 
the basis of electrostatics. 

1. The Biot-Savart Law.— It is found experimentally that the 
magnetic induction resulting from a charge 5 , moving ^^ith a velocity 
V, at a distance r away from the charge (where r is a vector pointing 
from the charge to the point where the field is being found) is 

p S(^r)_ 

dir [rp 

provided that the moving charge forms part of a current distribution 
independent of time. In this expression, B is the magnetic induction 
in webers per square meter. Since this is not a familiar unit, we can 
state that 1 weber/sq m eciuals a magnetic field of 10 ‘* gausses, in the 
more usual units. The quantity mo is 

Mo = 4-r X 10~^ henry /m, (1.2) 

where we shall find the physical significance of this number later. 
The charge q is in coulombs, the velocity in meters per second (a 
vector), and r is in meters. By virtue of the vector product in (1.1), 
we see that the lines of B (that is, lines parallel to the vector B) form 
circles in a plane normal to the velocity vector v, with centers a,t the 
intersection of that vector and the plane, and in such a sense that a 
right-hand screw advancing along v would rotate in the direction of B. 
If Q is the angle between v and r, the magnitude of B is equal to 

I-DI _ Mo glv| sin d 
' ' 47r Irp ■ 

We are often interested not in the field of a moving charge but in 
that of an element of current, as a length ds of wire carrying a current i. 
We can easily set up an equivalence between the quantity qv and a 
corresponding quantity for the current element. Suppose the cross 
section of the wire is A, and the charge density of charge in the wire 
is p. Assume this charge is moving with an average velocity v. Then 
the charge crossing any cross section per second is pi’/l. On the other 
hand, if the current flowing is f, measured in amperes, then i must 
be the charge crossing a cross section per second. Thus w^e have 
pvA = f. If we multiply both sides by ds-, the length of the section 
of wire, we shall have on the left pA dsv, which is the product of the 
charge density, the volume, and the velocity. That is, it is the total 
charge contained in the element of wire, times its velocity. This then 
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equals i ds. We may make this into a vector equation by letting v, 
and dS} both be vectors along the velocity of the charge, or the direc- 
tion of the wire. Thus we have 


qv — i ds. 


so that the magnetic induction resulting from a length ds of wire 
carrying a current i is 


dds X r) 
4r jr|^ 


The law described by (1.1) or (1.3) is often called the “Biot-Savart 
law,” As a result of it, and Eq. (1.1) of Chap. I, for the force acting 
on a moving charge, we can at once find the force between two ele- 
ments of current, Adsi and rhdso, flowing in different conductors. 
This force is 

iF = (1,4) 

•Itt |rl'’ ' 

where we have found the force exerted by the second current element 
on the first, and where r is the vector from the second to the first. 
This law (1.4) is the equivalent, for current elements, of Coulomb's 
law, Eq. (2.2) of Chap. I, expressing the law of force betw'een static 
charges. 

The law of force (1.4) serves essentially to define the ampere, the 
unit of current. Thus we take two current elements, each of unit 
length, and at unit distance apart, so oriented that the factor 

[dsi X (ds 2 X r)] 

in (1.4) equals unity. Then the currents are defined to be an ampere 
if the resulting force is 10"''^ newdons. From this it follow^s that 
juo = 4 t X 10~^ as in (1.2), a relation that is now' seen to be the result 
of definition rather than of experiment. This on the other hand is not 
the case with eo, which wm encountered in Eq. (2.1), Chap. I, and which 
we found from Coulomb's law. The difference is that we define the 
unit of current, the ampere, from the Biot-Savart law; w^e define 
the coulomb, the unit of charge, as the charge flowing per second 
in a current of 1 amp; and therefore We are not free to choose the 
constant in Coulomb’s law’- at will, but must determine it by experi- 
ment, with the result given in Eq. (2.1), Chap. I. These relations are 
discussed in more detail in Appendix 11. 

2. The Magnetic Keld of a Lmeaivand a Circular CurreEt.---We 
can integrate the Biot-Savart law (1,3) to get the magnetic induction B 
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resulting from any arbitrary steady current. Naturally in practice 
we must use sudi an integrated value to determine the ampere, since 
the interaction between two elements of current, as considered in (1.4) 
or in the preceding paragi’aph, cannot be separated from the forces 
resulting from other current elements in the circuit. 
First we consider the field of an infinite straight wire 
carrying a current i. From Fig. 13 we see that 
f2 = where R is the distance from the wire to 

the point where we are finding the field, and that 
sin 6 = E/s/E^ + S-. Thus we have 



B 


Mo 

At 


iR 


ds 


Mn^ 

2tR' 


(2.1) 


Fi(i. 13.— 
Magnetic field 
ffoiii an infinite 
straight wire. 


, (R^~ + 

The direction of B is, of course, in circles surrounding 
the wire. 

Next we consider the field of a circular wire carry- 
ing a current, at points along the axis of the wire. The. 
contribution to the field produced by an element 
ds of the wire, at a point whose distance from the plane is x, will be 
(Mo/47r)f ds/(x- + E^), as we see in Fig. 14. This field points at an angle 
to the perpendicular to the plane, however, and only the component 
along that direct i(jn contrib utes to t he resultant field. Thus we must 
multiply by the factor E/ -j- R^ to get 
the resultant field, which is, after we replace 
the clement ds by the circumference 2tR, 


B 


Mo 


2tE‘^ 


Mo 


4^ (.r^ + EA)^^ 2 ^ {x^ -f R^f' 


R^ 


( 2 . 2 ) 



ds 


Ftg. 14. — Magnetic field from 
circular current. 


We can use the solution (2.2) to find the 
field in the center of a circular current ; it is 
Mof/2/?. This solution is sometimes used 
to provide an experimental determination 
of the ampere, following the procedure 
discussed at the end of the preceding sec- 
tion. It is quite a complicated problem to find the field off the axis in 
the case of a circular wire. 

The solution (2.2) can be used to find the field along the axis of an 
infinite solenoid, canying w turns of wire per unit length. To find 
this we need merely multiply (2.2) by w da;, and integrate over rr, 
taking account of the turns of the solenoid located at all distances x 
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B = 




(2-2 — MoWt. 


(2.3) 


We shall shortly prove that this field is found everywhere inside the 
infinite solenoid, not merely along the axis. 

3. The Divergence of B, and the Scalar Potential. — In our study 
of electrostatics, we first found simple methods of obtaining the 
field by integrating the contributions resulting from all point 
charges according to Coulomb’s law. We soon found, however, that 
this was a method of restricted usefulness. The really powerful 
tools of electrostatics come only when we apply general analytical 
methods, introducing the potential, Gauss’s theorem, Poisson’s equa- 
tion, and similar relations. Here too we shall introduce general 
analytical methods. As a first step, w'e investigate the divergence and 
the curl of B. We shall first show that div B is always zero; then we 
shall show that curl B = 0 in important cases, in which we can there- 
fore introduce a potential, but that this is not true in general, so that 
we have to adopt other ways of writing B in terms of a potential, lead- 
ing to the concept of a vector potential. 

We first consider the divergence of B. Thj lines of B form closed 
circles around the axis of a current element, and since the divergence 
of a vector signifies the starting or stopping of the vector, we should 
expect that div B = 0. We can prove this, directly from (1.1) or 
(1.3), and if the theorem holds for the field of an element of current, it 
must hold for the sum or integral of such fields, or for the field of a 
complete circuit. We can prove our result by use of the vector 
relation div (a X b) = b • curl a — a • curl b, where a and b are any 
vectors. ^Ye let a = v, b = r/lrj®, in (1.1). Since v, or a, is a 
constant, the first term will be zero. Then we have 

divB =1^5 (-y. curl V) (3.1) 

But the vector r/lrj® is simply a vector in the direction of r, of magni- 
tude 1/r®; that is, it is just like the field of a point charge in electro- 
statics, whose curl has been proved to be zero in earlier chapters. 
Thus, from (3.1), we have 

divB = 0. (3.2) 

Equation (3.2) is one of the fundamental equations of electromagnetic 
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theory, one of Maxwell’s equations, which we shall not have to alter 
in our later development. 

Next we consider the curl of B. If current flows steadily in a 
closed loop of wire, we can show that the curl of the resulting mag- 
netic induction is zero everywhere outside the wire, and hence that 
Ave can introduce a potential to describe the problem. We shall proAm 
this theorem by setting up a simple and general expression for the 
potential. As a first step, Ave consider the solid angle Q intercepted 

l)y the loop of wire, at the point P 
‘w* AA'liere Ave are finding the ma gnetic 
induction B. If AAn make a dis- 
placement du of P, as shoAvn in 
big- Ifl) the solid angle aauII change 
II i>y amount dfl. This is the 
jl same as the change dfl produced 
/ / /ylJ by ^ displacement — du of the 

yPP/yy // ill loop. If AAm make the latter dis- 

/ 1 placement, the change of solid 

/ / 7/f^ angle Avill be the sum of all the 

/ / // /A elementary changes of solid angle 

interceptedby the small parallelo- 
grams bounded by the Ametors du, 
■p IRQ, * , f 1 r • ds, as shoAvn in the figure. The 

FxCr, 15, — Scalar potential of loop of wire ' . . « 

carrying current. projection of One of these paral- 

lelograms on the normal to the 
vector r is — (du X ds) • r/jrl, so that the corresponding increment of 
solid angle is — (du X ds) • r/jrl * = -du • (ds X r)/irlk 

Thus the Avhole change of solid angle, integrating around the cur- 
rent loop, is 

Jr. „ J.. ds X r 


But at the same time the change must be grad 9. • du. Thiis Ave 
have 


grad 9 = 


ds X r 


Comparing Avith (1.3), AA'e see that Ave haAm 


f grad 0. 


In other AAmrds, the function (jUo/4')r)fO forms a potential, whose 
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negative gradient gives the magnetic induction B. This is generally 
called a “scalar potential,” since it is a scalar quantity, to distinguish 
it from the vector potential, which w’e shall soon introduce. It is 
clear that, in cases in which B can be derived from a scalar potential, 
we must have curl B = 0, since the curl of any gradient is zero. 

4. The Magnetic Dipole. — Suppose we have a current i floiving in a 
positive direction around a very small loop of area A, the normal 
to the loop being n. If 6 is the angle between n and the vector from 
the loop to a point P, the solid angle subtended by A at P will be 
A cos 0/r^, so that the scalar po- 
tential will be 

jioiA cos 6 
'Att 

This expression depends on posi- 
tion just like the potential (5.1) of 
Chap. Ill for an electric dipole. Thus a small loop canying a current 
has a magnetic induction B, •whose lines of force are like those of an 
electric dipole. We call such a small loop a “magnetic dipole,” and 
define the product iA as the dipole moment. (Some writers define 
the dipole moment as ixtdA instead, with corresponding change in 
subsequent formulas involving dipole moments.) If this moment is 
called m, we have 

Potential of magnetic dipole = * (4.1) 

111 terms of this formulation, there is an interesting -way in which 
we can regard the magnetic field of a current loop as coming from a 
distribution of magnetic dipoles over a surface spanning the loop. 
In Fig. 16, we may divide the surface into many small loops, letting 
a current i flow in each of them, in a positive direction. These cur- 
rents will cancel each other on all the interior boundaries of the 
loops, but not over the outer boundary. Thus the sum of the cur- 
rents of all the small loops will give just the current originally present 
in the large loop, so that the magnetic field of the small loops must 
equal that of the large loop. Each of the small loops, of area A, 
however, produces a field like a dipole of moment iA. In other 
■words, a distribution of dipoles over the surface, or a, double layer, 
■whose dipole moment per unit area is i, distributed over any surface 
spanning the current loop, 'will have the same magnetic induction at 
all points that the current loop itself has. 

6. Ampere’s Law. — Although B is derivable from a potential func- 
tion, we must not assume without further study that the line integral 



Fig. 16. — Surface made up of small current 
loops. 
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of B about a closed contour is always zero, which we should be inclined 
to deduce by analogy with Sec. 3, Chap. I. Let us compute the line 
integral of the tangential component of B about a curve as shown in 
Fig. 17, enclosing the current. Using (3.3), we have 


JB -ds 





Fig. 


Path of 
integration 


-Path of integration around 
current loop. 


If we make a small excursion, and return to our starting point, 0 
comes back to its initial value, / dO is zero, and the line integral 

/B . ds is zero. If, however, as 
in Fig. 17, our path encloses the 
current, the situation is quite 
different. If we start integrating 
when we are in the plane of the 
loop, 0 will be 2^, corresponding to 
a hemisphere. As wm traverse the 
path in the direction shown, 0 will 
decrease from this value to zero, become negative, and when we 
return to our original point it will be — 2 t. This is on the assumption 
that solid angles are positive when the point P is above a plane in 
which the current is circulating in a positive direction, as in Fig. 15. 
The net change in 0 is then —Att, so that /B • ds = jxd- In other 
words, when we integrate the tangential component of B about a 
contour enclosing the current i, the integral is gof; whereas when we 
integrate about a contour enclosing no current, the integral is zero. 
The statement of these facts is Ampere’s law: the line integral of B 
about a closed contour, in a region containing steady currents, equals 
go times the total current flowing through the contour of integration. 
This general case obviously follows from the derivation we have given, 
if we regard the whole current flow as being made up of many loops, 
some of which thread through our contour of integration, some of 
which do not. 

Ampere’s law' can often be used, as Gauss’s theorem was used in 
electrostatics, to get the answers to simple problems in the magnetic 
fields of currents. For instance, we may solve for the field of a linear 
current, taken up in Sec. 2. If wn apply the theorem to a circular 
contour surrounding the current, B is pai’allel to ds by symmetry, and 
is constant around a circular contour. Thus B(27rP) = /xoh 


B 


Mpf Y 
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as found by direct integration in (2.1). Similarly we can use the 
theorem to find the field inside a solenoid. Setting up a contour as 
shown in Fig. 18, ive may assume that the field points along the axis 
by symmetry, and that it is zero outside the solenoid. Then, if tlie 
length of the contour is unity, the line integral JB • ds is simply the 
value of B inside the solenoid. The current enclosed by the contour 
is ni, if there are n turns in unit length, each carrying current i. 
Thus we have B = jioni, as in (2,3). Our present answer 
is more general, however, for it holds for any point with- 
in the solenoid, not merely for points on the axis. -*■ 

Ampere’s law, which may be stated in the integral 
form as 

/B-ds = MoSf, (5.1) 

Fig. is,— 

where indicates the total current threading through Ampero’islaw 
the contour, may be written in a differential form by a solenoid, 

using Stokes’s theorem. This theorem of vector analysis states that 

JA ■ ds == J curl A • n da, 

where A is any vector function of position. That is, the line integral 
of the tangential component of A about a closed contour ecpials the 
surface integral of the normal component of curl A over any surface 
spanning the contour. Using this theorem, we can transform the 
left side of (5.1). To transform the right side, we introduce the 
current-density vector J. This represents the number of amperes per 
square meter flowing in a continuous conductor. The current flowing 
across a surface element da is then J • n da, so that the total current 
flowing through the contour is /J • n da integrated over a surface 
spanning the contour. Thus we have as a result of (5.1) 

/ curl B • n da = /xo/J • n da. 

This result must hold for any contour and any surface spanning it; 
thus the integrands must be equal, and since the integrands are equal 
for any direction of the vector n, the vectors themselves must he 
equal, or 

curl B = /uoj. (5.2) 

This is the differential formulation of Ampere’s law. 

We see from (5.2) that, in a region contaming no current flow, 
curl B = 0, but this does not hold within a conductor. In empty 
space where curl B = 0, we can introduce a potential, a,s wu have done 
in (3,3), but this cannot be done inside a conductor carrying a current. 
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The potential we introduced in Sec. 3 for a single loop of current was 
multiple-valued; that is, as we integrated B around a contoiir enclosing 
the current the potential increased by nai, so that if we integrated n 
times around the contour we should increase the potential by njUo'U In 
other words, for any single value of the potential, all values obtained by 
adding or subtracting integral multiples of juof are equally legitimate. 
If now we have many current loops in our space, we can change the 
potential by integral multiples of mo times any one of the currents, bjf 
traversing suitable contours. With enough current loops, this means 
that we can obtain almost any value of the potential we desire, at a 
given point of s]'»aee; and if the. current is distributed over the volume, 
so that we euii (‘uclosc any amount by traversing a suitable contour 
within the vt)lume, we can obtain any value of potential whatever 
at a given i)oini of space. In this case the nsefiilness of the idea of 
potential breaks down completely. The integral of B is not independ- 
ent of path, and there is no unicpie way of defining a scalar potential. 

6 . The Vector Potential. — It is clear from our discussion of the 
preceding sect ion that a scalar potential is not useful for discussing 
a magnetic field, except in the special case where the current flows 
in a single loop, hlalheinaticaliy, we have seen in (5.2) that curl B 
is not in general zero, so that the conditions for introducing a potential 
do not exist. There is, however, another quite different way of setting 
up a potential function, which is much more general, and equally 
useful. This is to set up what is called a “vector potential.” The 
fundamental characteristic of a potential is that it is a function that 
we differentiate to got the vector field we are interested in. The reason 
why the potential is a useful device in electrostatics is that it is easy 
to compute it from the charge distribution, by the solution of Poisson’s 
equation given in Pkp (3.5) of Chap. 1. 

The vector-potential solution for the magnetic field of currents has 
the same useful features. The existence of a vector potential is 
based on Eep (3.2), div B = 0, satisfujd by the magnetic induction. 
By a well-known theorem of t'ector analysis, div curl A == 0, where A 
is any arbitrary vector: that is, fhe divergence of any curl is zero. It 
seems reasonable to assume from this that we can write 

B === curl A, (6.1) 

where A is a vector function of position, which is the vector potential 
we have spoken of. By making the assumption (6.1), (3.2) is auto- 
matically satisfied, and we must choose A so as to satisfy (5.2) as 
well. This gives us 

curl curl A = moJ. 


S3C. 6] 


MAGNETIC FIELDS OF CURRENTS 


63 


By a theorem of vector analysis, curl curl A = grad div A - \7^A, 
^vhe^e A is an arbitrary vector. We shall now assume that 

div A = 0. (6.2) 

We are allowed to make this assumption; it turns out to be the case 
that, to determine a vector function uniciuely, we must specify both 
its divergence and its curl at all points of space, and (6.1) leaves the 
divergence undetermined. Making tlie assumption (6.2), we then 
have 

V“A = -MoJ. (6.3) 

That is, A satisfies Poisson’s equation, as was shown to in Eq. (3.4), 
Chap. II. Solving by Eq. (4.3), Chap. II, for an unbounded region, 
we have the general solution 

A = ^ / i (6.4) 

A solution similar to Eq. (6.1) of Chap. Ill, for a bounded region, 
can be set up as well. In (6.4) we have a general solution for the 
vector potential, and hence for the magnetic induction, of any known 
distribution of currents. 

We may show from (6.4) that we are in fact led to the same solu- 
tion from the Biot-Savart law which we have already discussed, just 
as the general solution of Poisson’s equation led in the electrostatic 
case to the same result as an elementary discussion of Coulomb’s law. 
In the first place, suppose the current density J is flowing in a length 
ds of a conductor of area a. Then Ja = current flowing in the 
conductor, and ./ dv — Ja ds = i ds. Thus the vector potential aris- 
ing from a current element i ds, where we regard ds as a vector, is 

dA = ^^®, (6.5) 

47r f 

a vector in the direction of the current element. To find the value 
of B arising from this vector potential, 'We take its curl. Noting 
that ds is a constant vector, r a scalar fnnetion of position, we need 
to use the formula curl (/F) — / curl F -p grad / X F, where / is a 
scalar, F a vector function. In our case F is constant, so that we have 



Blit grad (1/r) = — l/r^ grad r, and grad r = r/lr|. Thus finally 
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ill agreement with (1.3). We have, then, given a proof of the Biot- 
Savart law from Eqs. (3.2) and (5.2), and have illustrated our method 
of handling the vector potential, but have not arrived at a new way 
of solving the magnetic problem. The solution for a bounded 
region, similar to Eq. (6.1) of Chap. Ill, would be new, but it is not of 
enough practical importance for us to work it out. Although the 
vector potential has given us no new information in this case, we shall 
find that in problems involving time variation of charge and current 
we can still use it, and it then proves a very valuable method of solving 
for the magnetic induction. 

Problems 

1 . A steady current flows in a circular loop of wire, of radius K. Find tlie 
vector potential of the resulting m.agnetio induction, at large distances compared 
with R, by adding the contributions to the vector potential due to the soj^arate 
elements of current. 

2 . Compute the field, from the potential of the preceding problem, and show' 
that it is approximately that resulting from a single dipole. Find the strength of 
the dipole, in terms of current and radius R, and clieck the value derived in the text 
using the scalar potential. 

3 . Two parallel straight wires carry equal currents. Work out the magnetic 
induction due to the two together, in the two cases where the currents flow in the 
same or in opposite directions, drawing diagrams of the lines of force. 

4 . Find the magnetic induction at points inside a wire carrying a current, 
assuming that the wire is straight and of circular cross section and that the current 
has constant density throughout the wire. 

6. Set up the equation for the vector potential in empty space, in cylindrical 
coordinates, finding components of A along r, d, and z. (Hint: Set up the equations 
curl curl A ~ 0 , div A = 0 , using derivatives of the latter, to help simpHf}' the 
terms.) 

6. Use the result of Prob. 5 to find the vector potential of an infinitely long wire 
carrying a constant current i. From this vector potential find the value of B, 

7 . As in Prob. 5 , set up the equation for the vector potential in spherical polar 
coordinates. Use this result to find the vector potential of a magnetic dipole, 
comparing with the result of Prob. 1. 

8 . Two long parallel conductors of circular cross section, each of radius h, are 
sei)arated by a distance 2 a between their axes of rotation. If they carry equal and 
opposite steady currents i, find expressions for the vector potential at all point.s of a 
plane (the xy plane) perpendicular to the direction of the current.^. From this 
obtain the magnetic field at interior points of either conductor and set up the 
intc;gral for the force per unit length with which they repel each other. (Use as an 
I irigin tlie point midway between the wires in the xy plane.) Carry the integration 
as far a.s you can. 

9 . Show that, for any current distribution parallel to a fixed line (the s: axis), 
the raagnelic induction may be obtained from a vector potential that has only a 
j component. From this prove that the lines of magnetic force are given by the 
equation .1(91,(72) =* Gonstant, w^here A is the a component of the vector potential, 
and 9,, 9, are orthogonal coordinates in a plane normal to the 2 a.xis. Apply this 
to the results of Prob, 8, and construct a field plot for this case. 
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Just as a dielectric contains electric dipoles that contribute to 
the field, so there are magnetic media that contain magnetic dipoles. 
These media are of three sorts: diamagnetic, paramagnetic, and ferro- 
magnetic. A diamagnetic medium contains no permanent dipoles, 
but only dipoles that are induced by an external field. The atoms 
of a substance contain electrons that are free in a sense to move about 
inside the atom, somewdiat like the charge in a perfect conductor. 
We have used this property of the electrons in describing the electric 
polarization of the atom in an electric field. Similarly in a region 
where the magnetic induction changes with time, currents are induced 
in the atom, following the general law of electromagnetic induction 
which we shall take up in the next chapter. These currents circulate 
about the direction of the magnetic induction, and thus produce 
magnetic moments, which prove to be in such a direction that they 
oppose the field already present. A medium that possesses only this 
dipole moment opposite to B is called a “diamagnetic medium.” 

Some media contain permanent dipoles. In an unmagnetized 
body, the dipoles are oriented at random, just as permanent electric 
dipoles are oriented at random in the absence of an external field, 
but under the action of an external field the dipoles are oriented, result- 
ing in a dipole moment which, as in the corresponding electric case 
that we discussed in Chap. IV, is proportional to the external field, 
and inversely proportional to the absolute temperature. This effect 
is called “paramagnetism.” When it exists, it is usually great enough 
to mask the diamagnetism which is alwa3^s present, and which has the 
opposite sign. The permanent magnetic moments responsible for 
paramagnetism arise in two wa^'S. In the first place, the theory of 
atomic structure shows that in manj^ cases there is a permanent circu- 
lating current of electrons in the atoms, resulting in a magnetic dipole, 
as shown in Chap. V. Such circulating currents were first postulated 
by Ampere, and are often called “ Amperian currents,” but the explana- 
tion of their magnitude and nature was first given by the quantum 
theory. The diamagnetic atoms are those in which some electrons 
are circulating in one direction, some in the other, in such a way that 
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their dipole moments cancel. Secondly, the (juantuni theory shows 
that an individual electron possesses a magnetic moment, v.'hieh is 
just as characteristic a property as its electric charge. In certain 
ways this moment can be ascribed to a rotation of the charge about an 
axis, like the rotation of the earth about its axis, resulting thus in a 
circulating current; but this simple picture of it cannot be entirely 
justified. In any case, any atom that has unbalanced moments of the 
spinning electrons will be paramagnetic; but many atoms that contain 
even numbers of electrons can have equal numbers of electrons oriented 
in opposite directions, so that the net magnetic moment is zero, and 
the atoms are diamagnetic, both orbital and spin magnetic moments 
canceling. 

The final type of medium, the ferromagnetic medium, is really 
an extreme case of paramagnetism. If the permanent dijioles, gen- 
erally those resulting from electron spin, are very close together 
in the medium, there proves to be an effect, explainable only on the 
quantum theory, and called “exchange,” which results in a strong 
tendency for the spins of adjacent atoms or molecules to line up 
parallel to each other, even in the absence of an external field. Such a 
parallel orientation can extend, in an iinmagnetized body, over volumes 
of a considerable scale on an atomic order of magnitude, though a 
small volume by ordinary standards. Such a volume is called a 
“domain,” and an ordinary unmagnetized ferromagnetic body con- 
sists of many domains, each with a strong permanent moment, but 
oriented in different directions. In the presence of an external mag- 
netic field, the domains change the orientation of their permanent 
moments, lining them up with the external field, until finally with a 
very large external field the moment reaches a limit when all moments 
are parallel. This limit is called the “saturation moment.” Revers- 
ing the field reverses the moments, but there is an effect similar to 
friction, hindering this reorientation, so that, by the time the external 
field is reduced to zero, there can still be a considerable moment. 
This is the origin of permanent magnetism. If the external field is 
reversed alternately between one direction and then the other, the 
moment lags behind the field, resulting in the phenomenon of hysteresis. 

These properties of ferromagnetic bodies are very complicated; 
when one tries to investigate them in detail, in contrast to the diamag- 
netic and paramagnetic bodies, in which the moment is proportional 
to the field. The ferromagnetic effect decreases with temperature, the 
individual domains losing their moments at a critical temperature 
called the “Curie temperature.” Above that temperature the body 
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becomes paramagnetic, but the moment, instead of being proportional 
to l/T, where T is the absolute temperature, is proportional to 
1/{T — 0), wdiere 6 is the Curie, temperature. The physical explana- 
tion of this decrease of ferromagnetism as the temperature increases 
is that the tendency toward orientation of the magnetic moments which 
lines them up at low temperatures is opposed by thermal agitation at 
high temperatures. 

1. The Magnetization Vector. — In Sec. 4, Chap. V, we defined the 
dipole moment of a magnetic dipole; if a current i circulates in a loop 
of area A, the moment is lA. In a magnetic medium, ^Ye shall have 
dipoles distributed through the volume of the material, and we shall 
define the magnetization vector M as the vector sum of the dipole 
moments in unit volume. In a diamagnetic or paramagnetic medium, 
M will be ptroportional to B, the constant of proportionality being 
negative for diamagnetism, positive for paramagnetism; in a ferro- 
magnetic medium, the relationship between M and B will be much 
more complicated. 

We now observe that the existence of a magnetization vector 
within a medium implies the existence of currents. Suppose as in 
Fig. 19 that we have a small rectangular 
volume, with magnetization along one of 
the axes. If there is uniform magneti- 
zation within the volume, we may replace 
the magnetic effect of the volume by a 
current circulating about its faces, as 
shown. If the area normal to the mag- 
netization m A, the height h, then the 
total dipole moment is MAh. This 
would be produced by a cun-ent Mh dr- i£i--Mw,netotion ™rfac, 

dilating about an area A. In other 

words, we must assume a surface current at the surface of the mag- 
netized volume, numerically equal to the magnetization. We may 
indicate the direction as well as the magnitude of this surface current 
density by the vector equation 

Surface current = M X n, (1.1) 

where n is the outer normal. This is the surface current that appears 
at a surface of discontinuity between a region with magnetization M, 
and an unmagnetized region. 

It is clear that, more generally, there will be a surface current 
(M' - M '0 X n at a surface of discontinuity between a Tegioii 
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where the magnetization is M'j and one where it is M", n being the 
normal pointing from the region M' to that where the magnetization 
is M”. Passing to the limit, there will be a current flowing throughout 
a volume, when the magnetization varies continuously from point to 
point within a medium. Let us find the resulting current density. 
In Fig. 20, we show two adjacent volumes, the upper one being 
displaced a distance dy along the y axis from the lower one. Let 



Fig. 20. — Volume magnetiaation cur- 
rent. 


with x; by a similar argument u 
Thus combining terras we have 


the magnetic moments, in the x 
direction, be M'^ — M^iy + dy), 
M' ~ Mxiy), respectively. Then, 
considering the contour drawn, the 
current flowing in it can be ^written 
as J' dx dy, where J' is the current 
density. Th^'s by the result above 
we ha'^'^e 

\Mx{y + d;y) 

— dx = — J' dx dy. 

Passing to the limit as dx, dy become 
small, this becomes 

J' ~ 

dy 

We should also have a component of 
J' in the 2 direction if i¥„ varied 
'e should find a contribution dMy/dx. 


dMy dMx 
dx dy 


But this is merely the z component of the vector equation 

y = curl M, (1.2) 

which is the general relation giving the volume density resulting 
from a variation of M from point to point, a relation of which (1.1) 
is the limiting form at a surface of discontinuity between a magnetized 
and an unmagnetized region. 

2. The Magnetic Field.— The current density J' which we have 
written in (1.2) is a current density that is necessarily present when- 
ever we have a magnetized medium. In our introductory remarks 
we have seen its interpretation, in terms of the flow of electrons wdthin 
a.toms, and of electron spins. It is quite different from the current 
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density J met for instance in Chap. V, Sec. 5, which was a current 
density resulting from the ordinary flow of current in conductors. 
The situation is similar to that which we met in Chap. IV, Sec. 1, 
where we found tw'o types of charge: what we called the “real charge/' 
the charge we placed on the plates of condensers and other conductors, 
and the polarized charge,” which automatically appeared in dielec- 
trics. There we denoted the polarized charge by a prime, and here 
similarly we are denoting the current density J' resulting from magnetic 
polarization by a prime. We may, if we choose, refer to J as the real 
current (that which flows in ordinary conductors), and to J' as the 
polarized current, or the magnetization current. 

It now follows from our whole train of argument that the magne- 
tization current is just as effective in producing a magnetic induction 
as a real current. In other words, in Ampere’s law, Eq. (5.2) of 
Chap. V, we must replace J, the current density, by J + J', the sum of 
real and polarized current density. Hence we may rewrite that law 

curl B = Mo(J + JO = Mod + curl M), 
from which we deduce at once the relation 

curl - M 
\mo 

The quantity B/;uo — M which appears in (2.1) is a sufficiently 
important quantity so that we give it a name and a symbol : we shall 
call it the “magnetic field,” or “magnetic intensity,” and denote it 
by H. The process of introducing it is essentially similar to that 
used in Chap. IV, Sec. 1, in introducing the electric displacement D. 
We may rewrite the definition of H in the form 


B = mo(H -f M). 

(2.2) 

In terms of it, we then have 


curl H = J 

(2.3) 

as the equivalent of (2.1). 



In the diamagnetic or paramagnetic medium, we have already 
stated that M is proportional to B. Thus both these vectors are also 
proportional to H, and we may write 

B = juH = KTOiUoH, (2.4) 

where the dimensionless quantity /Cm is generally referred to as the 
“permeability.” The ratio of magnetization to magnetic intensity 
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is generally called the ‘^magnetic susceptibility”: 

M = XmH, fC„ = 1 + Xto- (2.5) 

These equations are closely analogous to Eqs. (2.3) of Chap. IV , 
though juo does not appear in the same way in which eo did in the 
earlier case. ITiilike the case of dielectrics, Xm can be negative (for 
diamagnetic media) as well as positive (for paramagnetic media). 
The magnitudes are also quite different: for diamagnetic and para- 
magnetic media, differs by veiy small amounts from unity, and 
Xm is very small compared with unity, whereas the dielectric constant 
Ke can be quite large compared with unity. For ferromagnetic media, 
where M is not proportional to B or H, we can define a permeability 
by (2.4), but it will be a function of H, rather than a constant. It is 
more convenient for such media simply to give experimental curves 
for B as a function of H, as is done in the conventional h 3 ^steresis 
cui'ves, whicli we shall mention in a later section. 

The magnetization vector measures the den.sity of magnetic 
dipoles per unit volume, just as the polarization P measures the 
density of electric dipoles. In Chap. IV, we found that P was associ- 
ated with a volume and surface-charge density^ by Eq. (1.2) of that 
chapter we found that the volume density’ p' was given by div P = —p\ 
and in Sec. 3 of that chapter we found that at a surface of a dielectric 
a surface-charge densitj'- appeared, equal numerically to the component 
of P along the outer normal. In an analogous way uve may define 
a volume density of magnetic poles, equal to — div M, and a surface 
density equal to the component of M along the outer normal to a 
magnetized body. Remembering that div B — 0, we see that 
div H = — div M. Thus lines of H will diverge outward from regions 
where the density of poles is positive, or from north poles, and will 
converge to regions of negative density, or south poles. Lines of 
B, on the other hand, are continuous, on account of the equation 
divB = 0. We shall shortly see an example of this behavior of 
magnetic lines, in the case of the magnetized sphere. It should be 
understood that, although we have an analogy between electric charge 
and magnetic pole strength, this analogy is far from complete, since 
electric charges can be separated from each other, whereas magnetic 
poles can exist only in dipoles, or in xmlarized bodies. 

3. Magnetostatic Problems Involving Magnetic Media.~We have 
found two fundamental equations dealing with the magnetic field, 

div B = 0, curl H == J, (3.1) 

where the first is Eq. (3.2) pf Ghap. V, and the second (2.3). These, 
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taken together with (2.4), or the corresponding relation for ferro- 
magnetic media given by the hysteresis curve, give enough information 
so that we can solve magnetostatic problems involving magnetic 
media as well as currents. Problems in diamagnetism and para- 
magnetism can be solved as easily as those involving dielectrics, and 
by essentialb^ the same methods. We generally have a number of 
media, each of uniform permeability, with surfaces of separation 
between. Generally also we do not have any currents J flowing in 
the magnetic media. Thus inside these media we have div B = 0, 
from which, since B = ,uH, and ju is constant, we have div H = 0;, 
furthermore curl H — 0 ; H can then be derived from a scalar poten- 
tial, which satisfies Laplace’s equation because of div H = 0. Thus 
the fields inside the various media can be found by familiar methods, 
and we have only to satisfy boundary conditions at the surfaces of 
discontinuity, and to ensure that our fields behave properly at the 
currents J. The boundary’' conditions, by methods already used, are 

From div B = 0 : normal component of B continuous 

From curl H — J : tangential component of H continuous at 
a surface carrying no current; if there is 
a surface current, surface-current density 
= (discontinuity in H) X n. (3.2) 

As a simple example, let us consider the problem of a solenoid 
filled wdth a diamagnetic or paramagnetic material. As in Chap. V, 
Sec. 5, we have a solenoid with ri turns per unit length, each carrying 
a current f. The solenoid is filled with a material of permeability 
K«. The surface-current density is ni] thus the discontinuity in 
tangential component of H between the inside and outside of the 
solenoid is ni. Since H is zero outside, we see that inside H = nf, and 
B = y.ni. In other words, the value of H within an infinite solenoid 
is the same, independent of the medium within it, so long as there 
are the same number of ampere-turns in the winding, but the value 
of B is proportional to the permeability of the medium. This problem 
is one that show’-s us the proper units to use for measuring H ; since 
H = ni, we measure magnetic intensity in ampere-turns per meter. 
A problem similar to the solenoid, and conveniently realizable experi- 
mentally, is the toroid, a ring-shaped piece of magnetic material, 
wound round and round with wundings, so that the magnetic lines 
circulate within the ring. Simple application of Ampere’s law shows 
that, just as in the solenoid, the value of H is equal to the number of 
ampere-turns per meter in the winding, provided that the cross section 
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is generalise called the “magnetic susceptibility’/: 


M = XmH, Urn = 1 + Xm- (2.5) 

These equations are closely analogous to Eqs. (2.3) of Chap. IV, 
though Mo does not appear in the same way in which eo did in the 
earlier case. Unlike the ease of dielectrics, Xm can be negative (for 
diamagnetic media) as well as positive (for paramagnetic media). 
The magnitudes are also quite different: for diamagnetic and para- 
magnetic media, Hm differs by very small amounts from unity, and 
Xm is very small compared with unity, whereas the dielectric constant 
Kc can be quite large compared with unity. For ferromagnetic media, 
where M is not proportional to B or H, we can define a permeability 
by (2.4), but it will be a function of H, rather than a constant. It is 
more convenient for sucli media simply to give experimental curves 
for B as a function of H, as is done in the conventional hysteresis 
curves, which we shall mention in a later section. 

The magnetization vector measures the density of magnetic 
dipoles per unit volume, just as the polarization P measures the 
density of electric dipoles. In Chap. IV, wo found that P was associ- 
ated with a volume and surface-charge density: by Eq. (1.2) of that 
chapter we found that the volume density p' was given by div P = — p', 
and in See. 3 of that chapter we found that at a surface of a dielectric 
a surface-charge density appeared, equal numerically to the component 
of P along the outer normal. In an analogous way we may define 
a volume density of magnetic poles, eciual to — div M, and a surface 
density equal to the component of M along the outer normal to a 
magnetized body. Remembering that div B = 0, we see that 
div H = — div M. Thus lines of H will diverge outward from regions 
where the density of poles is positive, or from north poles, and will 
converge to regions of negative density, or south poles. Lines of 
B, on the other hand, are continuous, on account of the equation 
div B = 0. We shall shortly see an example of this behavior of 
magnetic lines, in the case of the magnetized sphere. It should be 
understood that, although we have an analogy between electric charge 
and magnetic pole strength, this analogy is far from complete, since 
electric charges can be separated from each other, whereas magnetic 
poles can exist only in dipoles, or in polarized bodies. 

3. Magnetostatic Problems Involving Magnetic Media.— -We have 
found two fundamental equations dealing with the magnetic field, 

divB = 0, curlH-J, (3.1) 

where the first is Eq. (3.2) of Ghap. V, and the second (2.3). These, 
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so that we can solve magnetostatic problems involving magnetic 
media as well as currents. Problems in diamagnetism and para- 
magnetism can be solved as easily as those involving dielectrics, and 
by essentially the same methods. We generally have a number of 
media, each of uniform permeability, with surfaces of separation 
between. Generally also we do not have any currents J flowing in 
the magnetic media. Thus inside these media we have div B = 0, 
from which, since B = /iH, and n is constant, we have div H = 0;, 
furthermore curl H = 0 ; H can then be derived from a scalar poten- 
tial, which satisfies Laplace’s equation because of div H = 0. Thus 
the fields inside the various media can be found by familiar methods, 
and we have only to satisfy boundary conditions at the surfaces of 
discontinuity, and to ensure that our fields behave properly at the 
currents J. The boundary conditions, by methods already used, are 

From div B = 0 : normal component of B continuous 

From curl H = J : tangential component of H continuous at 
a surface carrying no current; if there is 
a surface current, surface-current density 
= (discontinuity in H) X n. (3.2) 

As a simple example, let us consider the problem of a solenoid 
filled with a diamagnetic or paramagnetic material. As in Chap. V, 
Sec. 5, we have a solenoid with n turns per unit length, each, carrying 
a current i. The solenoid is filled with a material of permeability 
Krn- The surface-current density is ni; thus the discontinuity in 
tangential component of H between the inside and outside of the 
solenoid is ni. Since H is zero outside, we see that inside H = ni, and 
B = fini. In other words, the value of H within an infinite solenoid 
is the same, independent of the medium within it, so long as there 
are the same number of ampere-turns in the winding, but the value 
of B is proportional to the permeability of the medium. This problem 
is one that show's us the proper units to use for measuring H; since 
H = m, we measure magnetic intensity in ampere-turns per meter. 
A problem similar to the solenoid, and conveniently realizable experi- 
mentally, is the toroid, a ring-shaped piece of magnetic material, 
wound round and round with wundings, so that the magnetic lines 
circulate wuthin the ring. Simple application of Ampere’s law shows 
that, just as in the solenoid, the value of H is equal to the number of 
ampere-turns per meter in the winding, provided tliat the cross section 



ELECT ROM AGNETl SM 


72 


[Chap. VI 


is small compared Avith the length of the toroid, and the value of B 
is M times as great. 

.Another simple problem is the field produced by any distribution 
of currents in an infinite space filled with a medium of permeability 
Kn. Because of the equation curl H = J, the magnetic intensity H 
produced by the currents will be independent of /Cm. Thus B will be 
Km times as great as in the corresponding problem in empty space. 
Since the force on another current element is proportional to B, we 
see that the force between two current elements immersed in a medium 
of permeability Km is Km times as great as if the same current elements 
were in empty space. We may take account of this, in Eq. (1.4), 
Chap. V, for the force between two current elements, by replacing the 
quantity /lo Avhich appears in that expression by fi. We must remem- 
ber, howeAmr, just as in the corresponding case of dielectrics, that the 
general case of a number of different magnetic media with surfaces of 
separation between them is a complicated problem, and that it is by 
no means true that the value of B at any point is merely times as 
great as it would be if no magnetic media were present. 

4, Uniformly Magnetized Sphere in an External Field. — Just as in 
the corresponding dielectric problem taken up in Sec. 6, Chap. IV, 
the problem of a uniformly magnetized sphere in an external field is 
one that can be solved exactly, and that is of considerable physical 
importance. Let us first consider a sphere of I’adius R with a uniform 
magnetization M along the axis of spherical coordinates, without an 
external field (such as we might have from a permanent magnet). 
We can later superpose a constant external field. We can easily find 
that the field of this sphere is as follows: 


r, B = g MoM, along axis 
grad cos B = /xoH. (4.1) 

We can verify this solution as follows: As in Sec. 6, Chap. IV, B and 
H outside the sphere are the field of a dipole, of moment %TrR^M 
(where we use Chap. V, Sec. 4, to get the moment from the scalar 
potential). This is simply the moment of a sphere of radius R, with 
a constant density of magnetization M. The field outside the sphere 
is then a gradient of a scalar potential, so that it is a solution of the 
equations governing B and H in empty space. Inside the sphere, the 
constant values of B and H are likewise solutions of these equations. 
We can find the normal components of B, and tangential components 


Inside the sphere, H = — 
Outside the sphere, H = • 



Sec. 41 MAGNETIC MATERIALS 73 

of H, inside and outside the sphere, at radius R, and show them to be 
continuous. Finally, inside the sphere we have the I'eiation 

B = mo(H -f M), 

satisfying Eq. (2.2). 

The lines of B inside and outside the sphere are then as given in 
Fig. 21. Because of the relation div B = 0, the lines are closed, the 
normal flux being continuous at the surface. On the other hand, 



Fig. 21. — Lines of force of uniformly magnetized sphere. 


although the lines of H outside the sphere are like those of B, the lines 
of H inside run in the opposite direction. Thus lines of H originate 
from the right face of the sphere (the north pole of the magnet), and 
terminate at the left face (the south pole). If now the magnet is in a 
constant external field Ho, whose corresponding value of B is Bo, 
pointing along the axis, and equal to goHo, we need only add these 
constant values Ho and Bo to the solution of (4.1), both inside and 
outside the sphere, to get the complete solutions. We thus find that 
inside a magnetized sphere jilaced in an external field Ho, the magnetic 
field is onl}'' Ho ~ M/3. This effect, by which there is a term —M/3 
subtracted from Ho because of the magnetization, is called the “demag- 
netizing effect,'' and the factor 3^3, which depends on the geometry of 
the sphere, is called the “demagnetizing factor." 

We can now use these relations, together with a hysteresis curve, 
to investigate the magnetic moment that a ferromagnetic sphere 
would acquire in a given external field. If B, //, represent the values 
within the sphere, in an external field Ho, we then have 
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- = + ^=-2// + 3H„. (4,2) 

3 Mo 3 Mo 

If we know the relation between B and H characteristic of the material 
(that is, the hysteresis curve), we can then find the intersection 
of this curve with the curve B/mo = — 2// + dih, from. (4.2). This 
intersection will give us the values of B and H inside the sphere in 
any external field. From those, we can get ilf, and hence the mag- 
netic moment of the sphere. An 
example of a hysteresis curve, with 
the straight lines (4.2) superposed, 
is given in Fig. 22. Converselj?-, by 
a measurement of the magnetic mo- 
ment, we can work backward and 
find the hj'steresis ciiia^e. 

As an example of this method, 
w'e may ask v'hat are the values of 
B and H within the sphere, if we 
first magnetise to saturation, and 
then remove the external field. If 
i7o — 0, we have B/{.lq — ~2H, 
and the values of B and H are de- 
termined by the intersection shown 
ill the figure. We note that this 
has a much smaller value of B 
(and hence a much smaller magnetic moment) than if the demagnetiz- 
ing factor were smaller. For suppose the factor is L, so that 

= Ho - LM, 

B/iio — Ho -b (1 “ L)M. Then we have 



Thus, as L approaches zero, the slope of the straight line corresponding 
to 7/o == 0 becomes negatively infinite, or the line coincides with the 
axis of ordinates in the BH diagram, so that the B inside the perma- 
nently magnetized object becomes much greater. 

This situation can be approached in a practical case. It turns 
out that we can obtain an exact solution of the problem of a uniformly 
magnetized body, similar to (4.1), not only for the sphere, but for the 
ellipsoid; though the solutions are much more complicated, involving 
elliptic integrals. When the ellipsoid is infinitely elongated along the 
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axis, the magnet a}3proaclies an infinitely thin bar magnet ; in this case 
the demagnetising factor approaches zero. The opposite limit is the 
flattened disk-shaped ellipsoid, in which the demagnetizing factor 
approaches unity, so that B/ijq approaches Ho, and in the absence 
of an external field there is no B within the magnet. Because of the 
possibility'' of getting exact solutions, accurate experiments on the 
magnetic behavior of magnetic materials are generally made on 
samples of an ellipsoidal shape. As a final example of similar argu- 
ments, we can find the values of B and H within ellipsoidal cavities 
in a magnetized medium, as we did in Sec. 7, Chap. IV, for the cor- 
responding dielectric case. We find that with a long thin cavity 
the value of H equals the value Ho in the medium at a large distance 
from the cavity, whereas with a disk-shaped cavity the value of H 
equals the value of Bo in the medium at a large distance, divided by ixo. 

6. Magnetomotive Force. — Practical magnets are not made in the 
spherical or ellipsoidal shapes discussed in the preceding section, but 
rather in the shape of a closed ring of 
some shape with an air gap, and the 
external field is supplied by windings 
surrounding the ring, as shown in Fig. 

23. In this case, if the permeability of 
the magnetic medium is high, the lines 
of force will mostly flow through the 
magnetic material except near the gap, 
where the lines of force will partly cross 
the gap where we are trying to produce 
a high field, and will partly leak around 
the sides of that gap. It is almost im- 
possible to calculate accurately the 
form of the resulting field; we do not 
have the simplifying feature that the 

field is constant within the magnetic medium, as we do with the ellip- 
soidal or spherical magnet. We can, however, make certain assump- 
tions that allow iis to use a certain amount of theory in discussing such 
a magnet. 

Let us assume that the leakage is concentrated in a relatively short 
part of the magnet, near the poles. Then, if the cross section is 
uniform through most of the length,; we note that the flux of B must 
he the same through most cross sections (because of the lack of leak- 
age) and hence B must be constant along the length of the magnet 
(because of the uniform cross section). Let this constant value of B 
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H = Ih-^, - = H, + ^, ^=-2H + 3H,. (4,2) 

6 /io o p.Q 

If we know the relation between B and H characteristic of the material 
(that is, the hysteresis curve), we can then find the intersection 
of this curve with the curve B/no = —2H + SHo, from (4.2). This 
intersection will give us the values of B and H inside the sphere in 
any external field. From those, we can get M, and hence the mag- 
netic moment of the sphere. An 
example of a hysteresis curve, with 
the straight lines (4.2) superposed, 
is given in Fig. 22. Conversely, by 
a measurement of the magnetic mo- 
ment, we can work backward and 
find the hysteresis curve. 

As an example of this method, 
we may ask what are the values of 
B and H within the sphere, if we 
first magnetize to saturation, and 
then remove the external field. If 
Ho ^ 0, we have B/^o = ~2H, 
and the values of B and H are de- 
termined by the intersection shown 
ill the figure. We note that this 
has a much smaller value of B 
(and hence a much smaller magnetic moment) than if the demagnetiz- 
ing factor -were smaller. For suppose the factor is L, so that 

J3/mo = J/o + (1 - L)M. Then we have 



Thus, as L approaches zero, the slope of the straight line corresponding 
to //o = 0 becomes negatively infinite, or the line coincides with the 
axis of ordinates ill the B/f diagram, so that the B inside the perma- 
nently magnetised object becomes much greater. 

This situation can be approached in a practical case. It turns 
out that ive can obtain an exact solution of the problem of a uniformly 
magnetized body, similar to (4.1), not only for the sphere, but for the 
ellipsoid; though the solutions are much more complicated, involving 
elliptic integrals. When the ellipsoid elongated along the 
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axis, the magnet approaches an infinitely thin bar magnet; in this case 
the demagnetiang factor approaches zero. The opposite limit is the 
flattened disk-shaped ellipsoid, in which the demagnetizing factor 
approaches unity, so that Ji/Vo approaches f/o, and in the absence 
of an external field there is no B within the magnet. Because of the 
possibility of getting exact solutions, accurate experiments on the 
magnetic behavior of magnetic materials are generally made on 
samples of an ellipsoidal shape. As a final example of similar argu- 
ments, we can find the values of B and H within ellipsoidal cavities 
in a magnetized medium, as we did in Sec. 7, Chap. IV, for the cor- 
responding dielectric case. We find that with a long thin cavity 
the value of H equals the value Hq in the medium at a large distance 
from the cavity, whereas with a disk-shaped cavity the value of H 
equals the value of Bq in the medium at a large distance, divided by go- 

5. Magnetomotive Force. — Practical magnets are not made in the 
spherical or ellipsoidal shapes discmssec! in the preceding section, but 
rather in the shape of a closed ring of 
some shape with an air gap, and the 
external field is supplied by windings 
surrounding the ring, as shown in Fig. 

23. In this case, if the permeability of 
the magnetic medium is high, the lines 
of force will mostly flow through the 
magnetic material except near the gap, 
where the lines of force will partly cross 
the gap where we are trying to produce 
a high field, and null partly leak around 
the sides of that gap. It is almost im- 
possible to calculate acciirateljr the 
form of the resulting field; W'e do not 
have the simplifying feature that the 
field is constant within the magnetic medium, as we do with the ellip- 
soidal or spherical magnet. We can, however, make certain assump- 
tions that allow us to use a certain amount of theory in discussing such 
a magnet. 

Let us assume that the leakage is concentrated in a relatively short 
part of the magnet, near the poles. Then, if the cross section is 
uniform through most of the length, we note that the flux of B must 
be the same through most cross sections (because of the lack of leak- 
age) and hence B must be constant along the length of the magnet 
(because of the uniform cross section). Let this constant value of B 
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within the magnet be Bi, and the corresponding value of H be Hi. 
Furthermore let the length of the magnetic material, along a mean 
circumference, be H In the gap, if there were no leakage, the value 
of B would be the same as inside the magnet; because of leakage, 
however, it will be smaller. Suppose the value of B in the gap is then 
Bo = aBi, where a is a factor less than unit}', which is sometimes called 
the ‘‘leakage factor.'’ Then the value of H in the gap will be 

Bji __ aB\ 

Mo Mo 

Let the length of the gap be U. Now we apply Ampere’s law to a 
contour through the middle of the magnet. From (2.3), Ampere’s 
law may be stated in the form 

JH.ds = a?:, (5.1) 

where there are n turns of wire, each carrying i amp, threading the 
contour. We then have approximately 

+ = (5.2) 

We may then rewrite (5.2) in the form 

+ {6.3) 

MO O'to Oih 

This equation, relating B\ and /fi, is essentially equivalent to 

(4.3) . In place of the factor (1/L — 1) multiplying H we have 
h/aU] in place of Hq we have the term in ni. It is customary to 
call the number nf, which is the number of ampere-turns, the “mag- 
netomotive force” (mmf), by analogy with, the electromotive force 
JE • ds met in the electric field. As in the preceding section, in a plot 
of Bi versus Hi a line of constant mmf Avill be a straight line of negative 
slope. In an actual case, h.w'ill ordinarily be large compared with 
/n, and a will be rather small. Thus the case resembles that of a small 
demagnetiaing factor, which we have discussed in connection with 

(4.3) , so that the value of Bi inside the magnet will be large if the 
mmf is removed, as ill a permanent magnet. 

We may note a number of interesting consequences of our theory. 
If the magnet is operated as an electromagnet, with large mmf, the 
value of Bi will be inversely proportional to io; that is, for a large gap, 
w'c shall have to have a correspondingly high mmf to get saturation 
of the ferromagnetic material, which we presumably want to do to 
operate the magnet efficiently. A small value of a, on the contrary, 
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allows us to saturate the material with a smaller mmf, but it gives 
correspondingly smaller fields in the gap. If the magnet is operated 
as a permanent magnet, the field in the gap, which we are primarily 
interested in, is given by 

Ho = - r Hi, 

to 

so that, if the material is used with a given value of Bi and of Hi, the 
field in the gap will be inversely proportional to the length of the gap, 
for constant magnet length h. It can be shown, from arguments of 
energy that we are not yet prepared to understand, that a permanent 
magnet can be made with least material if it is made with those par- 
ticular values of Bi and Jii which make the product BiHiO, maximum; 
if this condition is applied, the dimensions of a magnet designed 
for a given field and given gap are determined. 

Problems 

1. An electron of charge e, mass m, rotates in a circle of radius r with velocity 
Using classical methods, show that the magnetic moment is proportional to the 
angular momentum. If the angular momentum i.s h/27r, where h is Planck’s 
constant, find the magnetic moment, in mks units. If we make a simple model of 
a ferromagnetic substance by putting one such moment at each point of a simple 
cubic lattice of lattice spacing 3 A, find the magnetization per unit volume, M, 
when all moments are parallel. 

2. A .sphere of radius a carrying a uniform surface-charge density <r is rotated 
about a diameter with constant angular velocity w. Calculate the magnitude and 
direction of the magnetic intensity H at the center of the sphere. Show that this 
value of H is the same at all points inside the sphere. 

3. A long circular cylinder of permeability is placed in a uniform external 
magnetic field that is perpendicular to the generators of the cylinder, resulting in a 
uniform magnetization of the cylinder. Find expressions for B and H inside and 
outside the cylinder, and the demagnetizing factor. 

4. A long straight wire carrying a steady current i is placed parallel to and at a 
distance a from a large thick plane slab of permeability Show that the field 
inside the slab is that which would be produced by a current 2i/(Km. + 1) in the 
same wire embedded in an infinite medium of permeability Km. Show further 
that the field in the space in front of the slab is that produced by a current i and 
another current i{Km ~ l)/(Km -f 1) parallel to and at a distance a behind the 
interface, both in empty space. What is the force per unit length acting on the 
current-carrying wire? 

5. Discuss the magnetic field of permanent magnets, showing that H may be 
obtained as the negative gradient of a single-valued scalar potential i/, which 
satisfies Poisson’s equation == —p', with p' = div H. If one defines magnetic- 
pole strength as p = / p' dv, show that two concentrated poles exert mechanical 

forces on each other given by F = > if is the permeability of the medium 

in which they are emhedded.^^^^ ^ 
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ELECTROMAGNETIC INDUCTION 
AND MAXWELL’S EQUATIONS 

Tlie history of electromagnetism lias shown as its most conspicu- 
ous feature the gradual discovery of interconnections among problems 
that were at first supposed to be separated. The two oldest fields 
were electrostatics, and the magnetism of permanent magnets and of 
ferromagnetic bodies. Early in the nineteenth centiir3'‘ Oersted and 
others demonstrated the magnetic effects of continuous currents, 
bringing together the study of the electric current, which developed 
with the discovery of various forms of batteries in the eighteenth 
century, and the study of magnetism. Faraday, soon after this work, 
began looking for a converse effect. He reasoned that, if currents 
could produce magnetism, magnets should be able to produce currents. 
His first idea ivas simple, but wrong. He wound two coils of wire 
together, but insulated from each other, and planned to pass current 
through one of them, converting it into an electromagnet. He hoped 
that this magnet, with its lines of induction threading through the 
other coil, would cause a continuous current to flow through that coil, 
Just as a continuous current produces a continuous magnetic field. 
His experiment did not show such a current ; ex^en though liis battery 
was powerful enough so that his primary’' coil ivas heated red-hot, still 
no current flowed in the secondary. But lie was a good enough 
observer to notice that, though there ivas no steady current in the 
secondary, there was nevertheless a transient current wdien the ciiiTeiit 
ivas started in the primary, and a transient in the opposite direction 
when the ])rimary ciUTent ivas interrupted. This suggested to him 
that the effect he w-as seeking really existed, but that the induced 
current for wdiich he was searching was proportional, not to the mag- 
netic flux itself, but to its time rate of change. This law of electro- 
magnetic induction, which bears Faraday’s name, is the foundation 
of the study of electromagnetic theory, 

Faraday thought, not in mathematical language, but in terms of 
lines of force. We have already seen how this concept, leading to 
the field theory of electrostatics and magnetostatics, alloivs us to 
formulate problems involving dielectrics, conductors, and magnetic 
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materials in a form that is much more powerful than any method based 
on the concept of auction at a distance. In electromagnetic induction 
as well the idea of lines of force, and of flux, proved to be of the great- 
est value, the statement of Faraday’s law involving the time rate 
of change of magnetic flux through the coil. The proper mathematical 
formulation of the methods of lines of force did not come, however, 
until the work of Maxwell, a number of years later. Maxwell brought 
together the various laws of electrostatics and magnetostatics which 
we have already discussed, and correlated them with Faraday’s law, 
expressed in a similar differential or vector form. He was able to 
see that the system of laws so built up Avas matliematically inconsistent, 
and that to make it consistent he had to introdueo a certain quantity 
called the “ displacement current,” which was in principle susceptible of 
experimental obseiwaiioii, but which had not been observed at the 
time. By combining these laws, he set up the eciuations known as 
Maxwell’s equations, which have been the foundation of the theory 
of electromagnetism ever since. These equations did not merely 
describe the phenomena known at Maxwell’s time; they predicted 
the existence of electromagnetic v'aves, which later proved to be 
identical with light waves, thus enormously extending the range of 
the theory. These advances we shall take up in later chapters; we 
now consider the detailed nature of the laxv of electromagnetic induc- 
tion, and its role in electromagnetic theory. 

1. The Law of Electromagnetic Induction. — It is found experi- 
mentally that, when the flux of magnetic induction B through a wire or 
other conducting circuit changes with time, a current flows in the 
circuit. The law' of electromagnetic induction can be stated most 
simply, not in terms of the current set up in the circuit, but in terms 
of the emf leading to the current. By definition, the enif around a 
circuit equals the total xvork done, both by electric and . magnetic 
forces and by any other sort of forces, such as those concerned in 
chemical processes, per unit charge, in carrying a charge around the 
circuit. Faraday’s law states that the emf induced in a circuit equals 
the negative of the rate of increase of flux of B through the circuit. 
The flux of B is by definition the surface integral of the normal com- 
ponent of B over a surface whose perimeter is the circuit in question. 
We may then wuite Faraday’s law-in integral form in the following 
way: 

J E . ds 

The term on the left is the emf; in the case of eiectromagnetic indue- 


d 

dt 


B • n da. 
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The history of electromagnetism has shown as its most conspicu- 
ous feature the gradual discovery of interconnections among problems 
that were at first supposed to be separated. The two oldest fields 
were electrostatics, and the magnetism of permanent magnets and of 
ferromagnetic bodies. Early in the nineteenth century Oersted and 
others demonstrated the magnetic effects of continuous currents, 
bringing together the study of the electric current, which developed 
with the discovery of various forms of batteries in the eighteenth 
ceiitur.y, and the study of magnetism. Faraday, soon after this work, 
began looking for a converse effect. He reasoned that, if currents 
could produce magnetism, magnets should be able to produce currents. 
His first idea was simple, but 'wrong. He wound two coils of wire 
together, but insulated from each other, and planned to pass current 
through one of them, converting it into an electromagnet. He hoped 
that this magnet, with its lines of induction threading through the 
other coil, would cause a continuous current to flow through that coil, 
Just as a continuous current produces a continuous magnetic field. 
His experiment did not show such a current; even though his battery 
■was powerful enough so that his primary coil was heated red-hot, still 
no current flowed in the secondary. But he was a good enough 
observer to notice that, though there was no steady current in the 
secondary, there was nevertheless a transient current when the current 
was started in the primary, and a transient in the opposite direction 
when the primary current was interrupted. This suggested to him 
that the effect he was seeking really existed, but that the induced 
current for which he was searching was proportional, not to the mag- 
netic flux itself, but to its time rate of change. This law of electro- 
magnetic induction, which bears Faraday’s name, is the foundation 
of the study of electromagnetic theory. 

Faraday thought, not in mathematical language, but in terms of 
lines of force. We have already seen how this concept, leading to 
the field theory of electrostatics and magnetostatics, allows us to 
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of the emf leading to the current. By definition, the emf around a 
circuit equals the total work done, both by electric and . magnetic 
forces and by any other sort of forces, such as those concerned in 
chemical processes, per unit charge, in carrying a charge around the 
circuit. Faraday’s law states that the emf induced in a circuit equals 
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f E • ds = — ^ / B • n da. (1.1) 


The term on the left is the emf ; in the case of electromagnetic indue- 
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tion, the force acting on the charge is, as we shall soon see, an electric 
force. The term on the right is the time rate of decrease of magnetic; 
induction through the circuit. The surface integral is to be extended 
over any surface spanning the circuit. Because div B = 0, thi.s 
integral will be the same over any such surface; for if we take two such 
surfaces, the total flux of B out of the volume enclosed by the two 
surfaces must be zero, so that the flux through each surface must 
be the same. In (1.1), the emf is to be expressed in volts, and the 
flux in webers; we note that 1 volt must be equivalent to 1 weber/sec. 

It is a familiar fact associated with electromagnetic induction 
that there are several wa 3 ''s in which the magnetic flux through a 
circuit can change. First, the circuit itself may move from one part 
of the magnetic field to another. This is the process used in the 
ordinary electromagnetic generator, or dynamo. Secondly, the circuit 
may be stationary, but the magnetic induction may be a function of 
time, either because it is produced by currents that are varying with 
time, or because magnetic materials such as permanent magnets are 
moving. If B is changing nitii time, but the circuit is fixed, we may 
take the time derivative in (1.1) inside the integral sign. Also we 
may transform the left side of (1.1) into a surface integral, by using 
Stokes’s theorem. Thus we have 


curl E • n dtt 


dt , 


n da. 


This equation must hold for a circuit of any shape, and with any 
direction of the normal n ; thus the integrands on the two sides must 
be equal, or we have 

dt ' 


curl E = — 


(1-2) 


This equation is the differential form of Faraday’s law, and as we 
shall see later it is one of the fundamental equations of electromagnetic 
theory, one of Maxwell’s equations, 

2. Self” and Mutual Induction. —If a current A flows in a circuit, 
it produces a magnetic field Bi proportional to A at all points of 
space. If ii changes slowly, the magnetic field is very closely the 
same af aii}^ in.stant as it would be if the current had a constant value 
equal to its instantaneous value; such a condition is known as a 
^'quasistationary state.” There will then be a time rate of change 
of Bi i)roportional to the time rate of change of A. The flux of Bi 
through the circuit itself will then vary as ii does, so that we shall 
have an emf in this circuit proportional to which we may 
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write as 



where L is the coefficient of self-induction. Similarly the flux of Bi 
through another circuit will vary as ii does, so that the emf in a 
second circuit is 

emf 2 = -M~\ 
at 

where M is the coefficient of mutual induction. 

We can easily set up general expressions for the coefficients of 
self- and mutual induction by use of Eq. (6.5) of Chap. V, expressing 
the contribution to the vector potential resulting from a current 
element i ds. From the discussion above, L equals the flux of B 
through a circuit per unit current flowing in it, and M the flux of 
B through a circuit per unit current flowing in another circuit. But 
remembering that B = curl A, we have 

JB • n da = / curl A • nda = /A • ds, 

in which the last line integral follows from Stokes’s theorem. Using 
Eq. (6.5), Chap. V, which is 

dA = ^— , (2.1) 

4ir r ^ ' 

and setting ^ = 1, we have 

i <>■■" = £ / / '^'2) 

Here ds and ds' are two elements of length, and r is the distance 
between them. The integral is a double integral, since each of the 
elements of length is integrated around the contour. For L, both 
ds and ds' are to be integrated around the single circuit 1; for i¥, 
ds is to be integrated around circuit 1, ds' around circuit 2. Because 
of the symmetrical formula, we see that the mutual inductance 
between two circuits is the same, no matter which of them we regard 
as the source of the current, and which as the one in which the emf 
is being induced. 

In many special cases, we can make direct calculations of the 
coefficients of self- and mutual inductance, by simpler methods than 
the use of (2.2), which in practice usually involves complicated 
integrations. For, if we can find the magnetic flux resulting from 
the system of currents in the circuits, we can often integrate these 
fluxes over the circuits directly. Thus, for instance, consider the 
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Self-inductance per unit length of two parallel -wires of radius a, at 
distance D apart between their centers, shown by Fig. 7, which was 
used earlier in computing the capacity of the same parallel wires. 
To find the magnetic field produced by a unit current, flowing up 
through the right-hand wire, down t.hrough the left-hand wire, -v\'e 
first consider unit current flowing up through an infinitely thin 
conductor located at point 2 of the figure, and an equal current 
flowing down through a linear conductor at point 1. We note an 
analogy between the electrostatic and magnetic problems: the scalar 
potential cp in the electrostatic case, for a distribution of charge 
along these lines, is given by Eq. (3.5) of Chap. I, and the vector 
potential A in the magnetic case for a distribution of current is given 
by Eq. (6.4) of Chap. V. These formulas are the same, except for 
two differences: the formula for A has no in the numerator in place of 
€0 in the denominator, and the formula for A involves current density 
in place of charge density, and hence results in a vector. 

Since every current element is in the same direction in our present 
problem, A in this case w^ill also be in the same direction, normal to 
the plane of the paper in the figure. If k is a unit vector along this 
direction, and A is the magnitude of A, w^e have A = kA. To take 
the curl of A, and find B, we use the rule of vector analysis that 

cmi/F = / curl F -f- grad / X F, 

where / is a scalar, F a vector. Letting / stand for A, F for k, and 
remembering that F is then a constant vector, we have 

B = curl A = grad A X k. 

If on the other hand we had had unit charge along the lines instead 
of unit current, the electric field would have been 

E == — grad tp, 

where as w'e have just seen y equals A/eono. Thus we see that the B 
resulting from unit current, and the E resulting from unit charge, are 
related by the equation 

B = eoMo(k X E). 

The magnitudes, in other words, are proportional, and the vectors are 
at right angles to each other, so that the lines of magnetic force 
are identical with the electric equipotentials in the problem of Fig. 7. 
In particular, the circular boundaries of the wires are lines of magnetic 
force. 

Now, to integrate the normal component of B over a surface 
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spanning the circuit, we may integrate over a plane surface including 
the two lines 1 and 2. The normal component of B in this case is just 
eo/io times the tangential component of 1 in the corresponding elec- 
trical case. Thus the surface integral of the normal component of B 
over unit length of the transmission line, integrating between the 
boundaries of the two cylinders, is eoMo times the corresponding differ- 
ence of potential in the electrical case. The inductance is the flux 
of B per unit current; thus it is goMo times the difference of potential 
per unit charge, or is como divided by the electrostatic capacity per 
unit length. Using Eq. (2.1) of Chap. II for this capacity, we then 
find that the inductance per unit length is 

L = — cosli"^ (2.3) 

IT 2a ^ ' 


In this calculation, we have neglected magnetic flux through the 
interior of the wires. This flux would be small in any case, and 
could almost be neglected. If the wires, instead of being solid, were 
hollow, so that the current flowed in a thin shell on the surface, and 
there was no flux inside, we should have just the condition for which 
(2.3) was correct. The method of calculation we have used here, 
leading to a simple relationship between problems in electrostatics 
and magnetism, can often be used, and can be justified in a much 
more general case than the one we have considered here. 

3. The Displacement Current. — In the course of our work, we have 
derived four fundamental electromagnetic equations, (1.3) of Chap. IV, 
(3.2) of Chap. V, (3.1) of Chap. VI, and (1.2) of the present chapter, or 

div D 
div B 

curl E 

curl H 


= P, 

= 0 , 

dB 

dt’ 

= J (3.1) 


These are almost Maxwell’s equations, but there is a difficulty wuth 
the last of them. We have derived it from Ampere’s law, on the 
basis of steady closed currents, and for this case it is correct. The 
difficulty occurs when we try to apply the equation to nonstationary 
cases. Suppose we have a current flowing in an open circuit, as in the 
discharge of a condenser. The current starts at the positively charged 
plate, whose charge diminishes as the current flows to the negatively 
charged plate and annuls the charge there. Thus we can look upon 
the condenser plates as sources or sin ka-of current. Now, if we take 
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tlie divergence of the last equation, we have 

div curl H == div J, 

and, since the divergence of any eiiii is zero, we find that div J equals 
zero, which means that the current is always closed and there are no 
sources or sinks. Thus we are led to a contradiction. 

Maxwell concluded from this that the last equation of (3.1) must 
be incomplete, and that to the term J must be added another term, 
such that the sum of the two had no divergence. We can easily find 
what this term must be, from the equation of continuity for the flow of 
current. The divergence of J measures the flux outward over the 
surface of unit volume. If there is current flowing outward, the charge 
within unit volume must be decreasing, the flux equaling the rate of 
decrease of charge in unit volume. Thus we have 

diyj=-|«- (3,2) 

We may rewrite this equation of continuity, using the equation 
div D = p, and obtaining 

In other words, although div J is not zero, the divergence of the 
quantity J + d'D/Bt is always zero, so that this quantity can mathe- 
matically be placed equal to a curl. Maxwell made the assumption 
that the last equation of (3.1) should properly be replaced by 

curlH = J + — (3,3) 

The last term dJO/dt is called the “displacement current,” to distin- 
guish it from J, the conduction current. By adding this term to 
Ampere’s law, Maxwell assumed that a time rate of change of dis- 
placement produced a magnetic field. Just as a conduction current 
does. A test of Maxwell's hypothesis can be made only with very 
rapidly varying fields, in which the rate of change of D with time 
is so great that the displacement current is large compared with the 
conduction current, or so that magnetic forces produced by it are 
comparable with the electric forces due to E. We shall see later 
that these cases are those in which we have electromagnetic waves, 
whose existence is possible only because of the presence of the dis- 
placement current in (3.3). Their existence, then, forms a demonstra- 
tion of the correctness of Maxwell's hypothesis. 
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To understand the physical meaning of the displacement current 
in a simple case, consider the charging of a condenser. Current 
flows, from one plate through the wire to the other plate. If the 
current is i, this equals the rate of increase of charge on the plate. 
Suppose the plates are of area A, separation d, then the value of D 
between them is D = charge/^, and the displacement-current density 
in the region between plates is current/d.. Thus the total displace- 
ment current is equal to the conduction current in the wire, so that the 
current is continuous through the circuit. 

4. Maxwell’s Equations. — We now can write Maxwell’s equations, 

curl E = - div B = 0, 

at 

curl H = J -1- div D = p, (4.1) 

in wdiich we note that the divergence equations folloAv from the curl 
equations b.y taking the divergence, using the equation of continuity 
(3.2), and integrating with respect to time. These are to be supple- 
mented by the relations (2.1) of Chap. IV, and (2.4) of Chap. VI, 

D = eE, B = ;uH. (4.2) 

These are often called the “constitutive equations.” If the current 
density J obeys Ohm’s law, we often include it also in the statement 
of the constitutive equations. This law is easily stated in differential 
form by considering a small volume, having length L in the direction 
of the current, and cross-sectional area A normal to the current. We 
apply Ohm’s law in the form potential difference = iR. Here the 
potential difference is the field E times the length L of the volume, the 
current is the area times the current density J, and the resistance is 
the specific resistance times L/ A. Hence w^e have 

EL = A J ^ X specific resistance, 

J = o-E, (4.3) 

where <r, the specific conductivity, is the reciprocal of the specific 
resistance. The unit of conductivity is the same as that of J/L; 
that is, its units are 1/ (ohm-meter) — mhos per meter, where 1 mho 
is defined as the reciprocal of 1 ohm. It should be noted that 1 mho/m 
is Koo of 1 mho/cm, the usual tmit of conductivity. Ohm’s law' in 
the form (4.3) can be added to the relations (4.2). 

Maxwell’s equations, taken together with the constitutive equa- 
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tions, determine the field, when we are given the charges and currents. 
To make a complete set of dynamical principles, however, we need 
two more relations. First is the formula (1.1) of Chap. I, 

F == g(E -f V X B), 

giving the force acting on a charge moving with a given speed, or 
the corresponding force acting on the charge and current in unit 
volume, 

F = pE + (J X B). (4.4) 

Secondly, Ave must haA^e a law determining the motion of charge in 
terms of force acting. If the charge is in a metallic conductor obeying 
Ohm’s laAv, (4.3), that laAA' provides the necessary relation. For 
electrons and ions moving in empty space, hoAAnver, as in a Amcuum 
or discharge tube, we must use NeAA-ton’s larv, that the force equals 
the. mass times the acceleration, or the time rate of change of the 
momentum. With such a law, we find the field from the charge, the 
force from the field, and the motion from the force, obtaining there- 
fore a complete system of dynamics. 

MaxAAmll’s equations, the constitutive equations, and the force 
equation, as just Avritten, form the foundation of the AA^hole of electro- 
magnetic theory, and as far as is known are exactly correct, aside 
from the corrections resulting from the quantum theory, \A’'hich in a 
sense change the AA^hole formulation of the theory. They allow the 
derivation of the electromagnetic theory of light, and of electromag- 
netic AA'aves in general, vdiich Ave shall shortly take up. They hold 
even for particles moAung nearly Avith the velocity of light, for AAdiich 
the theory of relativity must be used in discussing the mechanical 
part of the motion, but for Avhich Maxwell’s methods are still correct 
for finding the forces. In the older developments of electrical engineer- 
ing, the so-called “lumped-circuit theory,” it Avas possible to operate 
AAuth the limiting case of sIoav A-ariation with time, in Avhich the dis- 
placement current could be neglected. The neAA'er deAmlopments of 
microAvaves and distributed constants, hoAA^eA^er, operate Avith the 
theory of electromagnetic AA^aves, for which the displacement current 
is essential, and MaxAvell’s equations as formulated in this section, 
rather than the quasistationary form of them as gWen in (3.1), must 
be used. 

6. The Vector and Scalar Potentials.— We observe that, if B 
depends on time, curl E 5 ^ 0, so that there is no potential for E. The 
ordinary electrical potential is thus confined to static problems. 
Further, if J or dH/dt ^ 0, there is no potential for B. We haA'c 
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seen in Cliap. V how a potential can be introduced for B ; one uses a 
vector potential A, possible because div B = 0. That is, we let 

B = curl A. (5.1) 

We can do this even in the general case. And it proves that we can 
use a scalar potential (p, reducing to the electrostatic potential in 
the case of a steady state, but different in other cases, by a special 
device. The relation that proves to be satisfied is that 

E = - grad <P - (5.2) 

reducing to the familiar E = — grad <p when the vector potential is 
independent of time. To verify these statements, we substitute the 
expressions for E and B in Maxwell’s equations, and see if they can 
be satisfied by proper choice of A and First we note that 

div B = div curl A 

is automatically zero, since the divergence of any curl is zero. Sim- 
ilarly, remembering that the curl of any gradient is zero, we find that 
the equation curl E = — dB/dt is automatically satisfied. 

Next we must consider the other two equations, in D and H. To 
find these quantities in terms of E and B, we must use the constitutive 
equations. The relations are simple only if e and ix are constants 
independent of ])osition, and w’e consider only that case. From the 
equation curl H — dD/dt — J, we have, using the relation of vector 
analysis that 

curl curl A == grad div A — V^A, 

the result 

V^A — e/i — grad ^div A + cm “mJ- 

Similarly, from the equation div D = p, with a little manipulation, 
we find 

+-!?)= -I- 

Now let us choose A and ^ subject to the condition that 

div A + ^ - 0. (5.3) 

at 

Since div A is so far arbitrary, we can do this. Then the equations 
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for the potentials become 

V^A - ^ = -1‘J, 

Ip = - ;• 


If A and (p satisfy these equations, then, as we stated before, 
the fields determined from them by (5.1) and (5.2) satisfy Max- 
well’s equations. The equations for the potentials are of the form 
called “d’Alembert’s equation,” and as can be seen are extensions of 
Poisson’s equation, obtained by adding the time derivatives. We 
observe that, in regions where there is no charge and current density, 
the potentials satisfy the w’^ave equation, w’^hich is the homogeneous 
equation obtained bj^ setting the right side of d’Alembert’s equation 
equal to zero. We shall show in the next chapter that this means 
that (p and A are given by functions representing waves traveling wdth 
the velocity l/s/ei-t,, and that the same thing is true of the fields E 
and H. 

In (5.4) we have set up equations for A and <p in terms of pre- 
scribed values of the charge and current density. Sometimes, how- 
ever, we wish to assume that the current density obeys Ohm’s law, 
and that the charge density is zero, as we should have in the interior 
of a conductor. In that case, assuming (4.3) for J, and proceeding 
in a similar manner, we find that in place of (5.3) we should assume 

div A -f- crp.(p -j- e/i ^ = 0, 
ot 

and in place of the equations (5.4) we have 

0 , 

0. (5.5) 

We shall find that these equations, involving first as well as second 
time derivatives, represent damped or attenuated w’-aves, as we should 
expect in an absorbing medium, such as a metallic conductor. 

Problems 

1. Two parallel conducting strips, of width w, distance of separation d (where 
d<K w), indefinitely long, carry current in opposite directions, so as to form the 
two conductors of an electric circuit. Find the self-inductance of such a circnit 
per unit length. 


V^A 


(Tfi 


‘•ip — (Tji 


dk 

dt 

dp 

li 


dfr 
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2. Two concentric thin-walled hollow conducting cylinders, of radii ri and r^, 
carry current in opposite directions. Find the self-inductance per unit length. 
Find how the result is changed if the inner conductor is a solid conducting rod, 
carrjdng current uniformly disti'ibuted through its interior. 

3. Find the self-inductance of a circuit consisting of a hollow cylindrical con- 
ductor of radius r, parallel to an infinite conducting sheet that forms the return 
path of the current. {Suggestion: Use the method of images.) 

4. A magnetic field points along the z axis, and its magnitude is proportional 
to time, and independent of position. Find the vector potential. Assuming that 
the scalar potential is zero, find the induced electric field. Prove by direct integra- 
tion, using a circular path, that the law of induction holds. 

6. Describe the magnetic field between the plates of a condenser while it is 
being charged up. 

6. Starting from the induction law, show that the line integral of -b 

around a closed path is zero, where A is the vector potential. From this show 

dA 

that the curl of the above vector vanishes, and hence that E == — grad >f> — 
where tp is the scalar potential. 

7. Derive the differential equations satisfied by A and p for quasistationary 
processes. 

8. Starting with the equation of continuity, and assuming Ohm’s law, show 
that the charge density in a conductor obeys the equation - p + = 0. Show 

€ at 

that any e.xisting charge distribution within a conductor will be damped off expo- 
nentially, and find the time required for it to be reduced to 1/e of its initial value. 
Insert numerical values for copper, and find the value of this time, the relaxation 
time. Similarly find the relaxation time for a good insulator, such as quartz. 

9. A long solenoid of n turns per unit length carries an alternating current of 
angular frequency u and peak value L If a nonmagnetic rod of conductivity a 
just filling the solenoid is placed inside it, find the current distribution, the magnetic 
field, and the heating loss per unit length inside the copper rod. (The heat loss 
per unit volume per second equals J • E.) Discuss the behavior of your solution 
for the limiting cases of large and small conductivities. How would your results 
be altered if the rod %vere coaxial with the solenoid but of smaller radius? 

10. The outer conductor of a coaxial line as in Prob. 2 is a thin-walled cylinder 
of radius a and thickness t. Show that the contribution to the inductance per unit 
length of the line arising from the magnetic field in this conductor is given very 
nearly by 

lift t 1 

ott o a 

11. Show that, in a nondissipative medium if the divergence of the vector 
potential is set equal to zero, instead of satisfying Eq. (5.3), the scalar potential 
satisfies Poisson’s equation with p, the density of electric charge, a function of 
coordinate.s and time. Find the differential equation satisfied by the vector 
potential under these conditions. 


CHAPTER VIII 

ELECTROMAGNETIC WAVES AND ENERGY FLOW 

The first and most conspicuous success of Maxwell’s theory was 
its prediction of the existence of electromagnetic waves, whose veloc- 
ity of propagation equaled the experimentally known velocity of 
light. It was immediately clear that light must be a form of electro- 
magnetic radiation, of short wave length. It was a number of years 
later that Hertz demonstrated experimentally the existence of electro- 
magnetic waves of longer wave length, but when they were found, 
they proved, like light, to satisfy Maxwell’s equations. In the 
])resent chapter we shall discuss the simplest forms of waves, plane 
waves; we come to more complicated waves, such as spherical waves, 
in a later chapter. We also consider an aspect of the electromagnetic 
field that we have so far passed over: the energy associated with 
it. We have so far treated problems by considering only the forces 
acting, rather than the work dozie and the resulting energy. With 
radiation, however, it is so obvious that the field carries energy that 
without a consideration of the energy flow we can hardly form a 
correct picture of the phenomena. We therefore take up, not only the 
density of electric and magnetic energy in the field, which ties in with 
well-known facts regarding the energy in condensers and inductances, 
but also Poynting’s theorem, a deduction from Maxwell’s equations 
which provides a simple way of finding the flow of energy in any 
electromagnetic field. 

1. Plane Waves and Maxwell’s Equations. — ^Let us consider the 
jzroblern of solving Maxwell’s equations in a uniform material having 
dielectric constant Ke ~ e/eo, magnetic permeability = m/mo, con- 
ductivity <r, but not any charge, or any current other than that 
fk'.termined by Ohm’s law. Maxwell’s equations in this case are 

curl E - —ii~, div H = 0, 
at 

curl H = crE 4- € ~, div E = 0. (1.1) 

We take the curl of the first equation and substitute from the second 
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for curl H, obtaining 

curl curl E 



— eM 


am 

at^' 


Similarly, we take the curl of the second and substitute from the first, 
obtaining 

curl curl H - — o-ju m 

at dr 

Using the equation of vector analysis, 

curl curl A = grad div A — V-A, 

where A is an arbitrary vector function, and using the equations 
div E = 0, div H = 0, these equations become 


0 , 

0. (1.2) 

Thus E and H satisfy the same wave equation that we have already 
found in Eq. (5.5), Chap. VII, for the potentials A and We can 
of course get the case of a nonconducting medium by setting cr = 0, 
in which case the middle term of the equation is omitted. The equa- 
tions (1.2) are vector equations, which means that each of the six 
components of E and H separately satisfies the same scalar wave 
equation. 

With a wave equation of the form of 

— (T^ — — = 0, (1.3) 

where u, a scalar, can stand for one of the components of E, H, A, or 
(p, we can find a great variety of solutions. In fact, a good deal 
of the remainder of our study will be devoted to different solutions 
of this equation. We shall start with the simplest, and in many 
ways the most important, of these solutions, the plane wave, under- 
standing that it is a special case, rather than a general solution. We 
shall assume that w is a function of z, one of the space coordinates, 
and of i, only, being independent of x imd y, or constant on planes of 
constant z. Furthermore, we shall assume that u varies with both 
2 and t in an exponential manner. We shall write our assumptions 
in the form 


WE - 




dE 
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(1.4) 
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where j = V-i, and Wo, co, and 7 are constants. We shall describe 
the physical significance of these constants in a moment. Substitut- 
ing (1.4) in the wave equation (1.3), we find 

(e - M. (1-6) 

In other words, if 7 is given by either of the values (1.5), the expres- 
sion (1.4) is a solution of the wave equation. 

From the form of (1.5) we see that 7 is in general complex. We 
may write it 

7 = « + id, (1-^) 

where a and /3 are real and imaginary parts, respectively. We note 
that the quantity whose square root is being taken in (1.5) lies in the 
second quadrant in the complex plane, its real part being negative and 
its imaginary part positive; thus the positive square root lies in the 
first quadrant, so that a and d are both positive. If in particular 
the medium is nonconducting, so that cr is zero, we have 7 = Jd, 
where d is positive. We may now rewrite the solution (1.4) in the 
form 

u = (1.7) 

As in the theory of oscillating circuits, for physical purposes we 
use the real part of this complex expression to represent the real 
value of w. Thus (1.7) represents a disturbance whose value at a 
given point of space varies sinusoidally with time, with angular 
frequency w, or frequency / — w/2-jr. It also varies sinusoidally .with 
z, in case a = 0 , with wave length X = 2x7/3, so that, when z increases 
by a wave length, the disturbance reverts to its initial value. A given 
wave crest moves with a velocity a, given by 


the velocity being positive, or in the direction of increasing z, for the 
upper sign in (1.7), and negative for the lower sign. The factor 
represents a falling off of intensity, or damping, in the direction 
of propagation of the wave, such that the amplitude falls to 1 /e of 
its value in a distance 1/a. We see that the disturbance in a con- 
ducting medium is then a damped plane wave, and in a nonconducting 
dielectric it is ah undamped plane wave. 

For an undamped wave in a nonconducting medium, the velocity 
of propagation takes a simple form. In that case, setting o- = 0, we 


.y = + = ±ico 
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have from (1.5) and (1.6), 

^ ” = i “ (1-8) 

if we set 

6 /Ce^Oj M 

following Eqs. (2.1) of Chap. IV, and (2.4) of Chap. VI, we find 

V — c — — = 3.00 X 10® m/sec, 

VeoMo 

n = s/ KeKm- (1.9) 

That is to say, the velocity of the electromagnetic waves in empty 
space is 3 X 10® m/sec, which is known to be the velocity of light. We 
have already mentioned that it was this fact which originally led 
to the conviction that Maxwell’s equations furnished a theory of light, 
and that Hertz’s discovery of electromagnetic waves has led to a 
series of waves of this type which can exist for frequencies over 
apparently an unlimited range. We now are familiar with umves 
ranging from ordinary radio waves at frequencies of a few kilocycles 
per second, short-v/ave radio at a few megacycles per second, micro- 
waves with thousands or tens of thousands of megacycles per second, 
or wave lengths down to the order of a centimeter, through the infra- 
red with wave lengths from fractions of a millimeter down to the visible 
spectrum with wave lengths of a few thousand angstroms, through the 
X-ray region with wave lengths down to a few hundredths of an 
angstrom, and from there through the gamma rays dowm to wave 
lengths w’-hose low’er limit is so far not known. All these waves 
satisfy the wave equation, all are essentially the same type, and in our 
subsequent treatment w^e shall consider them all. 

The index of refraction n, defined in (1.9) as the ratio of the 
velocity of light in free space to the velocity in a material medium, is 
given in terms of the dielectric constant and magnetic permeability. 
Experimentally, this relation holds very accurately for radio waves, 
and in some materials for the infrared region, but it is almost never 
correct in the visible region or for shorter wave lengths. The reason 
wall be taken up in a later chapter. It is essentially the fact that the 
dielectric constant is a function of frequency, rather than a true 
constant. The charges inside an atom or molecule, which become 
polarized to lead to the dielectric phenomena, as Ave have described 
in Chap. IV, have a certain mass and consequent inertia. For this 
reason they do not polarize instantaneously, but lag to some extent 
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behind the field that polarizes them. The treatment of Chap. IV 
holds only for the steady state, or for the static dielectric constant. 
In a later chapter we shall take up the time variation, showing that 
we obtain a correct picture of the variation of the index of refraction 
with frequency, or of the phenomenon of dispersion. 

2. The Relation between E and H in a Plane Wave. — If we substi- 
tute expressions of the form (1.4), with constant vectors Eo and Ho 
rather than the scalar uo multiplying the exponential, into Maxwell’s 
equations (1.1), we find the following equations from the various 
components of Maxwell’s equations: 


jEy = —iijoiHx 
-~yEx = 

0 = 

= 0 

jHy = (cr + ejoi)Ex 

— ylh = (cr + 

0 = (cr + ejiA)Ez 

— yEz = 0 . 


We notice in the first place that Ez and Hz are zero; that is, there is no 
component of E or H in the direction of propagation, or the wave 
is transverse. The remaining equations can be written in the form 


Hy 


^ = 7 = ^ = 1 = + / 

Hx ” y cr + ejco ^ 'Sje — j(xj (J 


( 2 . 1 ) 


in which the various forms of the constant Zo are related through (1.5). 
These express the fact that E and H are at right angles to each other, 
as well as being at right angles to the direction of propagation, and 
that the ratio of the magnitude of E to the magnitude of H is the 
constant Zq. We may write this expression in a vector form, if k is 
unit vector along the z axis; we have 

kXE = ZoH, kXB.= -~ (2.2) 

Zo 

In the case of empty space, we have 




+ 


4r X 10- 
l$.85 X 10- 


+ 376.6 ohms, (2.3) 


where the units of Zq are most easily seen from the fact that it measures 
a ratio of E, in volts per meter, to H, in ampere-turns per meter, and 
therefore must equal volts/amperes or ohms. Because the units of 
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E/H are the same as those of impedance, the value of Zq is often 
referred to as the “wave impedance” of the medium, and the particu- 
lar value (2.3) is the wave impedance of empty space, which in that 
particular case is a pure resistance, though w'-e see from (2.1) that in a 
conducting medium there is a reactive as well as a resistive component. 

3. Electric and Magnetic Energy Density. — In our treatment of 
electrostatics and magnetostatics we worked entirely with forces 
rather than introducing the concept of energy. In Sec. 3, Chap. I, 
however, we introduced the electrostatic potential, from which we 
can see at once that the energy of two charges gi and q^, at a distance 
rn from each other, is 


dire or 12 


(3.1) 


The total electrostatic energy of a system of charges is then the sum 
of expressions like (3.1) over all pairs of charges. A sum over pairs 
of terms like Tg can also be written as half the double sum of the 
same quantities over the indices i and j separately (omitting of course 
the case i ~ j) ; the double sum includes each pair of indices twice, 
as for instance the terms ^12 (for i = 1, ji = 2) and y 2 i, which equals 
it (for i = 2, j = 1), and to compensate this we must have a factor 
Thus we have for the total potential energj’- 

i 39^ i 

But the summation over j, in the expression above, is just the poten- 
tial <pi at the location of the charge qi. Thus we may rewrite (3.2) 
in the form 

y — /-i X 

i 

If the charges are continuously distributed, we may replace the summa- 
tion over charges by an integration, replacing g, by p dv, the charge 
in the volume dv. Thus we have 


V=^}4fpcpdv. (3.3) 

This is the standard expression for the energy of a system of charges, 
in terms of the charge density and the potential. 

The expression (3.3) can be rewritten in terms of the field, rather 
than of the charge and potential. We have, for the electrostatic 
case,'. ■ ;■ 

E == — grad <p, div D == grad 45) == p, 
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which is the form that Poisson’s equation would take in general where 
€ may be a function of position. Using this result, (3.3) takes the form 

U = div (« (p) dv. (3.4) 

But by simple vector analysis we have 

div {€(p grad <p) = (p div (e grad <p) + €(grad ^)®. 

Substituting in (3.4), the energy V becomes 

V = HjeE^ dv + }4jecpE ‘ n da. 

If we integrate over such a large volume that cp and E are negligible 
around the surface, the surface integral vanishes, leaving us with 

7 = dv. (3.5) 

This is the expression for the electrostatic energy in terms of the 
field. Its interpretation is that we may imagine the energy to be 
localized throughout the field. 

For instance, suppose we take a condenser of capacity C, and let 
its charge at a given moment be q. Assume that we are charging the 
condenser, and that we wish to know how much work we shall have 
to do on it to charge it. To take a small additional charge dq around 
the circuit, against the difference of potential q/C, will require an 
amount of work (q/C) dq. Thus the whole work done in setting up a 
charge Q is 

Jo 2C‘ 


But if the condenser consists of two plates of area A, distance of 
separation d, filled with a dielectric of dielectric constant e/eo, the 
value of D inside the condenser is Q/A, and the value of E is (Q/e)A. 
Since the capacity C is ^A/d, we then have 


2 


IMM! 

2 ■ eA 


d = I ieE^)Ad. 


But, since Ad is the volume of the region in which the field is different 
from zero, this agrees with the expression (3.5). Thus we see in this 
example how we can interpret (3.5) as meaning that energy is located 

throughout the field, with a density 

In a similar way we can consider the magnetic energy to be local- 
ized in space. A complete treatment of the magnetic case is con- 
siderably more complicated than in the electrical case, and we shall 
give only a partial discussion ; the reader who is interested in a more 
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complete treatment may find one in J. A. Stratton, Electromagnetic 
Theory^ Secs. 2.14 to 2.18 (McGraw-Hill Book Company, Inc., New 
York, 1941). In the first place, let us consider a circuit of self- 
inductance L, carrying an instantaneous current i. If i increases, the 
emf is —Ldi/dt, and the work that an external emf must do to 
bring about an increase di of the current is Li{di/dt) dt - Li di. Thus 
the total work that must be done to build up a current I in the circuit is 

T = Li di = HLP. 

Using Eqs. (2.1) and (2.2) of Chap. VII, this may be written 

T = ds • A. (3.6) 

In this expression, the integration is around the circuit, I is the 
current flowing in the element ds, and A is the vector potential at 
that point. Using an argument like that above, we can also include 
the mutual effect when many currents are flowing; the only difference 
is that A in (3.6) must be the resultant vector potential not only of the 
one circuit but of all circuits. If the current densities are distributed 
throughout space, the current density being J, we replace an integral 
about a circuit by a volume integral, and have 

T = K/J ' A dv. (3.7) 

The analogy of this expression to (3.3) is obvious, and it shows us 
for the first time that the vector potential has much the same relation 
to the energy of currents as the scalar potential has to the energy of 
charges. 

We maj'’ now carry out a transformation, as with the electrostatic 
case, so as to wTite this energy T as an integration of the magnetic 
field rather than of the current density and vector potential. We have 

div (H X A) = A • curl H - H • curl A = J • A -• H • B, 

in which \ve have used Ampke’s law J = curl H in the form that holds 
for the stationary case. Using this result we may rewrite (3.7) in a 
form involving a volume integral of H • B, and a surface integral of the 
normal component of H X A. As before, if we integrate over all 
space, we may assume that the fields are so small over the infinitely 
distant outer boundary that the surface integral vanishes, and we 
have finally 

T = V2 JH • B dy = dy, (3.8) 

in which the second form holds when B == /xH. In case this is not so, 


J «*» _ 


98 ELECTROMAGNETISM [Chap. VIII 

and we have a ferromagnetic medium, the situation is much more com- 
plicated, and we shall not consider that case. The expression (3.8) is 
clearly analogous to (3.5) for the electrostatic energy. In the special 
case of the solenoid we may at once verify the result (3.8), as we did 
in the condenser for the electrostatic case. Let us take a solenoid 
of turns, length d, area A, in a medium of permeability m/mo- If a 
current i flows in it, the magnetic field inside will be {N/d)I, and the 
induction B will be {N /d)ixL The flux of B through the N turns will 
then be N A tim.es B, or {{j.NK4./d)i, so that the self-inductance mil be 
L = iiN^A/d. The magnetic energy T is then 

which agrees with (3.8), and fits in with the assumption that the 
density of magnetic energy is 

The expression (3.5) for the electrostatic energy is convenient 
for solving certain types of problems, because we can find the force 
on a charged body by stating that the work done \vhen it is displaced 
is the change in the potential energy F, assuming the charges t(j 
remain fixed. For example, we can find the force acting to pull a 
piece of dielectric from one part of a field to another, by solving the 
problem of the field distribution as a function of the location of the 
piece of dielectric, computing the energy as a function of position, 
and seeing how it changes when the dielectric moves. The correspond- 
ing magnetic problem is much more involved, however, and is dis- 
cussed by Stratton, in the reference given above. 

If w'e take a circuit carrying a certain current, and displace it in a 
magnetic field, keeping the field and the current constant, the work 
that we must do proves not to be dT, as we should expect at first 
sight, but —dT. On the other hand, in moving the circuit through 
the field, the flux through it has (dianged, and this has resulted in an 
emf in the circuit. This cmf -would have resulted in a change of the 
current through the circuit, which is contrary to our hypothesis that 
the current is unchanged. Thus we must have been exerting a 
eounter-emf to keep the current constant, and we find that the work 
that our counter-emf has had to do on the current during the displace- 
ment is just dT. Thus the work that our counter-emf does just 
balances the w'ork that we get out of the system by the displacement 
of the circuit, and the net work done is zero. This is consistent with 
an observation that wc might have made from Eq. ( 1.1), Chap. I, in 
which we state that the force exerted on a charge q moving with a 
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velocity v, in a magnetic induction B, is gv X B. This force is at 
right angles to the velocity of the charge, and therefore the work done 
by it is zero. 

On the other hand, we are assuming that the field stays constant 
while the circuit is being moved. Actually this field must be produced 
by other currents in other circuits. As the circuit is moved, the flux 
produced by it at these other circuits changes, and emf’s are induced in 
them. To keep the field constant, and hence the currents in those cir- 
cuits constant, we must have been exerting counter-emf’s in those other 
circuits as well, and the work we have done to maintain those 
counter-emf’s proves again to be dT. Thus in the process we have 
a net amount of work dT, made up of —d.T as the direct ivork involved 
in moving the circuit, dT in keeping the current constant in the circuit 
we are moving, and another dT in keeping the current constant in the 
circuits that produce the external magnetic field. Unless careful 
account is taken of these various terms in the energy, whose existence 
we have merely mentioned without proof, there is great danger of 
making a mistake in sign when finding the mechanical forces acting 
on a circuit from the magnetic energy. 

These relations are similar to those found in mechanics in certain 
cases, in which the kinetic energy depends on the coordinates. In 
such a case we find that the force is given by the derivative, not of the 
energy, but of the difference between the potential and kinetic energies, 
with respect to the coordinates. This difference is essentially the 
Lagrangian function. In a similar way here the force is given by the 
derivative, not of the energy F •+■ T, but of the difference F — T, 
which plays the part of a Lagrangian function, the magnetic energy T 
playing the part of a kinetic energy. This is not unnatural; for 
the electrostatic energy F results from the positions of charges, but the 
magnetic energy T results from their motions, the current i in the 
expression }4Li^' being proportional to the velocities of the charges. 

4. Poynting’s Theorem and Poynting’s Vector.— In the preceding 
sections we have seen that in the static case we have an energy density 
34 + iJ'H") of electric and magnetic energy. We shall now show 
that this formula still can be used when the fields are changing with 
time. To show this we shall first provm a mathematical theorem, 
Poynting’s theorem, and shall then show' its interpretation. By a 
vmctor identity we havm 

div (E X H) = H- curl E - E- curlH 
dD dB 
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where in the last expression we have used Maxwell’s equations. If 
we assume D = eE, B = mH, we have 

div (E X H) -h I \ {eE^ + mH-) = "E • J. (4.1) 

This equation reminds us of an ordinal^ equation of continuity'', 
which states that the divergence of the flux of any quantity, plus the 
rate at which the density of the quantity increases vith time, ecpials 
the rate at which the quantity is produced. In other words, applying 
the equation to a small volume, it states that the rate at which the 
quantity increases within the volume eeiuals the rate at which it is 
produced within the volume, minus the rate at which it flo'vvs out 
over the surface. The quantity -E • J represents the rate at which 
energy is produced (that is, E • J represents the rate at which energy is 
lost) per unit volume on account of ordinary Joiileaii or resistance 
heating. Thus the quantity for Avhich (4.1) forms the equation of 
continuity is the energy. We are then justified in interpreting the 
quantity q, the energy density, extending the results 

of the preceding sections to time varying fields. At the same time, 
we must interpret the vector 

S = EXH, 

which is known as “Poynting’s vector,” as the flux of energy, the 
amount of energy crossitig unit area perpendicular to the vector, per 
unit time. 

The conception of the energy of the electromagnetic field as resid- 
ing in the medium is a very fundamental one, and has had great 
influence in the development of the theory. Maxwell and his immedi- 
ate followers thought of the medium as resembling an elastic solid, 
the electrical energy representing the potential energy of strain of 
the medium, the magnetic energy the kinetic energy of motion. 
Though such a mechanical view is no longer held, still the energy is 
regarded as being localized in space, and as traveling in the manner 
indicated by Poynting’s vector. Thus, in a light wave, we shall show 
that there is a certain energy per unit volume, proportional to the 
square of the amplitude (i? or Jf). This energy travels along, and 
Poynting’s vector is the vector that measures the rate of flow, or the 
intensity of the wave. We have already seen that E and H in a plane 
wave are at right angles to each other, and at right angles to the 
direction of flow ; thus E X H must be along the direction of In 

more complicated -^vaves as well, Poynting’s vector ])oints along the 
direction of the flow of radiation. If, for example, we have a source of 
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light, and we wish to find at what rate it is emitting energy, we sur- 
round it by a closed surface, and integrate the normal component of 
Poynting’s vector over the surface. The whole conception of energy 
being transported in the medium is fundamental to the electromagnetic 
theory of light. 

When we come to charges and currents, however, it is a little 
harder to see the significance of the energy in the medium. For 
example, in a circuit consisting of a battery, and a wire connecting 
the' plates, Poynting’s vector indicates that the energy floAvs out 
of the battery through the space surrounding the wire, and finally 
flows into the wire at the point where it will be transformed into 
heat. This seems to have small physical significance. With a mov- 
ing charge, the situation is somewhat more reasonable. A simple 
model of an electron, which was supposed before the quantum theory 
to represent its actual structure, was a sphere of radius 7?, on the 
surface of which the charge is distributed. Then the field E will be 
c/471-eor''^ at any point outside the sphere, where e is the charge. The 
total electrical energy is the volume integral of (e^/32T“€o)(l/r‘’) over 
all space outside the sphere, or 

32^Vo Jr " 8^^' I 

In the classical theory of the electron, Avhich we have mentiomid, it ^ 

is this quantity which is interpreted as being the actual constitutive i 

energy of the electron, though a correetion must be made of an addi- | 

tional energy of a nonelectromagnetic nature that is required to keep 
the sphere in equilibrium. Neglecting this correction, we can com- | 

pute the mass of the electron. For a relation of Einstein’s relativity 
theory says that a given energy has a mass, given by the relation 
energy — mc~. Hence mc^ = e^/SireoR. Solving for the radius, we 
have 72 = eySTreowc®, a familiar formula for the radius of the electron. i 

The more correct formula, inserting the correction Ave omitted, differs | 

only by a small factor. Using the values e — 1.60 X 10“^® coulomb, j 

m = 9. 1 X 10“®^ kg, c = 3.00 X 10® m/sec, eo = 8.85 X 10~^2 farad/m, { 

we have 72 = 1.42 X 10~^® m = 1.42 X 10”^® cm. Now, if this elec- | 

iron moves, it Avill produce a magnetic field, as a current Avould, and | 

hence aauII have a certain magnetic energy. Since the magnetic field j 

is proportional to the velocity (or the current), the magnetic energy ! 

is proportional to the square of the velocity. This can be slioAvn j 

to be the kinetic energy. Further, there will be a Poynting vector, |i 

pointing in general in the direction of travel of the electron, and ;; 

representing the flow of energy associated with the electron. All 
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these relations prove on closer examination to be more complicated 
than they seem at first sight, but they are suggestive in pointing one 
possible way to an eventual theory of the structure of the electron, 
which even the present quantum theory is unable to supply completely. 

6. Power Flow and Sinusoidal Time Variation . — Nse shall often 
want to find Poynting’s vector, and the energy density, in cases where 
the fields E and H are the real parts of complex exponentials such as 
that given in (1.7). At a given point of space, let us assume that 
E is given by the real part of Eoe'"*, and H by the real part of 
where Eo and Ho are complex vector functions of position. Let the 
real part of Eo be Er, and the imaginary part Ei, with similar notation 
for Ho. Then E is given by 

Ee(Eoe^'“0 = Re[(Er + iEi)(cos ut + j sin ut)] = Er cos ut — E* sin ut 
H is given by a similar expression. Poynting’s vector is then 

E X H = (Er X Hr) cos^ cot + (Ei X Hi) sin^ cot 

— [(Er X Hi) + (Ei X Hr)] sin oot cos cot. 

We notice that there are two types of terms: the first two, whose 
time average is different from zero, since cos® wi! and sin® cat average 
to ; and the last term, whose time average is zero, since sin cot cos cot 
averages to zero. Thus the time average Poynting vector is 

Average (E X H) = )^(Er X Hr + Ei X Hi). (5.1) 

This can be rewritten in a convenient way, by using the notation of 
complex conjugates, where the complex conjugate of a complex number 
is the number obtained from the original one by changing the sign of j 
wherever it appears, and is indicated by a bar over the number. In 
terms of this notation, let us consider the quantity (E X H). This is 

(E X H) = (E„c^‘“0_X (Hoe-^'“0 

- (Eo X Ho) = (E. X jEi) X (H,. - jHi) 

= (E. X H,. + Ei X Hi) + j(Ei X H, - E, X Hi). (5.2) 

We see that, except for the factor the real part of (5.2) is Just the 
same as the quantity ai)pearing in (5.1). That is, we have 

Average (E X H) = }iRe(E X H), (5.3) 

where the E and H appearing on the right side of the equation are the 
complex quantities whose real parts give the real E and H appearing 
on the left of the equation. A similar derivation for the energy 
density shows that 

Average )4eE- = }4sE ’ E, (5.4) 

with 2 similar formula for the magnetic energy. 
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6. Power Flow and Energy Density in a Plane Wave. — In (2.2) we 
have found that E and H in a plane wave are at right angles to each 
other, and at right angles to the direction of propagation. In par- 
ticular, we have for a nonabsorbing medium, where Zo is real, 

i Ke(E X H) = i ^ (E ■ E) = i kZ,(H • 3). (6.1) 

That is, the flow of energy is along the direction of propagation, and 
proportional to the square of the amplitude of E or of H. Similarly 
the average electrical energ_y density is • E), and the average 

magnetic density is • H). Because of the relation (2.1) between 

the amplitudes of E and H, we find easily that the average magnetic 
energy equals the ^average electrical energy, so that the total energy 
density is )4e(E • E). We note, from (G.l) and (2.1), together with 
(1.8), that we have the relation 

Energy flux ~ v X energsr density. (6.2) 

This equation has a simple meaning. If the energy were flowing with 
velocity v, in the direction of propagation of the wave, all the energy 
contained in a cylinder of unit cross section, and height equal to v, 
would cross unit cross section per second, forming the flux. 

In a conducting medium, in which a is different from zero, E and H 
Avill each contain a factor so that Poynting’s vector and the 
energy density will each have a factor showing that the intensity 
is damped or attenuated by this factor in traveling along. Poynting’s 
theorem of course tells us that the energy lost to the wave as it advances 
is used up in resistive heating of the medium. We readily find that, 
in a conducting medium, the electrical energy is no longer equal to the 
magnetic energy, but as the conductivity becomes greater and greater, 
the electric energy becomes smaller and smaller compared with the 
magnetic energy, finally vanishing in the limit of infinite conductivity. 
We shall investigate these relations more completely in the next 
chapter. 

' Problems 

1. If the generation of heat per unit volume in a conductor carrying a current 
is ffE% prove that, for a cylindrical conductor of resistance i?, carrying a current i, 
the rate of generation is ER. 

2. Given a cylindrical wire carrying a current. .Find the value.s of £1 and if on 
the surface of the wire, computing Poynting’s vector, and .show that it represents a 
flow of energy into the wire. Show that the amount flowing into a given length of 
wire is just enough to .supply the energy that appears as heat in the length. Note 
that the surface of a wire carrying current is not an eciuipotential, so that there 
can be a component of electric field parallel to it. 
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3. Calculate the electrical and magnetic energies in a plane wave traveling in a. 
conductor, and show by direct comparison that they are different from each other. 
What happ(‘ns in the limiting cases o- — » 0 and a- ~> « , that is, insulators and perfect 
conductors? 

4. In the absence of charges, solutions of iMaxwelhs equations may be obtained 

from a vector potential A alone, setting the scalar potential equal to zero. Work 
this out for the general case of plane waves propagated along the 3 axis, showing 
that f he vector potential can have two arbitrary complex amplitudes for its » and y 
components, the z dependence being in the factor From this find the 

relations between E and H in a plane wave, showing that your results are identical 
with those obtained in the text. 

6. A coaxial line of length Z, inner and outer radii a and 6, carries a steady 
current /. Tlie resistance of the inner conductor is /?,, that of the outer conductor 
Ro, and the load resistance is R. Find expressions for the components of E and H 
at any point between the conductors. Show that the component of E parallel to 
the axis reverses direction as one moves from the inner to the outer conductor, 
and that it is zero at a radius To given bj^ In (ro/a) = [i?t7(i?o 4- h!c)I In (6/a). 
Cdmputc the Poynting vector, and discuss the power flow in this field. Integrate} 
the raelial component of the Poynting vector over the surface of both inner and 
outer conductor, and show that these integrals yield the PR losses in each. Apply 
the Poynting theorem to a volume bounded by the planes Zi and zz and the cylin- 
drical surfaces Ti and ra. 

6. Consider a plane wave in empty space given by 

E, = VlM I-h = 

wnth = CO \/e^Q. Show that an approximate solution to Maxwell’s equations 
can be obtained to represent a plane wave of finite cross section by considering Ea 
to );>e ;i slowly varying function of » and y and adding to the above field components 
the longitudinal components 

F, == - I and | a/” ^ 

/3 5a; /3 Oy 

By slowly varying is meant that the percentage change in the fields is small com- 
pared with unity if one moves a distance of one wave length in a direction trans- 
verse to the direction of propagation, so that second derivatives and products of 
fir.st derivatives with respect to x and may be neglected. 

7. Prove that, if a piece of steel is magnetized by an alternating current, the 
energy loss per cycle due to hysteresis is given by • dB per unit volume. 

8. A magnetic circuit of uniform cross section consists of two sections separated 

by air gaps of length so small that fringing may be neglected. Consider the process 
of increasing the air-gap lengths each by an infinitesimal amount, maintaining the 
magnetizing current constaiit. Compute the change in magnetic field energy and 
the work clone by the emf that mairitains the magnetizing current constant during 
the displacement, From this obtain the mechanical work done in effecting the 
displacement, and show that the force with which the two sections attract each 
other is given by where 4 is the cross section of the magnetic circuit. 
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CHAPTER IX 

ELECTRON THEORY AND DISPERSION 

In Chap. VIII we investigated the propagation of plane waves 
in a medium with a given dielectric constant and conductivity. We 
have seen that in a nonconducting nonmagnetic medium a wave is 
propagated Avith a velocity c/?i, where c is the velocity of light in 
empty space, n the index of refraction, Avhich is equal to In a 

conducting medium, there is a damped wave, whose propagation 
constant, determining both the velocity of propagation and the rate 
of absorption, is given by Eq. (1.5), Chap. VIII, predicting a definite 
variation of propagation properties with frequency. These two formu- 
las give a very straightforward way of testing the electromagnetic 
theory of light : we can measure the dielectric constant and conductiv- 
ity of a material, and see if its optical index of refraction and absorption 
coefficient are properly related to these constants. One of the first 
observations after the formulation of Maxw'elFs theory was that these 
relations are not fulfilled by real substances. The departures between 
observation and the simple theory have been very useful in gaining a 
knowledge of the structure of actual dielectrics and conductors. 
Briefly, the discrepancy between theory and experiment is explained 
by supposing that the dielectric constant and conductivity are func- 
tions of frequency; a large part of the electron theory of solids is 
devoted to an explanation of the nature of this frequency variation. 

The experimental situation is much clearer than it was in Max- 
well’s day, because of the Avider ranges of the spectrum that have 
been explored in the meantime. We shall first describe the situation 
for dielectrics Avithout conductivity. Eor long radio war^e lengths, 
waves can be propagated with a velocity given by the index of refrac- 
tion determined from the static dielectric constant. As the frequency 
increases, however, the index of refraction starts to increase, until 
somewhere in the spectrum it goes through a maximum, then drops 
suddenly, and begins to increase again. The phenomenon of change 
of index of refraction with frequency is called “dispersion,” and the 
sudden drop we have just mentioned is called “anomalous dispersion.” 
In the neighborhood of a region of anomalous dispersion, there is 
absorption, even when the material does not absorb elsewhere; the 
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5. Calculate the electrical and magnetic energies in a plane wave traveling in a 
conductor, and show by direct comparison that they are different from each other. 
What happens in the limiting cases o- — f 0 and o- — > m , that is, insulators and perfect 
conductors? 

4. In the absence of charge.s, solution.s of Maxwell’s equations may be obtained 
from a vector potential A alont^, setting the scalar potential equal to zero. Work 
this out for the general case of plane waves propagated along the z axis, showing 
that the vector potential can have two arbitrary complex amplitudes for its x and y 
components, the z dependence being in the factor From this find the 

relations between E and H in a plane wave, showung that your results are identical 
with those obtained in the text. 

6. A coaxial line of length I, inner and outer radii a and h, carries a steady 
current /. The resistance of the inner conductor is /?,■, that of the outer conductor 
/?o, and the load resistance is R. Find expressions for the components of E and H 
at any point between the conductors. Sliow that the component of E parallel to 
the axis reverses direction as one moves from the inner to the outer conductor, 
and that it is zero at a radius ?’o given by In (ro/a) = [i2t/(Eo + E,:)] In (b/a). 
Compute the Poynting vector, and discuss the power flow in this field. Integrate 
the radial component of the Poynting vector over the surface of both inner and 
outer conductor, and show that these integrals yield the PR losses in each. Apply 
the Poynting theorem to a volume bounded by the planes zi and sa and the cylin- 
drical surfaces ri and ra. 

6. Consider a plane wave in empty space given by 

= VUM Hy = 

with = CO y/soMo- Show that an approximate solution to Maxwmll’s equations 
can be obtained to represent a plane wave of finite cross section by considering Ea 
to be a slowly varying function of x and y and adding to the above field components 
the longitudinal components 

F. - - and | 

P dx (3 ^ go ay 

By slowly varying is meant that the percentage change in the fields is small com- 
pared witli unity if one moves a distance of one wave length in a direction trans- 
verse to the direction of propagation, so that second derivatives and products of 
finst derivatives with respect to x and y may be neglected. 

7. Prove that, if a piece of .steel is magnetized by an alternating current, the 
energy loss per cycle due to hysteresis is given by jfH • dB per unit volume. 

8. A magnetic circuit of uniform cross section consists of two sections separated 
by air gaps of length so small that fringing may be neglected. Consider the process 
of increasing the air-gap lengths each by an infinitesimal amount, maintaining the 
magnetizing current constant. Compute the change in magnetic field energy and 
the work done by the emf that maintains the magnetizing current constant during 
the displacement. From this obtain the mechanical work done in effecting the 
displacement, and show that the force with which the two sections attract each 
other is given by B^A/yo, where A is the cross section of the magnetic circuit. 
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In Chap. VIII we investigated the propagation of plane Avaves s 

in a medium AAuth a given dielectric constant and conductivity. We ^ 

have seen that in a nonconducting nonmagnetic medium a wave is j 

propagated Avith a velocity c/n, where c is the velocity of light in j 

empty space, n the index of refraction, AA'hich is equal to y/ Kc. In a ^ 

conducting medium, there is a damped wave, AA’’hose propagation | 

constant, determining both the velocity of propagation and the rate | 

of absorption, is given by Eq. (1.5), Chap. VIII, predicting a definite j 

variation of propagation properties with frequenc 5 ^ These tAVO formu- | 

las give a very straightforw'ard A\my of testing the electromagnetic i 

theoiy of light : AA^e can measure the dielectric constant and conductiv- | 

ity of a material, and see if its optical index of refraction and absorption I 

coefficient are properly related to these constants. One of the first • 

observations after the formulation of MaxAA’-elhs theory AAms that these | 

relations are not fulfilled by real substances. The departures between i 

observation and the simple theory have been very useful in gaining a | 

knoAAdedge of the structure of actual dielectrics and conductors. | 

Briefly, the discrepancy betAveen theory and experiment is explained 
by supposing that the dielectric constant and conductivity are func- 
tions of frequency; a large part of the electron theory of solids is 
devoted to an explanation of the nature of this frequency variation. 

The experimental situation is much clearer than it was in Max- 
Avell’s day, because of the AAuder ranges of the spectrum that have 
been explored in the meantime. We shall first describe the situation 
for dielectrics Avithout conductivity. For long radio wave lengths, 
waves can be propagated AAuth a velocity given by the index of refrac- 
tion determined from the static dielectric constant. As the frequency 
increases, hoAA^ever, the index of refraction starts to increase, until 
somewhere in the spectrum it goes through a maximum, then drops 
suddenly, and begins to increase again. The phenomenon of change 
of index of refraction with frequency is called ‘^dispersion,” and the 
sudden drop we have just mentioned is called“anomalous dispersion.” 

In the neighborhood of a region of anomalous dispersion, there is 
absorption, even Avhen the material does not absorb elseAV'here; the 
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index of refraction and absorption coejOdcient in this neighborhood 
behave much like the reactance and resistance of a resonant electric 
circuit. Most materials have several regions of anomalous dispersion 
and absorption, in different parts of the spectrum. Many materials, 
for instance, have absorption in the infrared, and practically all 
materials absorb in the ultraviolet. Materials that absorb in the 
visible part of the spectrum are those which appear colored. By the 
time we go through the ultraviolet to the X-ray region, anomalous 
dispersion has stopped, and the index of refraction of all materials has 
become almost exactly unity; it is for this reason that lenses and 
prisms are practicallj^ impossible in the X-ray region. The absorption 
has also largely decreased in the X-ray region, and it is for that reason 
that X rays can penetrate so many types of materials. Passing 
beyond, to the region of gamma rays, all materials become, rather 
transparent and nonrefracting. 

For conductors, we found in Eq. (1.5), Chap. VIII, that y is 
given by jeo v'^(e ~ jcr/oo)fi. We see that as the frequency approaches 
zero the second term in the radical becomes infinitely greater in magni- 
tude than the first. Thus at low frequencies the optical properties of a 
conductor are determined entire^'’ by the conductivity, and not by 
the dielectric constant ; in fact, there is no experimental way of finding 
the dielectric constant of a good conductor at low frequencies. The 
values of a for good conductors, such as metals, are such that c/e 
does not become comparable with w until we reach frequencies in the 
visible part of the spectrum. It is found experimental! that the 
optical properties of metals are well described by this simple theory 
through the radio-frequency, microwave, and infrared parts of the 
spectrum, and that, as we should expect, the dielectric effects begin 
to be important in the visible region. The situation there, however, 
is much more complicated than would be indicated by Eq. (1.5), 
Chap. VIII; for by then, there is good evidence that both e and a vary 
in com.plicated ways with the frequency. The variation of e for a 
metal is not unlike that for a dielectric; there is anomalous dispersion, 
and consequent absoiption, superposed on the conductivity. As we 
go through the ultraviolet to the X-ray region, the effect of conductiv- 
ity becomes negligible, and metals are no more absorbing than other 
materials. 

We shall now examine the way in which simple electronic models 
of dielectrics and conductors can lead to variations of dielectiic con- 
stant and conductivity with frequen cy which are in at least qualitative 
agreement wdth the ohservations. 
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1. Dispersion in Gases. — In Chap. IV, we described the nature 
of dielectric polarization, stating that it can arise in two ways: from 
the polarization of the atoms or molecules, by the displacement of the 
electrons in them; and by orientation of dipoles already existing, under 
the action of the external field. We shall discuss only the first type 
of polarization in the present chapter. We shall find in a later section 
that, in a solid or liquid, the problem of polarization is complicated 
by the interactions between the molecules or atoms; but in a gas, the 
molecules are far enough apart so that we can neglect the interactions 
between them. Each molecule contains charges that can be displaced 
under the action of an external field, and these charges act as if they 
were held to positions of equilibrium by restoring forces proportional 
to the displacement. Thus in a static case an electron of charge e is 
acted on by the force eE of the external electric field, and ~ax, a 
linear restoring force, proportional to the displacement x, with a 
constant of proportionality a. The displacement is then x = {e/a)E, 
and the induced dipole moment ea: = (e“/a)E. Thus the polarizability 
a of a molecule is e^/ci, and using Eq. (2.4) of Chap. IV, the dielectric 
constant is given by 

+ ( 1 . 1 ) 

ftco 

where N is the number per unit volume. 

The value (1.1) is the static value. If the external field varies 
Avith time, we must take account of the fact that the electron has a 
mass m, thus possessing inertia. We shall also introduce, in addition 
to the external electric force and the elastic restoring force, a damping 
force proportional to the velocity, to account for the absorption. The 
equation of motion for the electron is then 

-h mg^ ■+■ mc^lx = eE, (1.2) 

where we have rewritten the linear restoring force in terms of a con- 
stant ?na5|. If E varies sinusoidally with time, as the real part of an 
expression containing the exponential factor we can then solve 
(1.2), as always in determining the forced oscillations of a linear 
oscillator, by assuming that x varies also as We then find 

a; == \e/m)E 

That is, the electron vibrates with the sarne; frequency as the external 
field, but with an amnlitude depending bn the frequency. If we have 
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Nk electrons per unit volume characterized by constants w* and gu, the 
polarization is 

NkS^/m 

cal — o}‘^ jwgu 


-2 


and the dielectric constant is 

Ke = 1 + 


V 

Zv co| — CO^ 


/meo 


+ 3(^gk 


(1.3) 


In the limit of low frequencies, where w can be neglected, this reduces 
essentially to the value (1.1), the static dielectric constant, but at each 
of the resonant frequencies wu there is a phenomenon such as is found 
with the impedance of an electric circuit, near its resonant frequency. 
The magnitude of the dielectric constant varies rapidly wdth frequency, 
and at the same time it becomes comple.v, leading to absorption, as well 
as dispersion. 

It is convenient, in an absorbing medium, to introduce an absorp- 
tion coefficient /c, as well as an index of refraction n, by the relation 


1 = 3-^ (n- jk), 


0-yz ~ Q—{w/c)hzg-j{(js/c)m^ 


Then we have 


(n - jky 


For a gas, there are few enough molecules so that the second term of 
(1.3) is small compared with unity. Thus we have approximately 


— 1 -F 


1 Y NueV 

2 tol — 0}^ ■ 


'/ meo 

+ jwg,/ 


and, if we separate into real and imaginary parts, we obtain 

1 V (iVfccVmeo)(co| - co^) 


k 


1 + 


(w| - ^2)2 + 


{Nke^/meo)uigk 


(w| - w2)2 -f 


If we consider these two quantities as functions of frequency, they 
show the properties we have already discussed. As the frequency 
increases, the index of refraction goes through a phenomenon of 
anomalous dispersion in the neighborhood of each of the resonance 
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frequencies cok, the index eventually ajjproaching unity, and being 
in fact slightly less than unity, for veiy large values of frequency; 
while the absorption coefficient is small everywhere except near each 
of the resonance frequencies. The behavior of n and k near resonance 
is as shown in Fig. 24. 

2. Dispersion in Liquids and Solids. — In the case of solids and 
liquids we may no longer make the approximation that the force 
acting on an electron is simply the 
electric vector of the electromag- 
netic wave in free space, but must 
take into account the added force on 
the electron due to the polarization 
of the body. We can calculate this 
force as follows: we imagine a 
small sphere of radius R (with its 
center at the position of the electron 
in question) cut out of the medium. 

If we do this, without disturb- 
ing the distribution of polariza- 
tion outside the sphere, we have 
induced charges on the surface 
of this spherical volume from which Ave calculate the force at the 
center of the sphere. The surface density of induced charge on a 
spherical ring at an angle 6 to the direction of the field is P cos 6. 
Since the area of a ring included between angles 9 and 6 dd is 

2TrR^ sin 6 dd, the charge on the ring is 2%PR‘^ cos 9 sin 9 dd. This 
charge produces a field at the center of the sphere whose component 
parallel to E is 



Fig. 24. — Anomalous dispersion, 
showing index of refraction and absorp- 
tion coeflScient as function of frequency. 


dEi — 


2TrPR^ cos- 6 sin 9 dd 


iireoR"^ 

so that the total charge on the spherical surface produces a field at the 
center equal to 


JS7x = 


P_ 

2eo 


cos^ 9 sin d d9 = 5 — 
0 dec 


The total electric field at the center of this sphere is then 

P 


E -b 


3eo 


Of course, there is still the contribution to the force by the atoms 
inside the little sphere we have cut out, but in an isotropic medium 
this averages to zero. 
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i , 



We can now carry over our calculations for gases if we replace E by 
(jS + P/3eo) in the expression for x. Thus we get 


taj w| 


Nke^/m 
— + Jwf?* 


and using the relations D — KoCqE — toE + P, we have 


and we find for iCe 


/M - 1 ^ (n - jky~ - 1 
Ke T" 2 {n — jk)^ d“ 2 


Nke‘^/mea 

ccf. — O)^ + j<^9h 


If N represents the number of atoms per unit volume, and if ,4 is the 
fraction of atoms of the Hh type, so that AT = fkN, we may rewrite it 


{n - jk)^ -11 

(n -jkr + 2N 


Z/ Oil — 


/nuo 
2 + joig/c 


In this formula, the quantities /*, which are independent of the num- 
ber of atoms per unit volume, are often called the "oscillator strengths " 
of the various resonances. 

For a transparent substance, where wc can neglect the damping 
force, and the index of refraction is real, we have for a given frequency 
of light 

^^2 -e— X I 

. -••• n — = constant, 
n- -h 2 po 


where po is the density of the body, obviously proportional to N. 
This law, known cs the Lorenz-Lorentz law, is surprisingly well obeyed 
for man}'- subst.ances. In many cases it even gives approximately 
correctly the relationship between the index of refraction of a liquid 
and of its vapor. In the limit of very long electromagnetic waves, 
and for the (ihictrostutic case, we have 


Ke "• 1 
Ke -f- 2 Po 


constant, 


the so-called " Clausius-Mosotti relation " between dielectric constant 
and density. 

There is a different way of handling dispersion in liquids and 
solids, equivalent to this,:but exhibiting the re^^^ form. 
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We shall consider only the case where there is but one type of oscillatr- 
ing electron. In (1.2) we replace the right side by e.{E + P/^eo), 
but also we write P = Nex, which would be the relation for only one 
type of electron, and incorporate the term in x in the left side of the 
equation, so that the equation becomes 


Px 

df‘ 


dx 

dt 


Solving as in (1.3), we then find 

{n - jky = 1 + 7 ^ 

where 


"o = cog 


f 2 Ne^\ ^ 

, ~ a 1 ^ 

K 3eom/ 


Ne^fnio 
co| — 0)2 + jiog 

(2.2) 

Ne^ 

3eoWl 

(2.3) 


That is, we have the same type of anomalous dispersion that we 
found in (1.3) for a gas, but with the resonant frequency displaced 
according to (2.3). If there are various resonant frequencies, it is 
no longer a simple matter to prove that a solution like (1.3) can be 
set up, but the proof can be given, by methods similar to those used 
in discussing the normal coordinates of a coupled vibrating system 
in classical mechanics. We note that, since N is proportional to the 
density, the resonant frequencies appearing in a formula of the type 
of (2.2) vary with the density, whereas the frequencies appearing in the 
Lorenz-Lorentz formula (2.1) are independent of density. 

3. Dispersion in Metals. — The simple electron theory of metals 
assumes that free electrons wander about among fixed ions, and 
carry the current. On the average there is no resultant force acting 
on the electrons, except the external field, so that there is a force eE 
acting on them. The equation of motion is thus similar to (1.2), 
except that there is no restoring force, so that wo is zero. We must 
assume a damping force, proportional to the velocity, and we find 
that it is simply related to the conductivity, according to Ohm's law. 
For in the case of a constant external field, the electrons will acquire 
constant velocity, which by (1.2) will be eE/mg, so that, if iV is the 
number of conducting electrons per unit volume, the current density is 



Ne'^E 

mg 




(3.1) 


This holds only for a steady field, hdwever. 
we find from (1.2) that 

Ne^ 

0-,:==. — T ■ ■ .r ; .. . 

mg rrijo) 


If E varies as then 
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so that the conductivity varies with frequency, vanishing vuth infinite 
frequency. In considering propagation, we have seen in Eq. (1.5), 
Chap. VIII, that the combination — jV/coeo is to be used in place 
of the dielectric constant in a transparent medium. Using (1.3) for 
Ke, this gives 


weo 


(n - jkY = 1 + 


Nc'^/m 


eo 






jV^eymcfl 
wf. ~ £0® + jcogk 


(3.2) 


in which it is clear that the term coming from the conductivity has 
Just the same form as the other terms, except for having its resonant 
frequency equal to zero. Separating real and imaginary parts of 
(3.2), and using (3.1), where we shall now use a for its value at zero 
frequency, we may rewrite (3.2) in the form 

1 cr 1 Y {Nkeyme,){i^l - co^) 

gfeo 1 + wVi7^ ^ (“I ~ + "VI 

k 

a 1 , Y (Nke^lm.ea)iugk) 

weo 1 + u}^/g^ L 4 (w| “ aj^)2 + coy I 

h 

We notice that as the frequency becomes low’ compared with 
cr/eo, which for good conductors is in the ultraviolet part of the spec- 
trum, the first term in the product nik becomes large compared with 
unity, masking the effect of the bound electrons. The difference 
does not become correspondingly large, so that in the limit of 
low' frequencies, becomes equal to k, and both approach ■\/£r/2aj6o, 
neglecting co compared with g. Hownver, it is only at low frequencies 
that these simplifications occur. As the frequency enters the near 
infrared or visible region, it becomes of the same order of magnitude 
as both tr/eo and g, so that the contributions of the free electrons 
become complicated, and at the same time nk decreases so that the 
contributions of the bound electrons become important. It is thus 
natural that experimentally the curves of — k^ and w/r throughout 
the visible part of the spectrum are very complicated, though they can 
be fitted fairly accurately with formulas of the type we have derived, 
assuming bound as w’’ell as free electrons. In the ultraviolet, the 
contributions of the free electrons become small compared with those 
of the bound electrons haying resonance in that region, and a metal 
does not behave essentially differently from an insulator. 

4. The Quantum Theory and Dispersion. — The picture of dis- 
persion and of the optical properties of dielectrics and metals that 
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we have presented is based on simple classical models of the behavior 

of electrons in these materials. We have assumed that dielectrics 

contain electrons held to positions of equilibrium by linear restoring 

forces, subject to resistances proportional to their velocity, and we 

have assumed the conduction electrons in a metal to be similar, except 

that they have no restoring forces, but only resistance. The theory 

in this form was developed by Drude and Lorentz, in the early days 

of the electron theory. It has proved in practice to be so good as to 

surprise one, when the crudity of the assumptions is considered. The 

real electrons in atoms, molecules, and metals, as we now know from 

the quantum theory, behave very differently from our simple picture, 

but it is a remarkable fact that the quantum theory leads essentially 

to a justification of our mathematical formulation, though not of the \ 

simple hypotheses underlying it. According to the quantum theory, 

as is well known, atoms, molecules, and other systems have certain 

energy levels in which they can exist, and the emission and absorption , 

of radiation are associated with transitions between energy levels, 

the frequency v associated with two levels Ei and Eo being given by 

Planck’s relation Eq. — Ei = hv, where h is Planck’s constant. Atoms ' 

and molecules have only a discrete set of excited energy levels, so that 

from the ground state they can absorb a discrete set of definite fre- | 

quencies. Metals, on the other hand, have a continuum of excited I 

levels, associated with the free electrons. 

In the quantum theory, we can investigate the behavior of an 
atom, molecule, or metal, under the action of an external radiation 
field. We find, by application of certain perturbation methods, that 
the effect of the atom on the field can be replaced by an equivalent 
set of linear oscillators, associated with the various transitions that 
are allowed by Planck’s relation. Each oscillator has a resonant 
frequency given by one of the allowed transitions. With N atoms 
per unit volume, however, we do not have the equivalent of W oscillat- ' 1 

iiig electrons per unit volume of each of the frequencies; we have 
instead only Nf, where /is a fraction, sometimes called the “oscillator 
strength,” and which can be calculated by quantum mechanics. We j 

further find that the oscillators have not only resonant frequencies, 
but also damping terms, which can be correlated with the broadening 
of the upper and lower states, by collisions with other atoms and 
other perturbing processes. Thus the net result of the quantum 
discussion is a theory mathematically equivalent to the one developed 
in the present chapter, but with quite a different physical interpreta- 
tion. It is for this reason that a purely classical discussion of dis- 
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persion, such, as we have given, is of real physical importance, and not 
merely an academic matter. 

In metals, the quantum theory also leads to quite a different picture 
from an elementary classical theory. Electrons are not governed by 
classical statistics, but by Fermi statistics, as a result of which the 
electrons in a metal are not at rest in the absence of a field, as our 
classical equation of motion would suggest, but actually are in continu- 
ous motion with a very high velocity. In the absence of an e.xternal 
field, however, as many are traveling in one direction as in the opposite 
direction, so that there is no net current. In the presence of a field, 
the electrons gain an average acceleration that is essentially what 
corresponding classical electrons would experience, though in most 
cases they have an effective mass that is different from their classical 
mass, because of the structure of the energy bands of the metal. The 
electrons, once they are accelerated, are subject, in ciuantum theory 
as in our classical picture, to a frictional resistive force, but Ave can 
give a physical explanation of the friction, instead of merely postulating 
it. The electrons have many of the properties of waves, as is observed 
experimentally in electron diffraction, and these waves are scattered 
by the irregularities in the metal produced by the thermal oscillations 
of the atoms. It is this scattering which produces the effect of fric- 
tion, dissipating any average momentum that the electrons may 
acquire. Thus the quantum theory eventually arrives at a picture 
of the electrons in a metal that is not unlike that of elementary classical 
theory, and the quantum theory of the interaction of metals with a 
radiation field essentially verifies the simple theoiy that we have 
described in this chapter. 

This brief discussion of the relation of the classical theory of dis- 
persion to the quantum theory is not expected to give a clear idea 
of the quantum phenomena to one not already familiar with them, 
but is intended merely to make it plain that, as we have already 
mentioned, the classical theory of dispersion is of great importance 
physically, furnishing a description of experimental facts that in its 
broad outlines is correct, and correlates with the quantum theory. 

Problems 

1. Show that, in the case of normal dispersion for the visible spectrum where 
there is an absorption band in the ultraviolet, the index of refraction can be written 

as . . , ' " , 

2 ^ B- 0 , 

” “ ^ +JI + ■ • • , 

where X is the wave length in vacuum and h, S, C are constants. 
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If there is also absorption in the infrared, show that the index of refraction is 
then given by 

res = A + - + S + • • • - - B'N ■ ■ ■ . 

2, Measurements of H 2 gas give the following values of the index of refraction: 


X in A 

{n - 1)10^' 

5,462.260 

1,396 

4,078.991 

1,426 

3,342.438 

1,461 

2,894.452 

1,499 

2,535.560 

1,547 

2,302.870 

1,594 

1,935.846 

1,718 

1,854.637 

1,760 


Using the expression in Prob. 1 for in reciprocal powers of X, calculate the best 
values of A, B, and C. If tlie measurements are made at room temperature and 
atmospheric pressure, calculate the resonant frequency wo and wave length from 
these constants. 

3. Prove that in the case of anomalous dispersion for gases the maximum and 
minimum values of n occur at the positions where the absorption coefficient reaches 
half its maximum value. Find the relation between gu and the half width of the 
absorption band. Assume gu/oik « 1. 

4. For the D line of sodium the following values of the constants in the disper- 
sion formula are found: 

Np" 

«a = 3 X 10“; g - 2 X 10i»; = lO^^. 

’ " ’ meo 

Plot the index of refraction 71 and the absorption coefficient k as a function of the 
frequency of the light. Find the maximum and minimum values of the index of 
refraction 71. Find the maximum value of the absorption coefficient k and the 
half width of the absorption baud in angstrom units. 

6. Show that for gases the Loreiiz-Lorentz law' takes the approximate form 

^ 

— constant. The following measurements have been made on air (po 

a PCI 

given in arbitrary units) ■ 

PO 

1.00 
14.84 
42.13 
69.24 
96.16 
123.04 
149.53 
176.27 

2 ft 1 72^ 1 k 

Calculate k — and --r-r— s — for each of these measurements, and compare the 

o Po + 2 pi, 

constancy of the results (calculate to four Significant figures). 


71 

1.0002929 

1.004338 

1.01241 

1.02044 

1.02842 

1.03633 

1.04421 

1.05213 


t 
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6 . The indices of refraction for the sodium D line, and densities in grams per 


cubic centimeter of some liquids at 15°C are 

Liquid ' Po « 

Water 0.9991 1.3337 

Carbon bisulphide 1 . 2709 1 . 6320 

Ethyl ether 0 . 7200 1 . 3558 

Calculate the indices of refraction for the vapors at 0°C and 760 mm pressure. 
The observed values for the vapors are 1.000250, 1.00148, and 1.00152, respectively. 

7. The quantity called the “refractivity” of a substance if rn 


denotes its mas.s. Prove that the refractivities of mixtures of substances equal 
the sum of the refractivities of the constituents. (Neglect damping forces from 
the start.) 

8 . Show that the molecular refractivity of a compound, defined as ------ — , 

«- + 2 po 

where M is the molecular weight, is equal to the sum of the atomic refractivities of 
the atoms of which the compound is formed. (Neglect damping forces.) 

9. For the following gases we have the following values of (n — 1)„ extrapolated 
to long wave lengths: 


Gas (n - 1)„ > 10« 

Hs 136.35 

N2 294.5 

Oa . 265.3 


Calculate the values of (n — 1)„ for the following gases; HaO, NHa, NO, N 2 O 4 , O 3 . 
The measured values are 245.6, 364.6, 288.2, 496.5, 483.6, all times 10°. Find the 
percentage discrepancy between the calculated and observed values. 




CHAPl^ER X 


REFLECTION AND REFRACTION • 

OF ELECTROMAGNETIC WAVES 

In Chap. VIII we investigated the behavior of a plane wave in a 
homogeneous medium, and showed that it is propagated with a veloe- i 

ity equal to the velocity in free space, divided by the index of refrac- ; 

tion. Next in Chap. IX we investigated the physical nature of 1 

various types of media, and found the features leading to various I 

indices of refraction, their variation with wave length, and to the i 

absorption that often accompanies dispersion. Now we shall consider ^ 

•what happens at an infinite plane boundary between t\vo semi-infinite ; 

media of different indices of refraction, such for instance as free space I 

and a dielectric, or free space and a metallic conductor. We shall I 

be led to the familiar laws of reflection and refraction, laws that I 

were established, before the electromagnetic theory, merely from 
general -wave theory. To consider the behavior at the boundary, we * 

must find the boundary conditions holding at a surface of discontinuity I 

between two media. 

1. Boundary Conditions at a Surface of Discontinuity. — In each of • 

our two media, we assume that the solution of MaxAvelPs equations 
that we desire is a plane wave, just as in an infinite medium. At the 
boundary between the media, however, certain boundary conditions 
are to be met, and these demand that there be definite relations 
between the waves in the two media. These conditions have been 
derived earlier, in Eq. (3.3) of Chap. IV for the electric vectors, and 
in Eq. (3.2) of Chap. VI for the magnetic ones. We rewrite them; 

Normal components of D and B are continuous, 

Tangential components of E and H are continuous, (1.1) 

at a surface that contains no charge and current. These conditions 
will prove to be enough to derive the complete laws of reflection and 
refraction; in fact, the conditions on D and B follow from the others, 
and are not necessary for the derivation. We shall find that in general 
we cannot satisfy them without postulating three separate plane 
waves : an incident and a reflected wave m one medium, a refracted 
wave in the other medium. By arguments like those of elementary 

U7' 
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optics, involving just the matching up of wave fronts on both sides 
of the surface of separation, we can prove the simple laws of reflection 
' and refraction : that the angles of incidence and reflection are equal, and 

i Snell’s law of refraction. We can go further than this, however, and 

compute the intensities of the reflected and refracted waves, and 
hence the reflection coefficients, embodied in Fresnel’s equations. 

We shall first prove the laws of reflection and refraction, and then 
Fresnel’s equations. Then we shall take up two more complicated 
; cases, which cannot be handled by the most elementary methods: 

i , total internal reflection, in which there is an exponentially damped 

, ’ , , wave of an interesting type in the rarer medium, which does not lead 

I to a flow of power into the medium ; and reflection and refraction by a 

f conducting medium such as a metal, in which Snell’s law of refraction 

I; ’ does not hold in its simple form. In all this discussion, we notice that 

’> ! our treatment holds for any part of the spectrum with equal validity, 

J ' from the longest electromagnetic or radio waves, through the visible 

, , region, to the X rays and gamma rays. The only difference is that the 

ill, index of refraction and absorption coefficient vary with wave length, 

, J , in the manner we took up in the preceding chapter. These quantities 

’ ■ ' will appear as constants in our present discussion, however, which will 

*1 ‘ deal throughout with monochromatic waves, of a definite wavelength. 

1 1' r' ' 2. The Laws of Reflection and Refraction. — ^Let us assume that the 

j . ' ‘ ■ surface of separation is 2 = 0, and that the medium with negative z 

' has constants n, e, and that for positive values has m', e', with cor- 

responding indices of refraction and absorption coefficients n, k, and 
n', k'. Let the incident wave be in the medium with negative z, and 
let its wave normal have direction cosines I, m, n. Then, in a non- 
absorbing medium, which alone we consider in the present section, the 
exponential factor representing the wave propagation is 



Qib)[t-~ilx+my+nz)/v)]^ (2 1 ) 

where y = c/n is the velocity of propagation. We shall simplify by 
assuming that the wave normal is in the xz plane, and that the angle 
of incidence, or angle between the wave normal and the z axis, is i; 
then we havel = sin i, m = 0, « = cos f, so that (2.1) may be rewritten 


(» Bin i+2 ooa i) /•«] 


( 2 . 2 ) 


Similarly in the medium with positive 2, there mil be a wave propa- 
gated at an angle r with the normal, r being the angle of refraction; its 
corresponding exponential factor is 


£30{i — '(aj nia r-f-a cos 


(2.3) 
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Along the surface of separation, s = 0, the two exponentials must 
agree; for otherwise, even if we were able to satisfy boundary condi- 
tions at one point, these would not hold at other points of the surface. 
Thus we must have 

sin i V n' 

— = „ = (2.4) 

sin r V n 


which is Snell’s law of refraction. Our derivation is simply the 
analytical statement of the elementary fact that the wave fronts in 
the two media must match each other. In addition to the refracted 
wave, we can set up in the first medium a reflected wave, whose z 
component of propagation is reversed, with the exponential 

(s ain i—z ooa i)/v] (2 5) 

Along the plane z ~ 0, this exponential agrees with the other tw'o, so 
that the boundary conditions can be satisfied; and a little consideration 
shows that it satisfies the law of reflection, that the angle of reflection 
equals the angle of incidence i. 

S. Reflection Coefficient at Normal Incidence. — We shall next set 
up the values of the electric and magnetic vectors on both sides of 
the boundary, use the boundary conditions (1.1), and derive the 
relations between the amplitudes of incident, reflected, and refracted 
waves. As a preliminary simple case, let us consider the case of 
normal incidence, when i and r are zero, so that the exponentials 
(2.2), (2.3), and (2.5) are independent of x. There will be no normal 
components of B and B, since the fields are transverse to the direction 
of propagation, -which in this case is the s axis. In the incident wave, 
let E be along the « axis, H along the y axis. From Eq. (2.1) of 
Chap. VIII, we have 


Similarly for the refracted Avave we assume E is along x, H along y, 
and have 



For the reflected wave, either E or H must be reversed in phase with 
respect to the incident w^ave, since the wave travels in the opposite 
direction. Thus we have 





& 
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Our boundary conditions may then be stated with respect to E : 


+ E” = E: 


"" 'n/m 


(E. - K) 


~ E' 




Eliminating we find for the ratio of reflected to incident amplitude 


S. v^T^+VTT^' + 

The ratio of reflected H to incident H, except for the change of sign, 
is the same; thus the ratio of reflected power to incident power, or 
the reflection coefficient for power, is the square of the quantity given 
in (3.4). 

In most common cases, the media are nonmagnetic, and 

/i = ju' = JUo, 


the value characteristic of free space. In this case, from (1.9), 
Chap. VIII, the square roots in (3.4) are proportional to the cor- 
responding indices of refraction, and the reflection coefficient for 
power is 

{n — n'Y 


Reflection coefl5.cient for power 


{n + n')~ 


(3.5) 


We note that, if n and n' are interchanged, or the incident wave is 
approaching the surface from the other side, the reflection coefficient 
is unchanged; a surface always reflects equally in both directions. 
The reflection coefficient is of course less than unity. We can easily 
find Eg, the amplitude of the refracted wave, if we choose, and show 
that the power carried to the surface by the incident wave is split up 
between the reflected and refracted waves, so that, if any energy is in 
the refracted wave, the reflected wave must be w’^eaker than the inci- 
dent, and the reflection coefficient must be less than unity. For 
instance, for a wave of light reflected at a surface between glass and 
air, we have n = 1 for air, and about 1.5 for glass; in this case the 
coefficient is (0.5)V(2.5)^ == 3^5, showing that only 4 per cent of the 
intensity is reflected from a glass plate at normal incidence. 

4. Fresnel’s Equations. — Next we take the case of an arbitrary 
angle of incidence. Here we meet the question of polarisation. The 
vector E is at right angles to the direction of propagation, but that 
does not fix the direction uniquely, and it is said that the wave is 
polarized in a particular direction if its electric vector (or, according 
to an alternative convention, its magnetic vector) points in that direc- 
tion. Let us then consider the two extreme cases. We take the wave 
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normal of the incident wave to be in the xz plane, as before. Then 
we consider the case where the electric vector is along the y axis, and 
the case where it is in the xz plane, as in Fig. 25, In case 1, the y axis 
points down into the paper, E and E' point down, and E" points up; in 
case 2, H, H', and H" all point down, along the y axis. We now discuss 
these cases separately. 



Fig. 26. — Vectors in reflection and refraction. Case 1; y axis points down into the 
paper. E and E' point down, E" points up. Case 2: H, H', H" all point down. 


Case 1. — The electric vector is along the y axis, or at right angles 
to the plane of incidence. All vectors depend on space in the way 
indicated by (2.2) for the incident wave, (2.3) for the refracted wave, 
and (2,5) for the reflected wave. From the figure, we see that for 
the incident wave Hx — —{Ey/Z^) cos z, where Zo is given in (3.1). 
Similarly for the refracted wave, JT' = —{E'ylZ'^ cos r, and for the 
reflected wave AT" — — (F'V^o) cos i. Hence we have the following 
relations; 


Tangential component of E : E'j, — By = F' . 

Tangential component of H : — {By + E'J) ~ —By 

ZlQ /fo 

Remembering Snell’s law, the second may be rewritten 


Ey + E'J = 


jpf tan i _ 
" y' tan r 


From this at once, multiplying the fir.st by (/Li//:4')(tan «/tan r), and 
subtracting, we have 


jgr ( tan t ( y tan i 

^ \y' tan r / ~ ^ tan r 

Ey _ ju tan ^ — y' tan r 
By y ism i y' tail r 



i 

I 
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If both media are nonmagnetic, so that ^ = ij.', as is usually the case, 
this becomes 


E'J _ tan i — tan r _ sin i cos r — cos i sin r 

~ tan i + tan r sin i cos r -f- cos i sin r 

By _ sin {i — r) 

Ey sin {i + r) 


This gives the amplitude of the reflected wave, and is one of Fresnel’s 
equations. We note that, as i and r become zero, the law of refrac- 
tion becomes i/r == n'/n, i = {n'/n)r. Thus, in the limit of normal 
incidence, the ratio approaches (n' — n)/{n' ?i), as we found above 

(when we correct the signs for the different convention used here). 
We also note, in the other extreme of tangential or grazing incidence, 
that i = 90°, so that the ratio is [sin (90° — r)]/[sin (90° -{- r)] = 1. 
That is, the reflection coefficient equals unity for grazing incidence. 
The formula gives a monotonic increase of amplitude as the angle of 
incidence increases. 

Case 2. — The electric vector is in the xz plane, or in the plane of 
incidence. We let H be along the y axis in all waves, and let E, 
E', E" be the magnitudes of E in the three waves. Then Ily — E/Zo, 
Hy = E'/Zq, Hy — E" JZ^. For the components of the electric vec- 
tors, we have Ex ~ E cos i, E^ = E' cos r, E” = —E" cos i. Then 
we have 


Tangential component of E : (.F — E") cos i — E' cos r 

{E -4- E^') ^ ^ 

2^0 Zi’ 


Tangential component of H : 


Wc may rewrite the first as E — E" — E' (cos ?’/cos i), the second as, 
E + E" = iZoiZ',)E'. Multiplying the first by 


Zo AfdnA 

Z', VAn/ WW?/ 

the second by cos r/cos i, and subtracting, we have 


E ( M sin i cos r \ _ / g sin i , cos A 

\g' sin r cos t) \m' sin r cos 


EL 

E 


n sin ^ cos i — M sin r cos r 


ju sin i am i -j- ju' sin r cos r 
li ji = n', we can use the trigonometric relations 


sin (?- + r) cos {i ■+• r) 

= (sin i cos r ± cos i sin r) (cos i cos r ± sin sin r) 

= sin i cos i{cos^ r + sin® r) ± sin r cos ?’(sin® i -j- cos® i) 
— sin i cos i ± sin r cos r. 

Hence we have 

E" ^ sin (i — r) cos {i + r) __ tan {i — r) , 

E sin (i + r) cos (i — r) tan (i + r) ' 

This is the other of Fresnel’s equations. 

There is one interesting feature met in this case, which is not 
present when the electric vector is at right angles to the plane of 
incidence; if ?' + ?■ = 90°, a perfectly possible situation, the denomi- 
2) is infinite 


at this angle, only the radiation with its electric vector at right angles 


will be polarized. It was by this phenomenon that polarized light 
was first discovered. Light was reflected from one mirror at this 
angle. Then its polarization wms found by reflecting from a second 
mirror at the same angle. As the second mirror was rotated about 
the beam as an axis, so that the polarization changed from being at 
right angles to the plane of incidence to being in the plane, the doubly 
reflected beam changed from a maximum intensity to zero. The 
polarizing angle f' is fixed by i' + r’ ~ 90°, and this occurs when 
cos i' — sin r'. Using the law of refraction, we find 


4. -f n' 

tan i' — 

n 

thus fixing the polarizing angle i'. 

6. Total Reflection. — For radiation passing from a dense medium 
to a rarer medium, so that n' < n, the angle of refraction becomes 
90° for an angle i for which sin z — n*ln. For greater angles of 
incidence, the equation sin r = (n/n') sin % ivould indicate that sin r 
should be greater than unity, so that r must be imaginary. To find 
the physical meaning of this situation, lye compute cos r, which is 
given by . 

cos r = + -s/l — sin® r — ±j -\/{n/n'Y sin® i — 1. 

The expression (2.3) for the disturbance in the rarer medium then 
becomes 

— (x sin r/f ') lg"«{'s/(n/n')2 sin* <— IJit/B' 
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where we have used the negative square root. The first term repre- 
sents a wave propagated along the x axis, or parallel to the surface 
of the medium, Avith an apparent velocity wVsin r, a value less than t;'. 
The second factor indicates that the amplitude of this wave is damped 
out as z increases, or as we go away from the surface, so that the Avave 
fronts (surfaces of constant phase) are at right angles to the surfaces 
of constant amplitude. This disturbance ordinarily damps out in a 
very short distance. Thus if {n/n') siii^ i is decidedly greater than 1, 
the exponential becomes small AAhen 2 is a feAV Avave lengths {az/v' 
a reasonably large number). Consequently the disturbance in the 
rare medium is not obserA'^ed, unless special experiments are devised 
to find it. It is easily shown that Poynting’s vector for this A’vave 
has no component normal to the surface, so that it does not carry any 
energy aAA^ay. Thus all the energy in the incident AAmve must reappear 
in the reflected AA'ave, and for this reason the phenomenon is called 
‘Hotal reflection.” The angle of incidence given by sin i — n' /n, 
AA^hich must be exceeded in order to have total reflection, is called the 
“critical angle.” 

Although there is no change of amplitude on reflection in this 
case, there is a change of phase, which is sometimes of interest, and 
which may be treated by Fresnel’s equations. Thus in case 1 we 
have, assuming nonmagnetic media, 

E" _ sin i cos r — cos i sin r _ -\/sin^ i — — j cos i 

E ~ sin i cos r + cos i sin r “ Vsin^ i - {n' /nY i cos i 
and in case 2, 

E" _ (?i/n')” A/sin^ i — {71' /n)^ — j cos i 
^ {n/n'Y 's/sin® i — {n'/n)^ -j- j cos i 

In each case, E"/E is the ratio of a complex number to its complex 
conjugate, Avhich is therefore a complex number of unit magnitude 
(shoAAdng that the reflection coefficient is unity), but Avith a certain 
phase angle. Thus, in the general case, Avhere E has components both 
in the xz plane and along the y axis, there is a difference of phase 
bet ween these components upon total reflection, and linearly polarized 
light in general Avill become elliptically polarized upon total I’eflection. 
To see this, aa^'c note that tAvo vibrations at right angles, with the same 
frequency and phase, produce a resultant vector whose extremity 
moves in a line (plane polarization), but if the TaVo components are in 
different phases the extremity of the vector traces out an ellipse. 
If the phases differ by 90°, and the amplitudes are equal, the polariza- 
tion is circular. 
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6. Damped Plane Waves, Normal Incidence. — So far, we have 
taken up only the case of nonabsorbing media, with real indices of 
refraction. The case of reflection by an absorbing medium, such as a 
metal, can be handled, as we saw in Chap. IX, by replacing the index 
of refraction 7i by the complex quantity n — jk. Considering the 
case of normal incidence, using (3.4), and setting f = ij.', we have 

^ ^ — jk) ^ (?i — n') + jk' .X 

Ex n + {n' — jk') (n + n') — jk'^ ^ 

on the assumption that the wave is incident on an absorbing medium 
{n',k') from a nonabsorbing medium. Since this ratio is complex, 
we see in the first place that there is a phase change on reflection 
from an absorbing medium. To find the reflection coefficient R, we 
must take the square of the magnitude of the quantity in (6.1), This 
can be done by multiplying by the complex conjugate. We have 

(71 - n')^ + k'^ 

{n 4“ fi')^ 4” k'^ 

It is interesting to consider the behavior of a metal at relatively 
low frequencies. We saw in Chap. IX, Sec. 3, that at freq uencies 
below the shorter part of the infrared, n' and k' both approach '\/<r/2w6o. 
Furthermore, both these quantities are very large compared 'with 
unity, or with n, the index of refraction of the transparent medium in 
question. Substituting these values, the reflection coefficient becomes 

R = 1 ~ 2n (6.2) 

According to our assumptions, the second term is small; thus nearly 
all the incident radiation is reflected. Furthermore, the second term 
becomes smaller as the frequency is reduced, or as the conductivity 
increases. In these cases, very little power flows into the conductor, 
and is dissipated in it because of the damping of the wave, or, in 
physical language, because of the dissipation of heat in the resistance. 
The reason so little power flows into the metal is easily seen, from the 
relation (2.1) of Chap. VIII for the ratio of E to H. From that 
equation, in the limit of low frequency, we have 



if we assume that Mo- That is, the ratio of E to H is much smaller 
than the value s/ fiofeo characteristic of empty space. It is so small, 
in fact, that the E within the metal can almost be neglected. Thus 
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Poyiiting's vector at the surface is very small, representing a small 
energ}'- flow into the metal. The situation is almost like that with a 
perfect conductor, in wliich the electric vectors of the incident and 
reflected waves exactly cancel at the surface of the metal, whereas 
the magnetic vectors are equal in magnitude, because of the perfect 
reflection, and add. 

Looking back to the value of 7 for a metal, from Eq. (1.5) of 
Chap. VIII, we see that in our limiting case 

7 = ±iw 

This tells us in first place that the real and imaginary parts arc 
equal [since j \/ —j = (1 + j)/^/^], so that a wave inside a good con- 
ductor damps down to a small fraction of its intensity in a few wave 
lengths; and that the distance in which the intensity falls off to a 
fraction of its value at the surface decreases as either the frequency or 
conductivity increases. It is often convenient to define the distance 
in which the amplitude falls to 1/e of its value as the skin depth, for 
this damping of the wave inside the conductor is simply another way 
of describing the skin effect, familiar in high-frequency electric-circuit 
theory. We have for 5, the skin depth, 



For the limiting case of a perfect conductor, we then see that the 
reflection coefficient is unity; the tangential E at the surface is zero 
(as it must be, for otherwise the current would have to be infinite), 
but the tangential H is finite; but that the field within the conductor 
is a damped wave that falls off infinitely rapidly to zero as we penetrate 
the metal, so that directly below the surface H, as well as E, is zero. 
In other words, to take account of the rapid decrease of the tangential 
n from a finite value at the surface to zero directly below the surface, 
Stokes's theorem shows that we must assume a surface-current density 
at the surface of the conductor, numerically equal to the tangential H, 
but at right angles to it, which because of the perfect conductivity 
can flow without a corresponding tangential electric field. These 
limiting boundary conditions are often convenient to use directly in 
discussing the boundary conditions of an electromagnetic wave 
reflected by a perfect conductor, as for instance in considering propaga- 
tion in wave guides, and electromagnetic fields in resonant microwave 
cavities. 
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1, Damped Plane Waves, Oblique Incidence. — If a plane wave 
approaches the surface between a transparent medium and an absorb- 
ing medium, such as a metal, at oblique incidence, the problem is 
considerably more complicated than any that we have taken up so far, 
and “we shall not give a complete discussion. (A more complete treat- 
ment is given in J. C. Slater, Microwave Transmission, Sec. 13, McGraw- 
Hill Book Company, Inc., New York, 1943.) We can see the reason 
for the complication in a very simple way. The wave normal in the 
metal will be at an angle of refraction r , which certainly will not bring 
it along the z axis, or the normal to the surface. Thus the surfaces 
of constant phase, or the wave fronts, in the metal, will not be parallel 
to the planes -z = constant. On the other hand, the amplitude is 
constant over the surface s = 0, the surface of the metal; thus it will 
also be constant at surfaces z — constant within the metal, since at all 
points of such a surface the wave will have penetrated equal distances 
through the absorbing medium, and will have had equal energy losses. 
Thus the surfaces of constant phase do not coincide with the surfaces of 
constant amplitude. 

We have already seen, in Sec. 5, an example of a case where these 
surfaces do not coincide; in that case, in fact, they were at right angles. 
We may get a general approach to this problem by assuming, in place 
of (1.4) of Chap. VIII, a general solution of the wave equation of the 
form where y and r are now vectors, and where j can be called 

the “propagation vector.’' In Chap. VIII, ive could have used this 
form, Tvith the assumption that x pointed along the z axis. We saw 
in (1.6) of Chap. VIII that y could be complex; but now we see that an 
additional complication can arise, in that the real and imaginary parts 
of Xi which we can call a and can be vectors that do not have to have 
the same direction in space. If we substitute our expression in the 
wave equation, find that, if there is no loss in the medium, o: and ^ 
must be at right angles to each other, and there is a definite relation 
between their magnitudes. This is the situation met in total reflec- 
tion, where we have a damped wave, but in a nonabsorbing medium. 
The physical situation is clear: since there is no loss, the Intensity 
of the wave must be constant along the direction of propagation, but 
there is nothing to prevent its intensity varying at right angles to tliis 
direction. 

On the other hand, in an absorbing medium, the relation between 
the directions of a and § is. quite arbitrary. Thus we can always 
choose the direction of « so as to make the surface of the metal a 
surface of constant amplitude, and yet can choose the direction of ^ 
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SO as to satisfy the law of refraction. We find, however, that the law 
of refraction is no longer the simple form of SnelFs law. The angle of 
refraction acts like a complex angle, and we can modify SnelFs law, if 
we choose, to give the correct results, by taldng a complex index of 
refraction, and complex angle of refraction. The net result of the 
law of refraction, however, is very simple for a metal of good conductiv- 
ity. We have seen that its index of refraction n', as well as the absorp- 
tion coefficient k' , are very large. The refracted wave within the 
metal resembles that in an ordinary case of refraction to the extent 
that, with a very large index of refraction, the angle of refraction is 
very small, or the wave normal of the refracted wave is nearly along 
the normal to the surface. In other words, quite independent of the 
angle of incidence, the wave inside the metal is similar to that dis- 
cussed in Sec. 6. There is, however, a change of phase on reflection, 
which we can get from Fresnel’s equations, treating the angle of 
I'efraction as complex, which is a function of the angle of incidence, 
and which is different for the two planes of polarization of the incident 
wave. Thus it can happen that the state of polarization of the incident 
wave can be changed by reflection, in a characteristic manner, and 
this gives one of the practical experimental methods for finding 
information regarding the optical constants of a metal. 

Problems 

1. Light is reflected from glass of index of refraction 1.5. Compute and plot 
curves for the reflected intensity as a function of angle, for both sorts of plane 
polarization. 

2. Find the intensity of light in the refracted medium, for arbitrary angle of 
incidence and both types of polarization. Show that the amount of energy strik- 
ing the surface is just equal to the amount carried away from it. Note that the 
amount striking the surface is computed, not from the whole of Poynting’s vector, 
but from its normal component. 

3. Light passes normally through a glass plate. Find the weakening in inten- 
sity becaii.se of the reflection at the faces. 

4. Ten plates of glass of index 1.5 are placed together and used as a polarizer. 
Light strikes the plates at the polarizing angle, and the transmitted light is used. 
Since all the reflected light is of one polarization, and the reflection at both surfaces 
of all plates is enough to remove practically all the light of this polarization, the 
transmitted light will be practically polarized in the other direction. Find the 
intensity of both sorts of light in the transmitted beam, assuming initially unpolar- 
ized light, and hence show how much polarization is introduced. You may have to 
consider multiple inteniiil reflection. 

6. The resistivity pf coppCr is about 1 .7 X 10"'’ ohm-cm, Galeulate the reflec- 
tive power of copper for wave lengths of light X = 1 2 m and X = 25.6m. The 
observed values of 1 ~ R are 1.6 per cent and 1.17 per cent at the.se wave lengths. 


CHAPTER Xr 

WAVE GUIDES AND CAVITY RESONATORS 



If electromagnetic radiation is introduced into the open end of a 
hollow pipe bounded by perfectly conducting, and hence perfectly 
reflecting walls, the radiation will be reflected from the wall whenever 
it strikes it, and will be able to progress down the pipe for an indefinite 
distance. Such a hollow pipe is called a “wave guide,” and has recently 
come into much prominence in connection with the applications of 
microwaves, or electromagnetic waves whose lengths are of the order 
of magnitude of laboratory dimensions. The propagation of waves 
down a wave guide is not quite so simple as it seems at first sight; 
for the various reflected waves interfere with each other, in such a way 
that only certain types of waves can exist in the guide. In particular, 
the field pattern of the wave in a plane perpendicular to the axis can 
take on only one of a discrete, though infinite, number of character- 
istic patterns, called “modes,” determined by the shape and size of the 
cross section. Corresponding to each of these modes, a wave is 
possible in the guide for any given frequency, and the effective wave 
ength as measured along the guide, the so-called “guide wave length,” 
is determined in terms of the frequency. 

For each frequency and guide wave length we can at once deter- 
mine the phase velocity of propagation along the axis of the guide, and 
we find that in most cases this phase velocity is greater than the 
velocity of light, a fact that does not contradict the principle of rela- 
tivity, since it can be shown that no signal can be propagated with this 
phase velocity. The phase velocity varies with frequency; that is, the 
propagation shows dispersion, just like the propagation of light in a 
dispersive medium, which we discussed in Chap. IX. In fact, as the 
frequency decreases, the guide wave length, and the phase velocity, 
increase without limit, both becoming infinite at a quite finite fre- 
quency. At still lower frequencies, the disturbance, instead of being 
propagated along the wave guide, is exponentially attenuated or 
damped, at a more and more rapid rate as the frequency approaches 
zero. The frequency at which the disturbance changes over from 
being propagated to being attenuated is called the “cutoff frequency,” 
and the corresponding wave length of a wave in free space is called 
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the “cutoff wave length.” Since the guide will propagate only waves 
of free-space wave length shorter than the cutoff wave length, or of 
frequencies higher than the cutoff frequency, it forms a filter, passing 
only high frequencies. The cutoff frequency is different for each 
mode. Thus, for frequencies less than the lowest cutoff frequency, no 
wave can be propagated down the guide ; between the lowest and next 
lo’west cutoff frequencies, only one mode can be propagated; and so on. 
As a practical matter, wave guides are usually used in the region 
between the lowest and next lowest cutoff frequencies, so as to have 
only one mode propagated, the rest attenuated. For certain sfiecial 
types of wave guides, the lowest cutoff frequency is zero, so that in 
such cases any frequency, no matter how low, can be propagated. We 
shall find that in such a case this mode of zero cutoff frequency, called 
the “dominant mode,” has the interesting property that the velocity 
of propagation is equal to the velocity of light in free space, so that 
this mode, unlike the others, does not show dispersion. 

If a length of wave guide is closed by two perfectly reflecting 
planes, radiation propagated down the guide will be reflected back 
and forth by the planes, and will form standing wmves. Furthermore, 
in order that the successive reflections may reinforce each other, 
it is clearly necessary that the round trip, from one plane to the 
other and back again, should occupy a w^hole number of periods of the 
vibration, or that this distance should be a whole number of guide 
wave lengths. Thus the guide wave lengths, and hence the fre- 
quencies, are determined in terms of the dimensions. Such a guide 
with closed ends forms a simple example of a cavity resonator. It is 
found, in fact, that any closed region bounded by perfectly reflecting 
wmlls can vibrate in certain normal modes, each of a definite frequency 
fixed by the geometry of the cavity, there being an infinite number of 
such normal modes of greater and greater frequency. Such resonant 
cavities form the equivalent, in the microwave range of frequencies, 
of resonant circuits in the ordinary range wdiere electric circuits are 
used. It is obvious that wave guides with closed ends, forming 
resonant cavities, form a close analogy to organ pipes, and it is not 
surprising to find that Lord Eayleigh, some of whose best known work 
was in the theory of sound, worked out the theory of wave guides and 
of cavity resonators in the latter part of the nineteenth century. 
Their practical application, however, has waited until the last few 
years, when techniques for producing the oscillations of the required 
very high frequency have become available. 

The properties of wave guides, w'hich we have outlined above. 
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seem at first sight strange and unexpected, though it is very easy 
to prove these properties by setting up appropriate solutions of Max- 
well’s equations. A little further consideration, however, sho'i.vs 
that the properties of wave guides follow largely from the discussion 
of reflection which we have already given. Even the attenuated waves 
for frequencies below cutoff prove to have their simple explanation, 
and to be closely related to the attenuated “wave in the rarer medium 
in the problem of total internal reflection, the cutoff phenomenon 
having an analogy to the critical angle. Accordingly, so as to make 
the subject physically clear, we shall start our discussion by consider- 
ing a very simple problem, the propagation of radiation between two 
parallel plane mirrors, which show^s many of the properties met with 
wave guides. We shall not push this method too far, however, for 
in fact it is only "with rectangular wave guides that one can build 
up the solution from a study of reflection by plane walls. In more 
complicated cases, such as the circular guide, this method is not 
available, and yet we can set up a general treatment that takes care 
of any arbitrary cross section in a fairly simple way. 

1. Propagation between Two Parallel Mirrors. — A perfect reflector 
allows no field to penetrate within it; we have seen how this is to 
be realized in fact, by considering a good conductor, in which the 
field penetrates only to a distance comparable with the skin depth, 
which reduces to zero in the limit of perfect conductivit 5 q which we 
assume. Thus the electric and magnetic fields are zero within the 
mirror, and our boundary conditions reduce to two statements: first, 
that the tangential component of E at the surface of the mirror is 
zero, since it must be zero within the mirror, and we know that the 
tangential component is continuous; secondly, the normal component 
of B at the surface must be zero, since B is zero within the mirror, and 
the normal component of B is continuous. The other’ two conditions, 
on the normal component of D and the tangential component of H, 
lead to information about the surface charge and current; for our 
surface is conducting and can carry charge and current, so that the 
value of the normal component of D outside the metal measures the 
surface-charge density, and the tangential component of H the surface- 
current density, which appear on the surface. Because of the lack of 
penetration of the field into the mirror, we need consider only incident 
waves striking the mirror, and corresponding reflected waves, but no 
refracted waves within the mirror. 

With this understanding of the nature of the reflection process, 
let us consider a Avave striking a perfectly reflecting mirror, and the 
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ing reflected wave. Let the mirror be in the xz plane, the 
0, and let the incident wave have its normal in the yz plane, 
angle of incidence i with the y axis, as shown in Fig. 2(>. 

Let the incident wave approach from posi- 
A tive values of y, and negative s’s. Then, 

/ using the same sort of arguments as in 


Fig. 26 . — Coordinate sys- 
tem for propagation between 
parallel planes. 


ing by 


wave will be 

(93wfH(!/co3i+3sinO/c]l_ (1.2) 

We must now superpose these in such 
a way that certain components of the field 


normal component of B) will be zero on the 
plane y = 0. The only way in which we 
can accomplish this is to superpose (1.1) 
and (1.2) in such a way that the function 
of y turns into a sine function. We do this 
by subtracting (1.2) from (1.1), and divid- 


Thus we obtain the function 


(z sia o/c] gjjj 


( 03 cos A 



The solution (1.3) may be interpreted as a disturbance that is propa- 
gated along the z axis with an apparent velocity c/sin which is 
greater than c, since sin i is less than unity; and varying sinusoidally 
along y, or corresponding to standing waves along y, with an effective 
wave length given by 

27r « cos i . Xo .V 

„ = y Ac = .3 (.i-4) 

Xc c cos % 

where Xc is the effective wave length along y, Xo == 2xc/w is the free- 
space wave length, or wave length of the disturbance in the absence 
of reflections. The standing- wave phenomenon along y can be 
observed with visible light, in the form of the so-called “Lippmann 
fringes.’’ lippmann showed that, if standing waves are set up by this 
process, not in free space, but in the sensitive emulsion of a photo- 
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graphic plate, the emulsion will be blackened along surfaces half a 
wave length apart in the standing- wave pattern. Tlie phenomenon 
can also be demonstrated very easily, with the longer waves of the 
microwave region. 

We have so far considered only the reflection by one mirror, at 
y = 0. In case, however, we have a second mirror, at y — L, we 
must satisfy the same sort of boundary conditions at this second 
mirror. Thus our function (1.3) must be zero, not only at y = 0, 
but also y — L. This leads at once to the condition 


L - 


rX. 
2 ' 


(1.5) 


where n is an integer. In other words, the dependence of the dis- 
turbance on y cannot have any arbitrary wave length, but only an 
infinite set of discrete Avmve lengths. These form the modes that 
we have already mentioned. It should be noted that, to disoiLss this 
problem of two mirrors, we do not have to think of multiple reflection, 
in the elementary sense. Our one wave traveling along -f y, and the 
other traveling along —y, suffice to satisfy the boundary conditions 
everywhere. If we treat the disturbance by means of rays, we should 
say that any given ray is reflected back and forth an infinite number 
of times from the two mirrors, but in fact all the rays traveling to 
the right coalesce to furnish the description, of the single wave traveling 
to the right, and similarly with the rays traveling to the left. 

For a given n, or a given mode, the wave length Xc is determined 
by (1.5). This is independent of the free-space wave length Xo, or the 
corresponding frequency co. Knowing Xo, from the conditions of our 
problem, we can next use (1.4) to find i, the angle of incidence, and 
from this we can find the apparent phase velocity along the z direc- 
tion, determined by 

"" ( 1 . 6 ) 


sin t 


and the corresponding wave length, 

X„ = — Xo 


sin t 


( 1 . 7 ) 


For many purposes it is convenient to eliminate i, the angle of inci- 
dence. Computing cos f from (1.4), sin i from (1.7), and taking the 
sum of their squares, we find at once the relation 

1 ' 


x* + x; K 


( 1 . 8 ) 
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This simple equation determines the wave length \g along the z direc- 
tion, in terms of the free-space wave length Xo, and the wave length Xa 
along the y direction, or the direction normal to z. We notice one 
interesting fact from (1.8). If Xc is fixed, and if Xo is increased, or 
the frequency is decreased, 1/X| decreases, or 'Kg increases, with conse- 
quent increase of the phase velocity Vg, until finally when Xo equals 
Xo, X^ and Vg become infinite. For values of Xo greater than Xc, the 
wave length \g and the velocity Vg become imaginary, so that the wave 
is attenuated rather than propagated along the z axis. In other words, 
we have the phenomena that we have already described, including a 
cutoff wave length, with only attenuation for longer waves than the 
cutoff wave length. Furthermore, we see that Xc is the cutoff wave 
length in question. 

We have so far considered only the exponential function associ- 
ated with the direct and reflected waves, and the corresponding rela- 
tions regarding the w^ave length and frequency. In addition, we 
should take up the orientation and magnitude of the electric and 
magnetic vectors. As in Chap. X, there are two cases : that in which 
E is along the x direction, or at right angles to z for both the direct 
and reflected waves, and that in which H is in the x direction. In the 
language of wave guides, these are knowm, respectively, as the trans- 
verse electric (abbreviated TE) and transverse magnetic (abbreviated 
TM) modes of propagation. All wave guides, we shall find, have 
modes of both types. We could go through the equivalent of Fresnel’s 
equations, and find the relations between E and H in these two types 
of modes, but it is so easy to prove much more general results holding 
for any type of guide, as we shall do in the next section, that w^e shall 
not carry out this discussion here. 

Our problem of propagation between two mirrors forms a very 
simple and yet instructive case of wave-guide propagation. If we 
add two more reflecting surfaces perpendicular to the a; axis, we have 
a rectangular wave guide. Some of the modes encountered with the 
mirrors, namely, those in which E is along the x axis, satisfy the 
boundary conditions for the rectangular guide as ’well, and in fact 
form important modes of this guide. They are not the whole set of 
modes, however, for there can be a sinusoidal variation along a; as 
well as along y. If we furthermore add two reflecting surfaces per- 
pendicular to h, we form a totally enclosed rectangular cavity We 
now cannot use the solution we have so far written, involving propa- 
gation along we must rather superpose a reflected w’-ave traveling 
along ~z, giving a standing wave along 2 . To satisfy the boundary 
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conditions at the mirrors, which may be located for example at 2 == 0, 
z = ill, we must make the sinusoidal function along z, whose wave 
length is satisfy a condition analogous to (1.5), or 

M = ( 1 . 9 ) 


where m is an integer. 


Combining (1.5), (1.9), and (1.8), this leads to 



(1.10) 


That is, the free-space wave length, or the frequenc 3 ’', of the disturb- 
ance in the cavity is determined by the integers n and m. We have 
a discrete set of normal modes of oscillation, in which the cavity can 
resonate. 

The problem is similar to that of the elastic vibrations of a coupled 
system or of a vibrating membrane in mechanics, in which there are a 
discrete set of normal modes of oscillation, each with its own resonant 
frequencA^, and characteristic 'wave form. Furthermore, as in mechan- 
ics, we can introduce normal coordinates describing the various modes, 
using these normal coordinates to describe forced oscillations of the 
system, and we can prove orthogonality relations holding between 
the various normal vibrations. These subjects are, however, beyond 
the scope of the present book. We now proceed to a much more 
general discussion of propagation in wave guides, holding for a wave 
guide of arbitrary cross section, and reducing to the results of the 
present section in our present simple case. This general discussion is 
simpler and more powerful, but it docs not exhibit the waj'' in which 
the field is made up of the superposition of direct and reflected waves. 

2. Electromagnetic Field in the Wave Guide. — We shall assume 
a wave guide in the form of a hollow pipe of arbitrary cross section 
in the xy plane, extending indefinitely along s. As shown in Eqs. (1.2), 
Chap. VIII, each of the comijonents of E aiid H must satisfy the wmve 
equation, which, in empty space, is 


WE 


_1 fE 

C“ dt“ 


V^H - 


1 a^H 



( 2 . 1 ) 


We now ask if we can obtain a solution of the form 
where u(x,y) is a function of x and y, and where X„, the guide wave 
length, has the same significance as in Sec. 1. Substituting in (2.1), 
and using Xo == %rclco, we find that w satisfies the equation 


dhi dHi , 

_i_ 



(2.2) 
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where X,, is defined in terms of \ and Xo by (1.8). Equation (2.2) 
must be solved subject to certain boundary conditions, which we shall 
discuss presently. Subject to these, boundary conditions, we find 
solutions for only a discrete set of values From (1.8) we are 
then led, as in the preceding section, to the conclusion that Xc forms 
a cutoff wave length, such that free-space wave lengths greater than 
Xc are attenuated in the mode in question, while shorter free-space 
wave lengths are propagated. Thus those conclusions are quite 
general, and are not limited to the case of propagation between parallel 
reflecting planes. 

The fields E and H must satisfy not only the wave equation, but 
Maxwell’s equations as well. When we write these equations down, 
we find at once, as mentioned in the preceding section, that two 
separate types of solutions are possible: solutions for which Es — 0, 
the transverse electric, or TE, waves, and solutions for which Hs = 0, 
the transverse magnetic, or TM, waves. We shall let Et, Hi be the 
transverse components of E and H (that is, Ei = iE”* -h jEy, and so on). 
Letting k be unit vector along the z axis, as usual, we then find easily 
and directly from Maxwell’s equations the following relations: 

TE: grad — 2irj p H<, 

TM: grad E, = 2tj ^ E^. (2.3) 

Ac 

In these expressions, Hg and d&s represent that part of the correspond- 
ing quantity which must be multiplied by the exponential 
to give the complete components. Since they are functions of x and y 
only, their gradients are in the a:?/ plane, as is proper for Hi or Ej. 
We find that there is a relationship between the transverse components 
of E and H, as follows: 

Hi = where Z, - . ^ for TE 

^0 V Co Xo 

This means, since k and Ej are at right angles to each other, that Hi 
is at right angles to E{ in the xy plane, and is equal in magnitude to 
the magnitude of Ei, divided by the quantity ^o, ^yhich is clearly 
analogous to the corresponding quantity introduced in Eq. (2.1), 
Chap. VIII. 

Using (2.3) and (2.4), we can find all the components of E and H 
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from Hz (in the TE case) or from Ez (in the TM case) . These quanti- 
ties, like the transverse components, satisfy the wave equation (2.2), 
and are Scalar solutions of that differential equation. Furthermore, 
Es is zero on the boundary of the guide (since E must have no tangential 
component on the surface), while Hz has a vanishing normal deriva- 
tive on the boundary (since H must have no normal component on the 
surface, and Hj is proportional to the gradient of Hz). We may draw 
lines of Hz = constant (in the TE case) or of Es = constant (in the 
TM case) in the xy plane. Then by (2.3) the orthogonal trajectories 
of these lines will be along the direction of Ht (in the TE case) or of Ej 
(in the TM case). Finally, since by (2.4) the direction of Hi is 
perpendicular to that of Et, the lines of constant Th -will be along the 
direction of Et (in the TE case), and the lines of constant Es will be 
along the direction of Hi (in the TM case). Proceeding in this way, 
we may draw lines of force, for the transverse components of E and H, 
in the xy plane, finding of course that the electric lines of force meet 
the surfaces at right angles, wFile the magnetic lines of force are 
tangential to the surface. 

For every scalar solution of the two-dimensional wave equation 
satisfying the condition that it vanishes on the boundary, we get a 
TM wave, and for every solution whose normal derivative vanishes 
we get a TE wave, as we have seen above. There will be an infinite 
number of solutions of each type, each corresponding to a particular 
cutoff wave length. These wave lengths may be arranged in order 
of decreasing magnitude ; they start with a largest cutoff wave length, 
associated with the lowest mode of oscillation, and extend indefinitely 
toward shorter and shorter wave lengths, so that we have an infinite 
number of modes of oscillation. We shall give in the next section 
some simple examples of the modes in various types of wave guides. 

In some cases, the first mode has an infinite cutoff wave length; 
in this case Ave call it a “principal mode.’ ^ When a mode of infinite 
cutoff Avave length, or principal mode, exists, it has great practical 
importance, because it can be used to propagate any Avave length, no 
matter hoAV long. The commonly used mode of the coaxial line is a 
principal mode, and the familiar parallel-wire transmission line, ordi- 
narily used for low frequencies, can also be considered as a wave guide 
with a principal mode. We find that such a principal mode exists 
only if the Avail of the AvaA'^e guide consists of at least two separated 
conductors, as for instance in the coaxial line. The physical reason 
for this is quite clear: we can put a very Ioav frequency, or direct 
current, into a transmission line consisting of two or more Gonductors, 
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and they will be insulated from each other, and suited to conduct the 
current. If there is only one conductor, however, as in an ordinary 
hollow pipe, there w^ould clearly be a short circuit for a low frequency 
or direct current, and no propagation is possible until we get to a wave 
length short enough so that something like real wave propagation 
occurs. For a principal mode, the cutoff wave length is infinite, so 
that (2.3) tells us that grad Ih, or grad E^, must be zero. That is, the 
longitudinal components of both E and H are zero, and such a wave is 
simultaneously transverse electric and transverse magnetic. It is 
sometimes called a ‘Transverse electromagnetic {TEM) wave’’ for 
this reason. Furthermore for such a w'ave, as we see from (1.8), the 
guide wave length becomes equal to the free-space waive length, so 
that the velocity of propagation becomes c. Finally, from (2.4), the 
quantity Za for a principal waive becomes VMo/eo, wdiich by Eq. (2.1), 
Chap. VIII, is the ratio of magnitudes of E and H in a plane w-ave in 
free space. Thus a principal wave has many of the properties of a 
wave in free space. 

3. Examples of Wave Guides. — The commonest type of wave guide 
is that of rectangular cross section, bounded by planes at a* = 0, a; = a, 
y = 0^ y = b: The solution of the w'ave equation (2.2) in this case 
can be carried out in rectangular coordinates, and is at once obvious. 
Thus for a TE wave we have 


where 


= cos cos 

a h 

i = (“Y + (« Y, 

\l \2a) ^ 126/ 


and where m, n are integers. Using (2.3), (2.4), we then have for the 
other components 

TT . mTX ntry , o s 

Ih = - K-f- — sin — cos 


Hx — — sin — — cos Qiwi-iTfVhg) 

2Trj\i! a a b ’ 

Ag 0 CL 0 

cos sin 

\eo 27rjXo h a ' b 

■n /mo Xr. TOtt . ni'irx mrij 

Ey = ^ sm cos ----- 

\eo 2irj\o a a b ’ 

F, = 0. (3.3) 

Of this infinite set of possible TE solutions, only one is commonly 
nsed in practice, in a rectangular guide. If a > h, this is the mode 
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of longest cutoff wave length, given by m = 1, n = 0. We note from 
(3.3) that for this mode Ex = 0, and Ey is proportional to sin rx/a, 
going to a maximum at the center of the guide, and is independent 
of y, so that the lines of force run straight across the guide. There is 
no mode corresponding to m = 0, w = 0, for then as w'e see from (3.3) 
all the transverse components of field are jzero, and we verify easily 
that the field cannot exist. Thus there is no principal mode for the 
rectangular guide. 

For the TM wuaves, we have 

Bz — sin sin g/Cwt-sirs/Xo)^ ^3 4^ 


where the cutoff wave length is again given by (3.2). We thus see 
that, for the case of the rectangular guide, the TE and TAI waves have 
the same cutoff wave lengths; this is a special case, which does not 
hold for most shapes of guides. Clearly we must have m and n 
both equal to or greater than unity, however, in the ca,se of the TM 
waves, as we see from (3.4), so that the case m — 1, n = 0, which 
provides the dominant TE xvave, does not exist for the TM waves. 
From (3.4) w’-e can find the other components of E and H, as we did for 
the TE waves in (3.3). 

The next most important example of wave guides after the rec- 
tangular guide is that in which the bounding surfaces are circular 
cylinders. This includes both the circular guide, and the coaxial 
line, which has txvo concentric cylinders, with the wave propagated in 
the annular space between. For either of these cases, we must handle 
Maxwell’s equations and. the wave equation in polar coordinates. In 
Appendix IV, where xve discuss vector operations in curvilinear coordi- 
nates, we see that the wave equation, equivalent to (2.2), is 


3 / cftA ,1 dHi , /27r\“ 


This equation can be solved by separation of variables. We assume 
that u can be written as a product of a function of r, and a function 
of d: u == R{r)Q{0). Substituting, dividing by and miiltipiying by 
rq (3.5) takes the form 


Id/ cm\ , /2tV 


The first term of (3.6) is a function of r alone, the second a function 
of 6 alone ; hence by the usual argument used in separation of variables, 
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each term must be a constant. Let us assume then that 


3 ? + ”-® 


sin nd or cos nd. 


Since u must be a single-valued function of position, it is clear that 
increasing 0 by 27 r must bring 0 back to its original value ; thus the 
quantity n must be an integer. Substituting the value from (3.7) 
back in (3.6), and multiplying by R/fK we then have as the equation 
for R 


Equation (3.8) is Bessel’s equation, whose properties are dis- 
cussed in Appendix VII. It has two independent solutions, called 
Bessel’s function and Neumann’s function: 


R = Jn 


These functions have the following properties, discussed in Appendix 
VII: At X — 0, Jn{x) is proportional to .r", whereas Nn(x) becomes 
infinite. For large values of q:, Jn{x) and Nn(x) approach the values 

r f \ ( 2?l -j- 1 \ 

Nnix) sin (3.10) 

From this, it is clear that, in a circular guide, where the field must 
be finite at r = 0, we must use only the Bessel functions /«. On the 
other hand, with a coaxial line, in which r — 0 does not fall within 
the region wlnu’e we are finding the field, the Neumann as -well as the 
Bessel functions can, and in fact must, be used. 

We sec, then, that the function w which satisfies the wave equation 
(3.5) must be the form 


w = A./„ 


cos {nd — a) -f- BN 


■fe) 


cos {nd 


Here we have introduced amplitude constants A and B, and phase 
constants a and 6. For & TE wme, as v'e have seen before, stands 
for Hu, and its normal derivative must be zero at the boundary of the 
guide; that is, the derivative of the function of r with respect to r 
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must be zero. For a TM wave, u stands for Ez, which, must itself 
be zero on the boundary. Now let us consider first a circular wave 
guide, for which we need only the Be.ssel function Jn- If Ri is the 
radius of the guide, we must clearlj'' have /„(27ri?i/Xc) = 0 for a TM 
mode, and Ji{2irRi/'Kc) = 0 for a TE mode, where the prime indicates 
a derivative. 

By giving a table of the maxima, minima, and zeros of the Bessel’s 
functions, w'e can then find the values of Xc for the various modes. 
The first few values are given in the following table; 


Maxima and Roots of Bessel’ .s FiIxNCtions 


II 

:c«i =3.832 

.ru = 1.S42 

a*..i = 3.05 


Xn« = 7.016 

X,.. = 5.330 

Xrz = 6.71 

li 

.Tui = 2.405 

.fu= 3.832 

X2i = 5.135 


.Ta2 = 5.520 

Xin — 7.010 

.T23 = 8.417 


If we let Xnm be the ?nth value of x for which — 0 (for the TE 

modes) or for which Jn{x) — 0 (for the TM modes), w'e then clearly 
have the cutoff wave length given by 


} Xo = (3.12) 

i Xnm 

i where the are given in the table above. Thus we can calculate 

i the cutoff wave lengths of the various modes. Using (3.11), and the 

( relations (2.3) and (2.4), we can then find the various components of 

I the field, wdiere we remember that the gradient must be computed in 

polar coordinates, as discussed in Appendix IV. 

For a coaxial line, we must satisfy boundary conditions, not at 
j one value of r, but at two. This can be done only by combining the 

Bessel and Neumann functions, and using the extra arbitrary constant 
gained thereby. Thus, if the radius of the inner conductor is Ri, 
and of the outer one is R-i, we may combine the Bessel and Neumann 
functions in such a way as to satisfy the boundary conditions at Ri. 
From (3.10) it is clear that a suitable combination of these two func- 
tions will act like a cosine or sine function with arbitrary phase, which 
can be chosen to put the zero, or the maximum, at any desired point. 
This can be done for arbitrary Xc Then we can choose Xc so as to 
satisfy the boundary condition at Rz as well. This process is a little 
involved, and it is not so easy to get the numerical answers to problems 
as with the circular guide, where we found the cutoff wave lengths 
explicitly in (3,12). The main interest in the coaxial line, however, 
is not in the modes that we inveatigate in this Way, but in the principal 

■1 

i 
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mode, whose cutoff wave length is infinite. This can be approached 
by a limiting process from the solution in terms of Bessel and Neumann 
functions, but it is much easier to discuss it directly from the wave 
equation (2.2). 

For a principal mode, where Xc is infinite, the equation (2.2) reduces 
to Laplace’s ec|uation dhi/dx^ + d^u/dy’^ = 0. Thus the problem of 
finding w becomes mathematically equivalent to that of finding an 
electrostatic potential in a two-dimensional problem. In our case of 
circular symmetry, we may take u to be In r, so that its gradient points 
in the direction of r, and is a constant divided by r. With a coaxial 
line, this gradient ma}^ be chosen as E, with H at right angles to it, and 
we have satisfied our boundary conditions at the surfaces of the con- 
ductors. Thus we have, for the principal mode of a coaxial line, the 
very simple solutions 

JJ, = k Er. ( 3 . 13 ) 

T y /io 

The wave, like all principal modes, is propagated with the velocity of 
light. The mode, as in all principal modes, is TEM, both E and H 
being transverse. This is not the only case of principal modes that 
we can work out simply. For instance, for a parallel-wire transmission 
line, we may use our earlier solution for the capacity of two parallel 
cylindrical conductors, worked out in Sec. 2, Chap. II. There we 
found the potential of two such conductors, a solution of Laplace’s 
equation, reducing to a constant on the surface of each conductor. 
The gradient of this potential gave the electrostatic field, cutting 
each conductor at right angles. By the principles we have just 
stated, this same field is proportional to the value of E in the principal 
mode of the parallel-wire transmission line, and H is at right angles 
to it, so that the eciuipotentials are also the lines of magnetic force. 

4. Standing Waves in Wave Guides.-— We have so far considered a 
wave propagated along the z direction in an infinitely long wave 
guide, and varying according to an exponential Now, 

however, we consider the possibility that the wwe may be reflected 
from an obstacle at the end, sending back a reflected wave. This 
reflecting obstacle may be a perfect reflector, such as a metallic 
wall; then the reflected svave will be equal in amplitude to the incident 
wave, and there will be standing waves in which there are nodes 
and antinodes, the amplitudes canceling and resulting in zero dis- 
turbance at the nodes, with addition of the amplitudes midway 
between. On the other hand, the obstacle may be only a partial 
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reflector, allowing some radiation to penetrate it, reflecting the rest. 
In this case, the reflected wave will have less intensity than the incident 
wave, and the interference of the two will never completely cancel the 
disturbance. 

If the amplitude of the transverse electric field in the reflected 
wave is r times as great as in the incident wave, where r is sometimes 
called the “reflection coefficient,’’ the amplitude of the resulting dis- 
turbance will vary from something proportional to 1 + r, where the 
two waves add, to something proportional to 1 ~ r, where they oppose 
each other. The ratio of maximum to minimum E, or (1 -f* r)/(l — r), 
is called the “standing-wave ratio” in voltage. We see that it can 
go from unity, when r = 0, and there is no reflection, to infinity, when 
f == 1, and there is perfect reflection. The points along the guide 
where the resultant transverse electric field is a maximum are called 
“ standing- wmve maxima,” and those wdiere it is a minimum are 
“standing-wave minima.” For an infinite standing-wave ratio the 
standing-wave minima become the nodes, and in any case they come 
a half wave length apart. It is clear that from a measurement of 
the magnitude of the standing-wave ratio we can find the reflection 
coefficient r, and from the positions of the standing-w-ave minima we 
can find the phase change on reflection. 

There is one simple cavSe in which we can calculate the reflection 
coefficient easily. That is the case in which part of the guide, say 
for positive z, is filled with a dielectric, while the rest, say for negative 
z, is empty. Then a wave approaching the surface of separation from 
negative z's, will be partly reflected, partly transmitted, just as a wave 
approaching a surface of glass from air is partly reflected, as we have 
seen in Chap. X. In simple cases, we could use Fresnel’s equations, as 
derived in that chapter, to find the reflection coefficient in the present 
case, but w"e shall instead proceed directly, showing that the results 
are in close analogy to those of Chap. X. First we must consider the 
nature of the field in the part of the guide filled with the dielectric. 
If we follow through the derivation of Sec. 2, w'e find that the only 
change introduced by filling the space with a dielectric is to change 
eo to e. This has the effect first of changing the velocity of propagation. 
Thus the free-space wave length Xo is equal to 1/n times the value for 
empty space, where w is the index of refraction. For a given cutoff 
wave length, (1.8) then shows that Xj will he smaller than in free 
space, though not in the same ratio as Xo. In Eq. (2.2), the wave 
equation for u, w'e find that there is no change introduced as a result 
of the dielectric. Thus the problem of finding cutoff wave lengths 
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and satisfying boundary conditions at the boundar}^ of the guide is as 
before. In (2.3), the only change in the process of determining the 
transverse from the longitudinal components of field comes in the 
changed value of Xp, which changes the scale of the transverse com- 
ponents, but not the directions of the vectors. Similarly in (2.4) the 
only change in the relation between transverse E and H comes from 
the change in the quantity which is different both because of the 
direct change of e and because of the change in X^. 

Now let us consider a direct and a reflected wave for negative z, 
and a transmitted wave for positive z. If represents the tangential 
electric field in its dependence on x and y, we may write the tangential 
electric and magnetic fields in the first medium as 


Eg — E0[-gj{aii-2«/X3) j.g3(uH-2«/Xs)J 

k X Ef 


H, 


Z^ 


j'gj((i)i— 27rVXo) 


(4.1) 


Here the minus sign in the expression for the transverse magnetic 
field in the reflected wave is necessary so that the Poynting vector 
of the reflected wave will point along — 2 . Now at 2 = 0, at the 
boundary of the second medium, we have from (4.1) 


k XEa - r 
Zo 1 + r 


(4.2) 


But, because of the continuity of the tangential components of E and 
H, the values of Hj and E« in (4.2) are also the values found in the 
second medium. On the other hand, by the modification of (2.4) 
appropriate for the second medium, we must also have 

H, = (4.3) 

where Zq is the value for the second medium. Equating (4.2) and 
(4.3), we may solve for r, finding 


_ Z', - Zo 
ZJ + Zo' 


(4.4) 


In (4.4) we have solved the problem of finding the reflection coefficient 
for the electric field, at a boundary between two media in a wave 
guide. The analogy of this to Eq. (3.4), Chap. X, is obvious, though 
the meaning of the symbols is somewhat different. Proceeding in 
the other direction, we have 

1 + r Z;, 

- r Zo 


1 


(4.5) 
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Thus we see that a measurement of reflection coefficient allows us to 

find the quantity Zq characteristic of the second medium. . 

Often in actual practice there are other sorts of discontinuities i 

in wave guides in addition to a simple change of index of refraction. 

For instance, there may be a diaphragm in the guide, with a hole ^ 

of some arbitrary shape in it. At such an obstacle, part of the wave i 

will be reflected, part transmitted. We can then set up a reflection f 

coefficient, just as we have done in the case we have discussed, and | 

can get the properties of the reflection by measuring the standing- | 

wave ratio and the position of the standing-wave minima. In such | 

cases it is often convenient to define a quantity like the Z'o of (4.5), j 

characterizing the obstacle. We have already pointed out, in Sec. 2, | 

Chap. VIII, the analogy between quantities like Zn and an impedance; j 

in this way we are allo\ved to assign certain impedances to obstacles in | 

wave guides, which prove to be pure reactances in case they introduce I 

no losses. A further discussion of such reactances is beyond the scope | 

of this text. I 

6. Resonant Cavities. — We have already pointed out that, by ter- I 

minating a guide with two perfectly reflecting walls, we form a resonant | 

cavity. At each such wall, say at z == 0, z = M, the field will be j 

perfectly reflected, so that there will be a standing-wave pattern set | 

up within the cavity, with infinite standing-wave ratio. To satisfy | 

boundary conditions at both walls, we must have the tangential 
electric field zero at each, and this can be accomplished only if there 
is an integral number of half w'ave lengths in the length M. Thus 
we have the condition 

M = (5.1) j 

where m is an integer. Putting this into Eq. (1.8), wm then have I 



That is, the free-space wave length, and frequency, ai'e definitely 
determined for a cavity resonance. For each cutoff wave length of 
the guide, we shall have an infinite number of resonant modes of the 
resonant cavity; so that, since in general there will be a double infinity 
of cutoff wave lengths, there will be a triple infinity of resonant modes 
for the cavity. We can, of course, get formulas for the resonant 
frequencies in any case in which we can compute the cutoff wave 
lengths, as in the cases of rectangular and circular guides which we 
have already discussed. 



146 


ELECTROMAGNETISM 


[Chai?. XI 


The resonant cavities formed in this way, by putting reflecting 
walls at the ends of a guide, form but a special case of the general 
problem of resonant cavities. Resonant modes of oscillation can 
exist in any cavity bounded by perfectly reflecting walls, no matter 
what its shape. In some cases we can solve for the fields (as for 
instance in the spherical cavity, which we shall mention in the next 
chapter), but in the great majority of cases there is no practical 
way to solve the wave equation. We cannot in general reduce the 
solution of Maxwell’s equations to the solution of a scalar wave 
equation like (2.2), as we have been able to do for the guide; we must 
find vector solutions from the outset. The problem of discussing 
fields inside an arbitrary resonant cavity is then a complicated one, 
but nevertheless we can prove certain general theorems about them, 
even without being able to solve for them analytically. These 
theorems are, however, too complicated for us to take up here. 

Problems 

1. A wave travels along an air-filled coaxial line having an inner conductor of 
radius a and a sheath of inner radius h, both of negligible resistance, the peak 
voltage and current of this wave being V and I. Using cylindrical coordinates, 
with the z axis coincident with the axis of the line, show that the electric and 
magnetic fields are given by 

=3 = 

r in o/a 2vt 


What value must /3 have? Find the characteristic impedance F/J and the wave 
impedance Erl Ho in terms of eo, mo, a, and h. 

2. Starting with Eq. (3.4) for the longitudinal electric-field component, derive 
expressions for the transverse components of E and H for TM waves in a rec- 
tangular wave guide. 

3. For the case of TE and TM modes in a rectangular wave guide, compute 
Poynting’s vector, its average value, and from this the power transmitted by these 
modes. For the lowest TE modes in a rectangular wave guide, find an expression 
for the maximum power that can be transmitted if the electric fi.eid cannot exceed 
a value Eo without sparking. 

4. Find expressions for the field components for TE and TM waves in a circular 
wave guide. Discuss the degeneracies present in these modes, especially those 
resulting from the relation /|(a:) == 

5. Show by direct substitution in Maxwell’s equations that the following field 
for a TJlf wave is a solution of these equations: 



X s/k* — ^ „ 


where — ju)fur. Use this solution to discuss the propagation of a surface 
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wave along a metal surface. I^et the metal fill the space y < 0, with air for y > Q, 
Write the appropriate solutions in both regions, and show from the boundary 
conditions that jS is given by 1/|3“ — 1/k^ + l/^o> with Iiq = oshn. Now assume 
that the conductivity <t of the metal is high so that ^ kl. Compute the total 
current in the metal per unit -width in the x direction, and show that it is equal to 
the magnetic field at the metal-air surface, just as if one had a perfect conductor. 
From the y component of the Poynting vector, compute the power flo-w into the 
metal at the boundary y = 0, and show that it is of the form PR, with I the rms 
total current in the metal. Show further that this resistance R is the same as if 
the current density were uniform to a depth below the metal surface equal to the 
skin depth -v/S/comct and zero below this. 

6. A wave guide is terminated by a thin conducting surface perpendicular to 
the axis of the guide. Find the resistance per square of this conductor (that is, 
the resistance across a square of the material, from one side to the opposite side, 
■which is independent of the size of the square), such that a -wave falling on the 
surface -will be totally absorbed, with no reflection. Find the relation of this 
resistance per square to the quantity Za of (2.4). 

7. A wave guide is filled with a dielectric giving a value of ^o[from (2.4)] for 
z < 0; another dielectric giving Zi for 0 < z < L; and a third giving Z^ for L < z. 
A wave travels in the direction of increasing z, and in addition there are reflected 
waves, in the direction of decreasing z, for z < 0, and for 0 < z < L. By con- 
sidering the boundary conditions at the surfaces of separation, find the amplitude 
of the reflected -wave for z < 0. Show that this amplitude is zero if L equals a 
quarter of a guide wave length (in the material filling the section 0 < z <L), and 
if Zx == 




CHAPTER XII 

SPHERICAL ELECTROMAGNETIC WAVES 


Suppose we have an electric charge oscillating sinusoidallj’- with 
the time. This charge will send out a spherical electromagnetic wave, 
radiating in all directions. Several physical problems are connected 
with such a wave. First, the phenomenon may be on a large scale, as 
in a radio antenna. Radiation from a vertical antenna, as a matter 
of fact, can be treated approximately by replacing the antenna by 
such an oscillating charge. But also on a smaller scale we can treat 
the radiation of short electromagnetic waves, or in other words light, 
from an atom that contains oscillating electrons. The electrons may 
have been set in motion by heat or bombardment, in which case we 
have the treatment of the emission of light from a luminous body; or 
they may be in forced motion under the action of another light wave, 
as in the case of the scattering of light. As a first step in the discussion 
of these problems, we consider the solution of Maxwell’s equations in 
spherical coordinates. This solution, similar to the one we found in 
Chap. Ill for the static problem, will reduce in a simple case to the 
field of an oscillating dipole, which we require for the applications 
mentioned above. At the same time, it will give us the field of any 
oscillating multipole. Other forms of the same solution will lead to 
the field inside a spherical resonant cavity, or more generally in a 
cavity resonator bounded by surfaces r = constant, B = constant, and 
(f = constant, in a system of spherical polar coordinates. We pass 
then to the solution of Maxwell’s equations, later taking up their 
applications. 

1. Maxwell’s Equations in Spherical Coordinates. — ^In spherical 
polar coordinates, r, B, ip, we can define a vector such as E in terms of 
its components Er, Ee, E^, along the directions in which these coordi- 
nates increase. Then, using the methods of vector operations in 
curvilinear coordinates, which are discussed in Appendix IV, Maxwell’s 
equations for free space, in the absence of charge and current, become 


1 

r sin 6 


^ (sm b e;) 

1 dEr _ 
r sin 8 dtp 
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(r^r) + 


1 djrEe) 
r dr 

r) + ■ — J— 2 ^ (sin e 
r sin 0 dd 

— ^ (sin 0 H^) 
r sin 6idd 

1 ag, _ 

r sin a dtp 

A. (^■^®) 


(sin 6 He) + 


. dH^ 

+ ''“'ar 


r sin 6 d<p 


BHe 

d(p 

1 djrUl 
r dr 
__ldR 
r 36 


Qj, V ' r sin 6 36 ' r sin 6 3ip 

The first three of these represent the equation curl E + ^co dH/dt — 0, 
the fourth is div H = 0, the next three are curl H — eo dE/dt — 0, 
and the last is div E = 0, where as before the divergence equations 
contribute no new information not included in the others. The 
solutions of these equations represent, in general, waves propagated 
outward, or inward, along the radius. Thus the r direction can be 
considered the direction of propagation. As with the case of the 
wave guides considered in Chap. XI, there are two types of waves: 
transverse electric, or TE, in which the longitudinal component of the 
electric field, Er, is aero; and transverse magnetic, TM, in which 
Hr is zero. We shall set up the solutions of both types, and consider 


(sin 6 Ee)-\- 


The solution of the wave-guide problem was simplified a great 
deal because we could assume from the outset that each component 
of the field varied exponentially along the z axis, the direction of 

e as 

that the components vary exponentially with ?•; as a matter of fact, 
their dependence on r is given by certain BesseFs functions, which 
approach an exponential form only for large values of r. Therefore 
we cannot at once carry through derivations like those of Eqs. (2.2), 
(2.3), and (2.4) of Chap. XI, expressing all the field components in 
the TE case algebraically in terms of Hz, and all the field components 
in the TM case in terms of Ez. Nevertheless an essentially equivalent 
discussion can be carried through, except that here the relations are 
not simply algebraic but involve differentiation. 

Thus let us start with the TE case. We let g, be a scalar function 
of r, d, (p. It is slightly more convenient to operate, not with H„ but 
with a quantity that we may denote tf, defined by 
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It will appear that the equation that must be satisfied by w is the wave 
equation, which in spherical polar coordinates becomes 


i 1 

ri Qf 


( „ dlA , 1 d f • a 

V dr/ sin 6 dd v“ ^ ds) 


+ 


1 dhi 1 d^u 


sin^ 6 d(p- cP- 


0. (1.3) 


We assume a sinusoidal dependence on time, varying according to 
the exponential The equation can then be solved by separation 
of variables, just as in Sec. 2, Chap. Ill, where we discussed the cor- 
responding static problem. Letting u he of the form 


we find that the functions satisfy the equations 

l(l + 1)' 


lA 

dr 


1 d 


sin d do 


dr J 


“h 


l{l + 1 ) 


m- 


sin® 6 

dip 


2 + m®^> 


0 , 

0, 

0 , 


(1.4) 

(1.5) 

( 1 . 6 ) 

(1.7) 


similar to Eqs. (2.3), (2.4), and (2.1), of Chap. III. We shall discuss 
the solutions of these equations in the next section. Assuming that 
we have found u from them, we can now set up values for all the other 
field components. 

It is not easy to proceed straightforwardly to a solution of Max- 
well’s equations. We find, however, the following equations for the 
field components in terms of 


Hr 

He 


1 Ida 


-b 1) r dd dr 

TT _ 1 I dd 

l(l 4-1) r sin 6 dip dr 


(ru) 


Er 

Eg 

E. 
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1(1+ 1) r sin 6 dip 
jcono Id 


(ru) 


Z(l[ -f" 1) r dd 
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By direct substitution in Maxwell’s equations, (1.1), we can show 
that these equations are satisfied if u obeys the wave equation (1.3), 
or its equivalent equations (1.5), (1.6), (1.7). Thus we prove that 
the functions (1.8) are the solutions of the problem which we desire. 
We note that, instead of defining H g and directly in terms of u, we 
can instead set up the relations 

ff. = (rEJ, 

jufior dr ^ 

H, = (rR). (1.9) 

JWMO r dr ^ ^ 

We shall soon see that these equations form the analogy to the rela- 

tion (2.4) of Chap. XI, giving the relation between the transverse 
components of E and H in a wave guide. 

The relations for the transverse magnetic, TM, case are analogous 
to those just set up. In that case, we have a longitudinal component 
Er of electric field, which we write as 

Er = ( 1 . 10 ) 

where v satisfies the same wave equation (1.3) that u satisfied. In 
terms of v, we can then write the other components as 

^ _ I 1 3 a , , 

l{l +l)rdd dr 

1 1 33,. 

” z^~i) rsuTa ^ ^ 

Jf, = 0 

jj y'«€o 13,. 

Jh ~ jir-j—Tx — = — IT V 
lit + 1) r sm 6 dtp 

^ (1.11) 

where we have the relations 

Eg = l l (tH^) 
jueo r dr 

E^ = ( 1 - 12 ) 

^ jueo r dr ^ ' 

We now have our complete set of equations for determining the fields, 
and shall consider their solutions in the next section. 

2. Solutions of Maxwell’s Equations in Spherical Coordinates. — 
To find the components of a field in sphericarcoordinates, we have 
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seen that we must first find a scalar u or v, satisfying the wave equa- 
tion (1.3), which separates to give (1.5), (1.6), and (1.7). The depend- 
ence on angle, given in (1.6) and (1.7), is just as it is in the static case 
taken up in Chap. Ill, and as in that case we find that 0 = Pr(cos 0), 
# = sin or cos mtp. The equation for the function R, however, is 
more complicated than in the static case, though it reduces to it for 
oj == 0. If we make the substitution R = //V r, where / is a function 
of r, we find that (1.5) is transformed to Bessel’s equation for a Bessel 
function of order Z -j- Thus we have R = /i+i/ 2 (wr/c)/'%/r or 
Ah+i/ 2 (wr/c)/-\A. 

It is customary to define spherical Bessel and Neumann functions 
ji{x) and ni{x) by the equations 

ji(x) = ni(x) = (2.1) 

If I is an integer, which it will be in our applications, we can show', as 
is mentioned in Appendix VII, that ji and ni can be expressed in 
analj'tic form in terms of algebraic and trigonometric functions. For 
the first few' functions w'e have 




At large values of x, the terms in l/x are the leading ones. In the 
general case, this leading term is given by 


In the opposite limit, as x tends to zero, w'e can expand in power 
series. In this case the leading term is 



In terms of these spherical Bessel functions, it is clear that our func- 
tions w or V can be written in the form 
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The question of which functions to use in (2.5) depends on 
the boundary conditions to be satisfied, and this in turn depends on 
the problem that we are trying to solve. The simplest problem is the 
field within a cavity resonator bounded by a perfectly conducting 
spherical shell. In this case the field must be finite at the origin; 
therefore we can use only the functions ji, not the Neumann functions 
ni. Furthermore, the electric vector may have only an r component 
at the value of r giving the radius of the sphere. This means, for a 
TE mode, as we see from (1.8), that ji{o}r/c) must be zero at the 
radius of the sphere, and for a TM mode, from (1.11), that the r 
derivative of rji{(x>r/c) must be zero at this radius. These conditions 
easily determine the resonant frequencies of the various modes. We 
can almost as easily satisfy the boundary conditions for a resonator 
formed by the space between two concentric spheres. By making 
suitable combinations of ji{o)r/c) and ni(u7'/c), we see at once, from 
(2.2), that we can adjust the phase of the sinusoidal part of the func- 
tion to any desired value. We then may choose the phase correctly 
to satisfy the boundary condition on one of the surfaces, and determine 
the frequency to satisfy the conditions on the other surface. These 
problems have an obvious analogy to the two-dimensional problems 
of the modes within a circular cylinder, and a coajdal line, discussed in 
the preceding chapter. 

More interesting problems come when we take up the field in a 
region extending to infinity. In such cases, we are generally inter- 
ested, not in standing waves, as in the solutions we have set up so far, 
but in traveling waves, traveling either inward or outward along r. 
Thus for instance in a problem of the emission of radiation from an 
atom or a radio antenna, we vdsh only %vaves traveling outward. 
It is easy to combine the Bessel and Neumann functions to secure 
traveling waves. The functions ji(x) ± jni{x) [where we are to dis- 
tinguish j = a/— 1 from jz(.r)] are called “spherical Hankel functions.'’ 
From (2.3) we see that at large distances they approach the values 

( 2 . 6 ) 

Thus, if X is replaced by oir/c, v^e see that for the + sign this repre- 
sents the space part of a wmve traveling in along r, and for the — sign 
a wave traveling out, in each case with an amplitude that falls off 
inversely as the distance, so that the intensity, which is proportional 
to the square of the amplitude, falls off inversely as the square of the 
distance. For radiation from a source then, we choose the — sign 
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in (2.6), and thus secure only an outgoing wave, without an incoming 
wave. We note that the Hankel functions, containing the Neumann 
functions, all have singularities at the origin. Thus an outgoing 
wave must either be propagated from a finite charge distribution, 
within which, since the charge density is different from zero, Maxwell’s 
equations in the form (1.1) do not apply; in this case, a separate 
solution for the field within the charge distribution must be found, 
and it must be joined to the solution we have found; or the outgoing 
wave must be produced by a singularity of field, which can take the 
form of certain point charges, dipoles, and other multipoles. We shall 
take up examples of such singularities in a later section. 

A very important form of problem is that of scattering of radiation 
by an object of some sort. If the object has spherical symmetry, as 
for instance if it is a small sphere of metal or of a dielectric, we can 
solve the problem of scattering by means of our spherical solutions 
of Maxwell’s equations. For instance, let us consider scattering by a 
perfectly conducting sphere. Physically, we consider a plane wave 
incident on the sphere, and scattered spherical waves emerging from 
it. In this simple case, there is no mechanism for loss of energy, 
and all the energy scattered is made up from energy that strikes the 
sphere. We must make up the field by superposing solutions of the 
type we have considered. These solutions must satisfy boundary 
conditions of two sorts. First, at the surface of the sphere, the 
tangential components of electric field, and radial components of 
magnetic field, must be zero. To satisfy these, we must superpose 
Bessel and Neumann functions, in such a way as to make the function 
u equal to zero at the surface of the sphere for a TE mode, or the 
normal derivative of rv equal to zero for a TM mode. This can be 
done straightforwardly, and the result in general will not turn out to 
be a Hankel function, and hence will represent both an incoming and 
an outgoing spherical wave. 

In addition to the boundary condition at the surf ace of the reflecting 
sphere, w’e must satisfy another condition, which requires more 
thought. We can easily state it physically: the disturbance must 
consist entirely of an incoming plane wave, plus outgoing spherical 
waves. To apply this condition, we must know how to describe a 
plane wave in terms of Bessel and Neumann functions. This is a 
rather involved problem, but in the similar case of a scalar w^ave 
equation, such as we should find for the scattering of sound, where we 
need only consider the pressure as a function of position, it becomes 
fairly simple. Considering only a scalar solution of the wave equation, 
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one ca.n prove the following theorem: 


Here Pi! (cos d) is the value which PT(cos d) takes on when m = 0. 
We note that r cos 9 = z, so that, if we set k = w/o, the function 
on the left of (2.7) represents the space-dependent function which, 
combined with a time exponential tP', would represent a plane wave 
traveling along the + z direction. We thus see how to expand such a 
plane wave in terms of spherical Bessel functions. It is natural that 
no Neumann functions come into this expansion, for they would intro- 
duce a singularity at the origin, which the plane wave does not have. 

To satisfy our requirements, we must then build up a solution 
of our problem, consisting of the sum of the plane wave (2.7), and 
only outgoing spherical waves. That is, the term of the solution 
associated with a given I value, and wdth m, = 0 (for, as we easily see, 
this problem will involve only terms for m — 0), -will have the form 

(21 + l)(±jyPiicos d){ji(kr) + ai[ji{kr) - jmikr)]} (2.8) 




where ai is a coefficient measuring the amplitude of the Zth scattered- 
wave component. Thus we see that the ratio of the coefficients of 
ji{kr) and ni{kr) must be {ai ■+■ l)/{—jai). On the other hand, this 
ratio has been determined quite independently from the condition that 
the solution satisfy the boundarj’- condition at the surface of the 
reflecting sphere. Thus, by equating these two values of the ratio 
of coefficients, we can evaluate the ads, and find the intensity of the 
scattei’ed radiation. 

This procedure in principle is simple, but in practice a complete 
discussion of the problem is beyond the scope of this text. We recall 
that our field is really a vector field, so that instead of (2.7) we must 
use a corresponding vector formulation of a plane wave in terms of 
spherical waves. When we do this, and carry through the discussion, 
we find the following sort of result: The behavior of the scattered 
radiation depends a great deal on the ratio of the diameter of the 
scattering sphere to the wave length. For a sphere very small 
compared with the wave length, the sphere acts almost as if it were 
in a uniform field. It then acquires a dipole moment, as we have 
shown in Ghap. Ill, Sec, 4, This dipole alone scatters radiation, and 
we shall give an elementary discussion of this case in a later section 
of the present chapter, showing the type of radiation emitted from a 
dipole. As the sphere gets larger, it scatters a. moi’o and more compli- 
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cated field, consisting now not only of dipole radiation, but of the 
fields of higher multipoles, which are discussed in Appendix VI. As 
the sphere becomes very large compared with a v/ave length, the 
outgoing w’’ave takes on less and less of the character of a scattered 
wave, and approaches a reflected w^ave as predicted by geometrical 
optics for the simple optical problem of the reflection of a plane wave 
by a spherical mirror. In all these cases, we must consider not merely 
that part of the spherical wave which travels out in all directions, but 
in particular that part which travels in, almost the same direction 
as the plane wave, after it has passed over the scattering obstacle. 
In this case, the scattered and incident waves interfere with each other, 
and it can be shown that they interfere destructively, so as to remove 
energy from the incident wave, just enough to supply the energy 
radiated out in the scattered wave. If the obstacle is small compared 
with the wave length, this interference fills a poorly defined region 
behind the obstacle, whose dimensions are determined by interference 
theory, but as the obstacle becomes large, the region of destructive 
interference becomes sharply defined, and becomes the ordinary 
shadow of geometrical optics. Around the edge of this shadow, how- 
ever, there are diffraction fringes, alternations of intensity, resulting 
directly from the interference phenomenon. 

All this interference and diffraction comes as part of a complete 
discussion of the problem of scattering of a plane wave by a sphere, 
and makes it clear why a complete treatment of the problem is beyond 
the scope of the present book. However, we shall handle interference 
and diffraction in an elementary way in a later chapter, bringing out 
many of the features that are present in the exact solution. The type 
of discussion sketched in the present section is important not only in 
electromagnetic theory, but in all other forms of wave theory as well. 
A simple example is the scattering of sound, as treated for example 
by P.M. Morse, Vibration and Sound, 2d ed. (McGraw-Hill Book 
Company, Inc., New York), More far-reaching is the application 
to quantum mechanics. The problem of scattering of an electron, 
neutron, or other colliding particle by an atom or nucleus can be 
handled to a first approximation, in wave mechanics, by a problem of 
scattering in a spherically symmetrical region where the index of 
refraction is a function of r. The mathematicar framework of this 
problem is identical with that which we have sketched here, and a 
thorough understanding of the solution of the w^ave equation in spher- 
ical coordinates is an essential for the understanding of any type of 
scattering of waves by small obstacles. 
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3. The Field of an Oscillating Dipole. — In many ways the most 
important spherical wave physically is that produced by an oscillating 
electric dipole. This is the simplest TM wave. If we consider our 
solution (1.11), we see that the function v must depend on 6 or <p, in 
order that anj?’ of the components of field may be different from zero. 
Thus we cannot have I — Q, since the spherical harmonic Po(cos 6) 
is a constant and does not depend on angles at all. The lowest value 
that I may have is 1. In this case, m can be 0 or 1. We consider the 
case Z = 1, m = 0. This proves to be the simple dipole field. If we 
choose V to be 

V = cos d[jiikr) - jni{kr)], 


or 


V = cos 




(3.1) 


where k == w/c, which is equivalent to it according to (2.2), we find 
for the field components 


Er = cos 6 
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(3.2) 


The other field components are zero. These functions, of course, are 
to be multiplied by an arbitrary amplitude. 

To understand the meaning of our solution, let us first consider 
the terms that are important at small distances, those in the highest 
inverse powers of r (1/r® for P,. and Ee, l/r^ for Hp). We shall show 
that the terms in the electric force represent the field of an electric 
dipole at the origin and that the magnetic field is the field of the 
corresponding current element, derived from the time rate of change 
of the dipole moment, as found from the Biot-Savart law. We 
remember that a dipole of moment M has a potential 


^ Aireor^ 

as we saw in Eq. (5.1), Chap. III. The field is then 



2M . , cos 6 
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We observe that these are just a constant, — jA'W/2irea, times the 
corresponding terms in (3.2). Similarly we note that a dipole whose 
moment was ilfe’"* would carry with it a current element equal to its 
time derivative, or to This small current element would 

have a magnetic field which would be given according to the 
Biot-Savart law, as described in Sec. 1, Chap. V, by 

(3.4) 

•Itt 1 

This is likewise — iA-W/2T£o times the value from (3.2), at small 
distances. It is clear, then, that if we multiply (3.2) by this factor, 
we shall find a field that is a correct solution of Maxwell’s equations 
at all distances, and yet that reduces to the field of a dipole of moment 
at small distances, so that it must represent correctly the field 
of such a dipole. The field is 


4ffeo likrp (At)® 


Eg =z - — gjM-A.) sin 
47r€o 


1 4- 4 _1_ 

At (/t)‘^ (A’r)® 


sin 0 f- 4- 


At ' (At)® 


4. The Field of a Dipole at Large Distances. — We have seen that 
at sufficiently small distances the field of an oscillating dipole reduces 
to what we should compute by Coulomb’s law and the Biot-Savart 
law. As A’}’ becomes appreciable compared with unity (that is, as 
27rr/X becomes appreciable, or as r approaches 1 /2r wave lengths) the 
remaining terms become important. This is an example of a general 
situation: at distances from an oscillating charge distribution that 
are small compared with wave length, we can use Coulomb’s law and 
the Biot-Savart law. On the other hand, for distances large compared 
with a wave length, the situation is entirely reversed, and the first 
term in each expression in (3.5) becomes the important one. The 
leading terms in Ee and vary as 1/r, while the leading term ol Er 
goes as 1/r®, and thex-efore can be neglected at sufficiently large dis- 
tances. The field, in other words, becomes transverse at large dis- 
tances, with an amplitude inversely proportional to the distance. In 
this range it is ordinarily referred to as the “radiation field.” We see 
that E and H become at right angles to each other, and check further 
that the ratio of Eg to approaches the value Vgo/eo, characteristic 
of plane waves in free space. 
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The intensity varies as sin“ 6, so that the maximum radiation is 
at right angles to the axis of the dipole. To measure the intensity, r?e 
may compute the average value of Poynting’s vector. We have 


Sr = HReEgH^ 

1 „ <jiM'^¥' . „ 

= jr ice sm'^ 
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(4.1) 


We see that the intensity of radiation varies as l/r^, the inverse- 
square law, as of course it must if the total flux outward through 
a sphere is independent of the size of the sphere. To find this total 
flux, we must integrate over all directions, by multipljdng by the 
element of area 2^7'^ sin 6 dd and integrating from 0 to tt. We then 
have 

I S da ^ 2ir sin^ 6 dd 

_ Ml) V €oMo cublf ^ .. 

12t ' ^ 

This is a well-known formula for the radiation from a dipole. The 
two essential features are that the radiation is proportional to the 
square of the amplitude of the dipole, and to the fourth power of 
the frequency. It can be used for such diverse problems as finding 
the rate of radiation from an excited atom, or from a radio antenna, 
if the latter can be approximated, as it often can, as an oscillating 
dipole. 

5. Scattering of Light. — In Sec. 3 we have given an indication 
of the theory of the scattering of light. We can take up easily a 
special and important case of scattering. Let a plane wave fall on 
the type of dipole that we have assumed in Chaps. IV and IX as 
being responsible for the dispersion and dielectric properties of matter. 
We assume the dipole to be small in dimensions compared with the 
wave length, so that the electric field acting on the dipole may be 
taken to be disregarding the variations with position. Let the 

dipole have an equation of motion 

^ -b wp ^ = ejB'oe'"b (5.1) 

aP , ' at ' , 

as in Eq. fl.2), Chap. IX. Then the dipole moment will be 
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m coq — + 3^Q 


(6.2) 


This is the oscillating dipole moment produced by the field. 

The dipoles set into motion by the wave will emit light, which is 
scattered. The rate of emission by a single dipole is found by sub- 
stituting the absolute value of the dipole moment in (5.2) into (4.2). 
Often the scattering is measured by the scattering cross section a. 
This by definition is the area on which enough energy falls from the 
plane wave to equal the scattered intensity. Thus the rate of emission 
must equal e times the Poynting vector of the plane wave, which is 
}4 Veo/Mo El- Making the substitutions, we then find 


327r / C" V 

3 — W-)^ -f (o)^)-] \8;reoW.’c'’/ 


(5.3) 


The quantity (e^/STreowc^) is the quantity that we found, in Sec. 4, 
Chap. VIII, to be a classical radius R of the electron of charge e. 
Thus we find the interesting result that dimensionally the scattering 
cross section is determined by the square of this classical radius, 
or by the classical cross section of the electron, though with a numerical 
factor, and with a factor depending on frequency, which behaves quite 
differently in different parts of the spectrum. We shall now consider 
three important special cases of this scattering formula, holding for 
different frequencies: 

a. The Rayleigh Scattering Formula . — This is what we have in 
the case where w is small compared with wo- Since for ordinaiy 
atoms Wo is a frequency in the ultraviolet, we have this condition 
in the visible range of the spectrum. Then (5.3) becomes 



The scattering is here proportional to wb or to l/X'b where X is the 
wave length. This is the Rayleigh scattering formula, developed to 
discuss the scattering of light by the sky. The proportionality to the 
inverse fourth power of the wave length means that the short blue 
and violet waves will be scattered by the air molecules much more 
than the long red ones, resulting in the blue color of the scattered light 
from the sky. The transmitted light thus has the blue removed and 
looks red, explaining the color near the sun at sunset. 

h. The Thomson Scattering Formula.— In the other limiting case 
of X rays, when the frequency is large compared with wo, the scattering 
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becomes 



( 5 . 6 ) 


the Thomson scattering formula. This formula gives a scattering 
independent of the wave length, and is very important in discussing 
X-ray scattering by substances. 

c. Resonant Scattering . — If w is nearly equal to wo, it is evident that 
the denominator can become very small, resulting in very large 
scattering. This phenomenon can be much more conspicuous than 
the other two cases. Thus a bulb filled with sodium vapor, which 
has a natural frequency in the visible region, illuminated with light 
of this color, will scatter so much light that it appears luminous. 
This phenomenon is called “resonance scattering.” Here, as with 
the absorption lines discussed in Chap, IX, we have to correlate our 
classical theory of electric dipoles with the ciuantiim. theory. Actual 
atoms scatter, as they absorb, at freciuencies connected with quantum 
transitions between energy levels. However, the same description 
of the dipoles that is correct for describing absorption and dispersion 
is also applicable to scattering. 

One observation regarding scattering is that, if the incident light 
is plane polarized, the dipoles will all vibrate along the direction of 
its electric vector. Thus there will be no intensity in the scattered 
light along this direction. The scattered light will have a maximum 
intensity at right angles, and it will be plane polarized. It was by 
experiments based on these facts that the polarization of X rays W'as 
first found. 

6. Coherence and Incoherence of Light. — In the preceding para- 
graphs, we have calculated the scattering from a single dipole or a single 
atom, when a plane wave falls on it. It is found in practice that, 
in a gas containing N molecules per unit volume, the total intensity 
scattered by unit volume will be just N times that scattered by a 
single molecule. On the other hand, if the molecules are regularly 
arranged in a crystalline solid, there is practically no scattering- 
The effect rather is the dispersion and absorption discussed in Chap. 
IX. We must give closer consideration to the question of why this 
distinction exists, and why in particular the intensity of the scattered 
radiation from # molecules of a gas is iV times that from a single 
molecule. Since the Maxw^ell equations are linear, the field vectors 
E and H satisfy the superposition principle, so that we should expect 
the total amplitude to be the sum of the amplitudes in the various 
waves, in which case the total intensity, being the square of the ampli- 
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tude, would certainly not be the sum of the separate intensities. The 
key to this situation is found in the relations between the phases 
of the various waves that we are adding: if they all have fixed phases 
relative to each other, they are said to be “coherent,” and the ampli- 
tudes add; whereas if they are in phases having random relations to 
each other they are “incoherent,” and the intensities add. 

To be more precise, let us consider the sum of a number of sinu- 
soidal waves, all of the same frequency, but of different amplitude 
and phase: 

Y Ak cos — aA = cos cos o>t + Ak sin sin uL 

h k k 

If all the phases should be the same, say = 0, then the amplitudes 
of the cosine and sine terms will be ^ Ak and 0, respectively, so that 

the amplitudes add, and the intensity is proportional to or, 

k 

if for instance there are N terms of equal amplitude, proportional to 
times the intensity of a single wave. On the other hand, the a’s 
may be completely independent of each other, meaning that each a is 
equally likely to have any value betw'een 0 and 27r, independent of the 

others. Then we can see that y A* cos ak will be far less than ^ A*, 

k k 

since we shall have just about as many terms with positive values of 
cos ak as with negative, and the terms will just about cancel. 

The cancellation will not be complete, however, as we see if we 
compute the squares of the summations, which we must add to get the 
intensity. The square of the first summation, for instance, is 

(X ~ X + y AkAi cos ak cos CK/. 

k h ky^l 

We must find the average of this, taking the a’s as independent. 
That is, we must perform the operation of integrating each a from 
0 to 27r, and dividing by 27r. When we do this, the terms cos- ak 
average to }i, while the products of two independent a's average to 

zero, leaving d'-i / A|. The other summation gives an equal term, 

k 

so that we find that the mean-square amplitude, or mean intensity, 
averaged over phases, is the sum of the individual intensities. This 
is the state of complete incoherence, in which for N waves the intensity 
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is N times the intensity of a single wave, rather than A"* as for the 
coherent case. The cancellation of waves, then, while not complete, 
is more and more perfect as AT increases, for N becomes a smaller and 
smaller fraction of AT" as N increases. 

We can now apply the idea of coherence to the scattering of light 
from a gas. The phase of the wave at a point P, scattered by an 
atom at a, in Fig. 27, depends on the total path the light has traveled 
from the source to a, and from a to P. Since the molecules of a gas 
have no fixed positions with respect to each other, these paths are in a 
random relation to each other, the phases are incoherent, and we 
are justified in adding intensities. Such a procedure wajuld not be 
allowed for example in discussing the scattering of X rays by crystals, 



Fig. 27. — Scattering from atoms. 


where the various atoms are in fixed lattice positions. Indeed, here 
we do get interference, and it is just by studying the interference 
patterns so obtained that we obtain our information about the lattice 
structure of crystals. Neither would the procedure be allowed in 
discussing the scattering from a gas in the same direction as the inci- 
dent radiation, as in (5), Fig. 27. For then the paths of the beams 
scattered from the various atoms are approximately equal, the waves 
are in phase, and they produce a resultant field at P proportional 
to the amplitude, rather than the intensity, of the irrcident w'ave. 
This scattered field can be shown to interfere Avith the incident wave 
in such a way that the resultant produces the refracted wave. The 
close relation of our scattering formulas to the formulas for the index 
of refraction, therefore, becomes clear, and it is evident that our two 
problems of refraction and scattering, though Ave haA^e treated them 
separately, are really parts of the same subject. Scattering straight 
ahead produces refraction, and does not depend on exact placing of the 
molecules. Scattering to the sides, on the other hand, does not occur 
unless the molecules have a random arrangement; then the intensity, 
not the amplitude, is proportional to the number of molecules. 

We have just been considering the coherence of scattered light. 
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There is another aspect of coherence, related to this, which can be 
discussed in a similar way. This is the incoherence between differ- 
ent independent sources of light, even when they have the same 
frequency. It is based on the relation between coherence and the 
spectrum. The amplitude of a wave of light, as a function of time, 
is never exactly sinusoidal, but is really a much more complicated 
function. It is often desirable, however, to resolve such a function 
into a spectrum; that is, write it as a sum of sinusoidal waves of 
different frequency. This can be conveniently done by Fourier series, 
as is discussed in Appendix III. 

To do this, we take a Fourier series with an extremely long period 
T, so long that all the phenomena we are interested in take place in a 
time short compared with T, so that we are not bothered by the 
periodicity of the series. Then, if our function is f(t), we have 

fit) = ^ (A„ cos coj + Bn sin 0;,^/.), 

n 

where 

- 7n / /(O COS oij dt, Bn = jn / /(O sin coj dt, 

I J ~T/2 j J -T/2 

— 

This gives an analysis into an infinite number of sine weaves, with 
frequencies spaced very close together (on account of the very small 
size of ^ir/T). No actual, physical wave is then perfectly sinusoidal, 
in the sense of having but one term in this expansion with an amplitude 
different from zero. We shall show in a problem that even a perfectly 
sinusoidal wave that persists for only a finite length of time will have 
appreciable amplitudes for all those frecpiencies within a range Aw, 
(iqunl in order of magnitude to the reciprocal of the time during which 
the wave persists, so that a sine wave of long lifetime will correspond 
to a sharp line in the spectrum, 'while a rapidly interrupted wave will 
give a broad line. This is observed experimentally in the fact that 
increasing the pressure of a gas, thereby making collisions more 
frc'quent and interrupting the radiating of the atoms, broadens the 
spectral lines. 

The intensity is proportional or to the square of the summa- 

tion over trequencies. Just as before, this squai’e consists of terms like 
An cos^ Unt, and cross terms like AnAn, cos Unt cos oimi. Instantaneously 
none of these terms are necessarily zero. But if we average over 
time, the terms of : the first sort average to A “/2, while those of the 
second sort average to zero. The final result, then is that the time 
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average intensity is the sum of the intensities of the various fre- 
quencies :/"(0 == ^ (-^ 7 !. + Bl). We are justified in considering the 

71 

terms connected with a given n to be the intensity of light of that 
particular frequency in the spectrum, so that we have the theoretical 
method of determining the spectral analysis of any disturbance. And 
we see that the following statement is true: on a time average, sinu- 
soidal waves of different frequencies are always incoherent, and never 
interfere. 

It is known experimentally that light from two different sources 
never interferes; to get interference we must take light from a single 
source, split it into two beam.s, and allow these beams to recombine. 
If we regarded the sources as being monochromatic, it would be hard 
to see why this should be, for the amplitudes of two waves of the same 
frequenc}^ should add, rather than the intensities, and this is the essence 
of interference. But when we observe that each source really is 
represented by a Fourier series, the situation becomes plain. For 
two sources are always so different that their Fourier series will be 
entirely different. If we analyze both of them, the phase of the radia- 
tion of frequency co„ from one wull be entirelj?- independent of the phase 
of the corresponding frequency from, the other. Thus if we add, 
square, and average over this random relation between the phases 
of the two sources, the cross terms will cancel, and the intensities 
add. The randomness comes in this case, not in adding a great many 
terms of the same fi'equency, but in combining the terms of different 
frequencies, which are related in entirely independent ways in the two 
sources. 

Problems 

1. Discuss the weakening of sunlight because of scattering, as the light passes 
through the atmosphere. Assume that the molecules of the atmosphere have a 
natural frequency at 1,800 A (where absorption iis observed). Let each molecule 
contain an electron of this frequency. Assume that the number of molecules i.s 
such as to give the normal barometric pressure. Find the fractional weakening of 
a beam due to scattering in passing through a sheet of tliickness ds, and from tliis 
set up the differential equation for intensity as a function of the distance. Solve 
for the ratio of intensity to the intensity before striking the atmosphere, for the 
sun shining straight down, and for it shining at an angle of incidence of 60°, Goii- 
Btants: e = 1.60 X 10"^Vcoulomb, m = 9.1 XT0“^i kg, number of molecules in 
1 gm^-mol = 6.03 X 10®L 

2. A vibrating dipole radiates energy, and therefore its own energy decreases. 
Noting that the rate of radiation is proportional to the energy, set up the differen- 
tial equation for the energy of the dipole as a function of the time. Find how^ long 
it takes the dipole to lose half its energy. Work out numerical values for the 
sort of dipole considered in Prob. 1. 
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3. Using the results of Prob. 2, find the equivalent damping term that would 
make the dipole lose energy at the same rate as the radiation. This damping is 
called the “radiation resistance.” 

4, Suppose we have an alternating current of maximum value I, in a vertical 
antenna of length L. Treating this as a dipole, find the total radiation. Show 
that the equivalent resistance necessary to produce the same power loss (the 
radiation resistance) is 

/e % -Jii” ^ ohms. 

o ^ eo A“ 


6. Show that the field of an oscillating dipole of moment pointing 

aloTig the axis of the spherical coordinates, can be derived from the following scalar 
and vector potentials: 


dtreo dr L r 


Ar 


4xr 


cos 6, 


Ae = - 

— 0 . 


iirr 


sin d. 


6. The so-called “Hertz vector” arising from a dipole of moment at a 

distance r from the dipole, is equal to 


II = r ! 

4 ^ 60 ^’ 

and points in the direction of the dipole moment. Show that in terms of the 
Hertz vector the potentials can be found from the expressions 

A = e„.uo^! t/- = - div n. 

7. Show from the Hertz vector that the field at large distances from a dipole 
is given by 

«]. 

8. Find the spectrum of a disturbance that is zero up to t = 0, is sinusoidal 
until t = To, then is zero permanently. (Ilmt: Make the period T of the Fourier 
series indefinitely large compared with To.) 

9. Find the spectrum of a disturbance that starts at t = 0, and is a sinusoidal 
damped wave after that. Show that the curve for intensity as a function of 
frequency has the same form as a resonance curve, in general, and that its breadth 
is connected with the damping constant in the same way. d'hi.s illustrates an 
important principle: the emiasion and absorption spectra of the same substance 
are essentially equivalent. The resonance curve reprosbnts the absorption curve, 
because of the relation of forced oscillators and dispersion, whereas the damped 
wave is the emission. (Hint: Make the period T indefinitely large compared with 
the time taken for the oscillation to 1/eth of its value.) 


CHAPTER XIII 

HUYGENS’ PRINCIPLE AND GREEN’S THEOREM 





Huygens’ principle provides a well-known elementary method for 
treating the propagation of waves, and in this chapter we shall con- 
sider its mathematical background, showing its close connection wuth 
Green’s theorem. The method is this: From each point of a given 
wave front, at t = 0, we assume that spherical w'avelets originate. 
At time t, each w'avelet will liave a radius ct, and the envelope of these 
wavelets will form a new surface, which according to Huygens is 
simply the resulting wave front at this later time t. Thus, if the 
original wave front was a plane, it is easy to see that the final one 
will be a plane distant by the amount ct, while if it is a sphere, the final 
wave front will be a concentric sphere whose radius is larger by cl. 
In either case this construction gives us the correct answer, agreeing 
with the more usual methods of computation. The one difficulty 
is that our construction would give a wave traveling backward, as 
well as one traveling forward; the solution of this difficulty appears 
when we use the methods of the present chapter. 

We may look at our process in a slightly different way, not used 
by liuygens, but developed early in the nineteentli century when the 
interference of light was being worked out by Young and Fresnel. 
Suppose that, instead of taking the envelope of all the spherical wave- 
lets, we consider that each of these wavelets has a certain amplitude, 
consisting of a sinusoidal vibration. We then add these vibrations, 
just as if the wavelets were being sent out by interfering sources of 
light, and the resulting amplitude is taken to be that in the actual 
wave. This process can be shown to lead to essentially the same result, 
and it is this which can be justified theoretically. As a further gen- 
eralization, it is not necessary to take the original surface to be a wave 
front; it can be any closed surface, so long as we allow the scattered 
wavelets to have the suitable phase and amplitude. 

Our final result, then, is this: The disturbance at a point H of a; 
wave field may be obtained by taking an arbitrary closed surface, and 
performing an integration over this surface. The contribution of a 
small element of area da of this surface equals the amplitude at P of a 
spherical wave starting from, da at such a time that it reaches P at 
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time t. The simplest form of spherical wave is one we did not men- 
tion in Chap. XII. It is a scalar solution of the wave equation, 
independent of angles, and depending only on r. The wave equation 
(1.3) of Chap. XII, in a case where u depends only on r, may be written 

d'^{ru) __ __ n 

3 ?’® di“ ’ 


which has solutions u = 


fit ± r/c) 

— ; 

r 


where / is an arbitrary function. 


If we have a simple spherical wave of this tjqre, we shall choose the 
— sign, so as to represent a wave traveling out along the radius with 
velocity c, and of amplitude varying inversely as the distance. Now 
the contribution of an element da must surely be proportional to the 
disturbance at da, which we may call / (a function of time and posi- 
tion), and to da. Hence we have something like 
the final result. We are thus led to a formula of this sort: 


fit - r/c) 


da for 


/ (at a point P) — constant X 


fit - r/c) 


da, 


where the surface integral is over a surface surrounding P. This sug- 
gests the solution of Laplace’s equation by Green’s method, where 
we obtained the value of a function ip at an interior point of a region 
where VV was zero as a surface integral over the boundary. As a, 
matter of fact, an analogue to Green’s theorem is the coi’rect statement 
of Huygens’ principle, and replaces the formula that we derived 
intuitively above, and that is not just correct. We shall now proceed 
to set up this theorem, first introducing the retarded potentials, which 
are closelj^ related to the problem. 

1. The Retarded Potentials.--In Chap. VII, we introduced scalar 
and vector potentials, tp and A, giving the electric and magnetic fields 
by the relations 

E = - grad cp - ^ 

B = curl A. 

For these potentials, in empty space, we found the equations 


VV 
V^A ■ 


1 3V 

' 

1 a^A 
dt'^ 


. E 
^0 

tioj, 
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or d’Alembert’s equation. We first ask how to get a solution of 
d’Alembert’s equation analogous to the simple solution 


1 

47reo 


^ dv = ~ 


471 



r 


( 1 . 2 ) 


of Poisson’s equation. We shall not cany through the proof of the 
solution, for that is rather complicated. But the essence of the solu- 
tion of Poisson’s equation is that we dhnde up all space into volume 
elements dv, and that pdvfiireor is the potential of the point charge 
p dv at a distance r. This potential, of course, is a solution of Laplace’s 
equation, as is 1/r, at all points except for r = 0, where the charge is 
located. 

In a similar way, to solve d’Alembert’s equation, we divide up 
our charge into small elements, and wi’ite the potential as the sum 
of the sepal ate potentials of these small charges. The separate poten- 
tials must now be, except at r — 0, solutions of the wave equation. 
This means that, since any change of the charge will be propagated 
outward with the velocity c, the potential at a given point of space 
resulting from a particular charge cannot be derived from the instan- 
taneous value of the charge, but must be determined, instead, by 
what the charge was doing at a previous instant, earlier by the time 
r/c required for the light to travel out from the charge to the point 
we are interested in. In other words, if p{x,y,z,t) is charge density 
at a:, y, z at the time and r is the distance from x, y, z to x', y\ %' 
where wm are finding the field, we shall expect the potential of the 
charge in dv to be 

p{x,y,z,t — r/c) dv 
r 

and for the whole potential we shall have 


_ 1 / p{x,y,z,t ~ r/c) dv 

^ dTTfio ./ r 

== -1 f [vy - (l/c')(d'^cp/dr%_r,. 

4:ir J r 

This solution is, as a matter of fact, correct. We have already 

seen that - - - is a solution of the wave equation, where / is 

any function, so that the integrand actually satisfies the wave equa- 
tion, as in the earlier case 1/r satisfied Laplace’s equation. The 
potential «p determined by this equation is called a “retarded poten- 
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tial/’ since any change in the charge is not instantaneously observable 
in the potential at a distant point, but its effect is retarded because 
of the finite velocity of light. The solution for each component of 
the vector potential is determined in an analogous manner. 

2. Mathematical Formulation of Huygens’ Principle. — In discuss- 
ing the application of Green’s theorem to the solution of Poisson’s 
equation in a finite region of space, we proved in Sec. 6 , Chap. Ill, that 

^ = " S / S / (^ ^ ^ • “■) (2-1) 

the result of the last paragraph being the special case where the region 
of integration is infinite and the surface integral drops out. We now 
wish to find an analogous theorem for use with d’Alembert’s equation. 
Here again we shall not give a real derivation, for this is complicated, 
but shall merely describe the formula that results, and show that it is 
plausible. We have already discussed the volume integral. In the 
surface integral, the first term gave the potential of a double layer of 
strength proportional to ^/4ir, the second the potential of a surface 
charge of magnitude proportional to 

(l)grad,..n, or ( 5 ) (|^)' 

Each of the terms, (p grad (1/r) • n, or <p[d{l/7')/dn] and {l/r){d<p/dn) 
is a solution of Laplace’s equation since it represents the potential of 
certain charges. 

In our case of the wave equation, the formula has two correspond- 
ing terms: one giving the potential of a double layer, the other of a 
surface charge. But now the charges change with time, so that we 
must use solutions of the wave equation in the integral. We have 
already seen that the solution of the wave equation corresponding to 
1 /r is f {t — r/c)/r; hence we expect the second term to be replaced 
t>y —{l/r){d<p/dn)t~.r/c, where this means that the partial derivative, 
which is now a function of time as well as of position on the surface, 
is to be computed, not at i, but at t — {r/c). Similarly corresponding 
to d{l/r)/dn, the difference of the potentials of two equal and opposite 
point charges at neighboring points of space, we have 

-i. [ /(L- ‘r/c) 
dn L I J 

Remembering that in differentiating with respect to w we must regard 
r as a variable each time it occurs, this is ^ ^ ^ 
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f{i 




c/ dn 


cos (71, r) \f(lj:^r/c) 1 dfjt ~ r/c) 

?• r c di 


where in the last term we have used the relation 
df{l — r/c) _ dfii — r/c) d{i. — r/c) 


dn 


d{t — r/c) 
dfii — r/c) 


di 


1 


cos (w,r) 


dn 

_ldr_ 
c drij 
df{t -- r/c) 


We should therefore expect to have 

1 f (vv - (iA=)(3V/a<’)].-. 


47r 


+ 


47r 


1 / 

C \dt/t-.r/c 


dv 

(p(i — r/c) 


+ 


cos (n,r) 

I 

dn/i-r/cj 


da. (2.2) 


This, as a matter of fact, is the correct formula. The first term 
represents the potential due to all the charge within the volume; if 
there are no sources of radiation within this volume, the volume 
integral is then zero, and that is the usual case with optical applica- 
tions. The surface integral represents the remaining potential as 
arising from a distribution of charge and double distribution about the 
surface, each surface element sending out a wavelet that on closer 
examination proves to be the Huygens' wavelet we are interested in. 
Thus, starting from Green's theorem and d'Alembert’s equation, we 
have arrived at a mathematical formulation of Huygens' theorem. 

To give a suggestion of the rigorous proof of this formula, Ave could 
proceed as follows: First, Ave notice that (p defined by this integral 
satisfies the Avave equation; for since each term of the integrand 
separately is a solution, the sum must also be. Now it follows from 
this, although Ave havm not piwed it, that if the solution reduces to 
the correct boundary values at all points of the boundary, the solution 
must be the correct one, the reason being essentially that the boundary 
values determine a solution uniquely, so that, if we have one solution 
of the equation Avith the right boundary Amlues, it must be the only 
correct solution. We must then show that the by the 
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integral actually has the correct boundary values. This could be 
done by a more careful treatment, and we should then have a demon- 
stration of the formula. The more conventional proof, however, is a 
fairly direct though complicated application of Green’s theorem. 

We shall now take our general formula (2.2), and apply it to the 
cases we meet in optics, showing that it reduces to something like 
the formula that we derived earlier intuitively. We suppose that 
light is emitted by a point source, and that the value of some quantity 
connected with it, and satisfying the wave equation (one of the com- 
ponents of the fields or potentials — they all satisfy the same relations) 

n/c) 

has the form 3 where ri is the distance from the source to the 

point where w^e wfish to find the disturbance. Then we wdsh to get 
the disturbance at P, not by direct calculation, but by using Huygens’ 
principle. Suppose we take a closed surface. This surface can sur- 
round either the source, or the point P where we wish the disturbance. 
In any case, w^e define n as the normal pointing out of the part of the 

^g3u(£— rj/c) 

space in which P is located. At a point of the surface, <p — 3 

ri 

where ri is the distance from the source to the point on the surface. 
We then have, if r is the distance from P to a point on the surface, 


(-3 




d<p(t — r/c) _ 

dl 

d(p{t - r/c) , , , 

fin = cos ln,ra) 


gj£u[£— (r+rO/c] 


ihiis finally, substituting in (2.2) and rearranging terms, 


cos (?i,ri) 


L g3u[f (r+n)/cl _j_ pQg (n-,r) 


1 . 

ri c , 


In this formula, as in Chap. XII, wm have twm sorts of terms, some 
significant at small, others at large values of r and fi. We easily 
see that, if r and ?'i are large compared wfith a wmve length, as is ahvays 
the case in optics, the only terms we need retain are those in joi/e. 
Hence to this approximation 

^ (^M£--(r+nV=][cos (w,,?p -- cos (n,r^^ (2A) 
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This final form suggests our earlier, intuitive formulation of 


Huygens' principle. 


The incident amplitude at da is 




ri 


Now 


we set up, starting from da, a wavelet whose amplitude is this value, 
retarded by the amount r/ c, divided by r, and multiplied by the factor 
(j/2X)[cos (71, r) — cos (n,ri)] da. This is just what \ve should expect, 
except for the last factor. The term j introduces a change of phase 
of 90°, not present in Huygens’ form of the principle, but necessary. 
The term cos (7i,r) — cos ( 71 , ri) makes the w'avelets have an amplitude 
that depends on angle. When r and r \ are in opposite directions, which 
is the case when the surface is between the source and P, the factor 
approaches 2; whereas, when 7' and ri are parallel, and the surface is 
beyond P, it becomes zero. This means that the w'avelets do not 
travel backwuird, thus removing the difficulty noticed earlier in 
Huygens’ method. The wavelets have an amplitude depending on 
their W''ave length, decreasing for the longer w'-ave lengths. 

3. Integration for a Spherical Surface by Fresnel’s Zones. — Let 
us now carry out our integration, and verify Huygens’ method, in a 
simple case. We take the surface to be a sphere, surrounding the 
source, and therefore a wave front. We note that n is the inner 
normal of the sphere. Thus ri is constant all over the sphere, and 
cos {n,ri) = — 1 at all points, so that the formula simplifies to 


r g~ikr N , 11 j 

^ "" ~ 2X f ^ — / ~ 

where Jc = w/c == 2ir/'K. Now suppose we introduce, as a coordinate 
on the sphere, the distance r from the point P; that is, we cut the sphere 
wdth spheres concentric wdth P, laying off zones betw’-een them, as in 
Fig. 28. We can easily get the area between r and r + d?’, and hence 

d& 


P 

Pig. 28. — Construction for Fresnel’s zones on a sphere surrounding the source. 

the element of area. Take as an axis the line joining the source 
and the point P, and consider a zone making an angle between 0 and 
6 + dd with the axis. The area of the zone is 27rrf sin 6 dd. But notv 
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by the law of cosines, if E is the distance from the source to P, 

7<2 = „ 2Pri cos Q, 

and differentiating, 2r dr = 2Pri sin 6 dO. Hence for the area of the 
zone we have dr. Introducing this, we have 


R 

^ XP 


e“^'*’’[cos (n,r) + 1] dr, 


where ~ R — ri, jWx — R ri. 

To carry out this integration, we use a device called “Fresnel’s 
zones,” giving us an approximate value in a very elementary way. 
Beginning Avith we take a set of zones such that the outer edge 
of each corresponds to a value of r just half a wave length greater 
than the inner edge. The contributions of successive zones will almost 
exactly cancel. The integral, then, consists of a sum of terms, say 
Si — 'S 2 + • • • + Sn, where the magnitudes of Si, S 2 , • * ■ , vary only 
slightly from one to the next. Now it is true in general that in such a 
series the sum is approximately half the sum of the first and last 
terms. We can see this as follows: We group the terms 


Si 


+ 


*>+?)+ ■••+(^“-'"-> + 1) 


+ 


Now, because of the slow variation of magnitude, we have very nearly 
If this were so, however, each of the parentheses 


Sh 


would vanish, leaving only 


Si ”{~ Sn 


In our case, the contribution of the first zone is to be considered, 
but that of the last zone is practically zero, because of the factor 
cos (n,r) 4- 1, so that the result is half the first zone. Now, in the 
first zone, cos (n,r) + 1 is so nearly equal to 2 that we can take it 
outside the integral, obtaining 


the correct value. 


Trj 

_____ 

ri/c) 

__ 

n/c) 

_____ 

JJ/c) 

R ’ 


R — ri+\/2 

R — n 
(e-jAr) 


Q-ikr 

R-ri+\/2 

R-’Tl 


Q'~3h(R—ri) 


(3.1) 
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In the derivations of this chapter we have traveled in a very- 
roundabout way to reach a very obvious result. We naturally ask, 
Avhat is Huygens’ principle good for, aside from a mathematical 
exercise? The answer is found in problems of diffraction. There 
one has certain opaque screens, with holes in them, and a light wave 
falling on them. If the light comes from a point source, geometeicai 
optics would tell us that the shadow of the screen would have perfectly 
sharp edges. But actually this is not true; there are light and dark 
fringes around the edge of the shadow. If the shadow'^ is observed 
at a greater and greater distance, these fringes get proportionally 
larger and larger, until they entirely fill the image of the hole. Finally 
at great distances the fringes grow in size until the resulting pattern 
has no resemblance at all to the geometrical image. There are then 
two general sorts of diffraction: first, that in which the pattern is 
like the geometrical image, but with diffuse edges, and which is called 
‘'Fresnel diffraction”; secondly, that in which the pattern is so 
extended that it has no resemblance to the geometrical image, and 
which is called “Fraunhofer diffraction.” Both types of diffraction, 
as well as the intermediate cases, can be treated by using Huygens’ 
principle. 

4. Huygens’ Principle for Diffraction Problems. — Suppose that 
light from a point source falls on a sci’een containing apertures, 
and that we wish the amplitude at points behind the screen. Then 
we surround the point P, where we wish the field, by a surface con- 
sisting of the screen, and of a large surface, perhaps hemispherical, 
extending out beyond P, and enclosing a volume completely. We 
apply Huygens’ principle to the surface. In doing so we assume 
(1) that the amplitude of the incident wave, at points on the apertures, 
is the same that it would be if the screen were absent; and (2) that 
immediately behind the screen, and at points of the hemispherical 
surface as well, the amplitude is zero, the wave being entirely cut off 
by the screen. This is, of course, an approximation, since at the edge 
of a slit, for example, the amplitude of the wave does not suddenly 
jump from zero to a finite value. The exact treatment is exceedingly 
difficult, but in the few cases for which it has been worked out, it 
substantiates our approximations, if the dimensions of the aperture 
are large compared with the wave length, showing that they lead 
to a correct qualitative understanding of the phenomena, though 
there are quantitative deviations. 

To find the disturbance at P, then, we integrate over the surface, 
but set the integrand equal to zero, except at the openings of the 
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screen, obtaining 

T ~ I (?i,r) — cos (M,ri)] da, 

J rri 

the integral being over the openings. We note that only the edges 
of the openings are significant, the shape of the screen away from 
the openings being unimportant. Now let us assume, as is almost 
always true in practice, that the distances ri and r, from source to 
screen and from the screen to P, are large compared with the dimen- 
sions of the holes. Then 1/n'i and [cos (n,r) ~ cos (n,ri)] are so 
nearly constant over the aperture that we may take them outside 
the integral, replacing r and ri by mean values f and fi. If in addi- 
tion we write r + ?-i in the exponential as f + fi + + r[, where 

r' and r[ are the small differences between r and ri, and their values 
at some mean point of the aperture, we have finally 

<P — (n,f) — cos da. (4.1) 

z rr I J 

The whole factor outside the integral may be taken as a constant 
factor so that, if we are interested only in relative intensities, we 
may leave it out of account. We finally have a sinusoidal vibration 
of which the amplitudes of the components of the two phases are 
proportional to C = / cos k{r' + r[) da, and S' = / sin k(r' -{- r[) da. 
Hence the intensity is proportional to C'^ + S'^, and our task is to 
compute this value. 



By using Fresnel’s zones, one can see qualitatively the explanation 
of the diffraction fringes, particularly in Fresnel diffraction. Suppose 
that we join the source S and a point P with a straight line, as in 
Fig. 29, and consider the point of the screen cut by this line, a point 
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for which r + ri has a minimum value. Let us surround this point 
by successive closed curves in which r + ri differs from its minimum 
value by successive whole numbers of half wave lengths. It is not 
hard to see that these curves will be the intersections %vith the screen 
of a set of ellipsoids of revolution, whose foci are S and P. Hence 
if the line SP is approximately normal to the screen, the curves will be 
approximately circles. Successive zones included between successive 
curves will propagate light differing by a half wave length from their 
neighbors. Now on the screen we may imagine the pattern of zones, 
and also the apertures. The \vhole nature of the diffraction depends 
on Avhat zones are uncovered, and can transmit light, and wdiat ones 
are obscured by the screen. We may distinguish three cases, shown 
in Fig. 30: 



1 2 3 


Fig. 30.- — Fresnel’s zones and rectangular aperture. (1) Directly in path of light. (2) 
In geometrical shadow. (3) On edge of shadow. 


i 


:j 
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1. The center of the system of zones lies well inside the aperture. 
The central zone is entirely uncovered, as are a number of the others. 
As we get to larger zones, we shall come to one of which a small part 
is covered; then one that is more covered; and so on, until finally we 
come to one only slightly uncovered; and then the rest are entirely 
obscured. Now we can write our integral, as in Sec. 3, as a sum of 
integrals over the successive zones. As before, these contributions will 
decrease very gradually from one zone to the next. When we reach 
the zones that are obscured, the decrease wall become a little more 
rapid, but not so much as to interfere with the argument. We can 
still write the whole thing as half the sum of the first and the last 
zones. In our case, the last zone that contributes has a negligibly 
small area exposed, so that it contributes practically nothing, and the 
wdiole integral is half the first zone, But this gives just the intensity 
w^e should have in the absence of the screen. 


I 

I 


1 
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2. The center of the zone system is well behind the screen (P is 
in the geometrical shadow). Then the first few zones are obscured. 
A certain zone begins to be uncovered, until finally some zones are 
uncovered to a considerable extent. Large zones become obscured 
again, however. Thus in our sum, although there are terms different 
from zero, both the first and the last terms are zero, so that the sum 
is zero. The intensity well inside the geometrical shadow is zero. 

3. The center of the zone system is near the edge of the screen. 
Then the first zone may be partly obscured, so that there is some 
intensity, but not so great as without the screen. Or the first zone 
may be entirely uncovered, but the next ones partly obscured. In 
these cases, the contributions from the successive zones may differ so 
much that our rule of taking the first and last terms is no longer 
correct. It is possible for the whole amplitude to be more than half 
the first zone, so that the intensity is actually greater than without 
the screen. As we move into the geometrical image from the shadow, 
it turns out that there is a periodic fluctuation, because of the uncov- 
ering of successive zones, and this explains the diffraction fringes. 


Problems 

1. Try to carry out exactly the iiitegration that we did approximately by using 
Fresnel’s zones. 

2. The source is at infinity, so that a wave front is a plane. Set up Fresnel’s 
zones, and find the breadth of the rith zone, and its area. 

5. A plane wave falls on a sci-een in which there is a circular hole. Investigate 
the amplitude of the diffracted wave at a point on the axis, showing that there is 
alternate light and darkness either as the radius of the hole increases, or as the 
point moves toward or away from the screen. {Suggestion: The integral consists 
of a finite number of zones.) 

4. A plane wave falls on a circular obstacle. Show that at a point behind the 
obstacle, precisely on the axis, there is illumination of the same intensity that we 
should have if the obstacle were not there. Explain why this would not hold for 
other shapes of the obstacle. 

6. Take a few simple alternating series, such as, H “ M + M ■“ M + " • • , 

M ~ H "h H ’ ' ' , — K* + K® — • * • , and so forth, and find whether 

our theorem about the sum of a number of terms is verified for them. In doing 
this, it may be necessary to start fairly well out in the series, so as to satisfy our 
condition that successive terms differ only slightly in magnitude. 

6. Prove the statement that the boundaries of Fresnel’s zones are the inter- 
section of the screen with ellipsoids of revolution whose foci are the source and 
the point P. What happens to these ellipsoids as the source is removed to infinity? 

■?. A “zone plate” is made by constructing 20 Fresnel zones on a plane glass 
plate for a source at infinity dnd blocking off the light from every other zone. 
This zone plane, when illuminated at normal incidence by a plane wave, acts as a 
lens and produces a bright spot on its ask at a distance of 1 m from the plate. 
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If the incident light is monochromatic and of v/ave length 5,000 A, compute the 
radius of the zone plate and the intensity at the bright spot relative? to its value in 
the absence of the zone plate. At what other points on the axi,s will there be 
intensity maxima? 

8. Consider a line source of light and a plane observation screen parallel to 
; and at a finite distance from the line source. The wave fronts are cylindrical. 

; Show that the Fresnel zone.s on a wave front at a distance d from the source are 

I strips parallel to the line source, and compute the angles subtended by these zones 

; at the source. Suppose a straight-edged obstacle is inserted between the source 

i and tlie .screen, cutting off all the light below the plane perpendicular to the screen 

! and passing through the light source. Di.scu.s3 the variation of light intensity as a 

j function of position on, the screen, and ol)taiu approximate expressions for the 

j location of tlie maxima and minima. 


f 



CHAPTER XIV 

FRESNEL AND FRAUNHOFER DIFFRACTION 

In the present chapter we proceed to the mathematical discussion 
of Fresnel and Fraunhofer diffraction, based on the methods of Huy- 
gens’ principle derived in Chap. XIII. The problems that we take 
up are Fresnel and Fraunhofer diffraction through a slit; Fraunhofer 
diffraction through a circular aperture ; and the diffraction grating, an 
example of Fraunhofer diffraction. In Eq. (4.1) of the preceding 
chapter, we saw that the essential step in computing the diffraction 
pattern is the evaluation of the integral 

Je-3fc(r+r,) 

where k — 2 t/\, and where the integration is over the aperture of 
the screen, da is an element of surface in the aperture, r is the dis- 
tance from the source to the element da, and ri the distance from 
the element to the point P where the field is being computed. If 
the incident wave is a plane wave, and the plane of the aperture 
is a wave front, then r is the same for all elements, and the factor 
g-jfcr ] 3 g canceled out of the integral. The remaining integral, 
da, represents the sum atP of the amplitudes of spherical waves 
of equal intensity and phase starting from all points of the aperture. 
It is the interference of these waves which produces the diffraction 
pattern. 

1. Comparison of Fresnel and Fraunhofer Diffraction. — The two 
types of diffraction, Fresnel and Fraunhofer, arise from observing 
the pattern near to, or far from, the screen. Let the normal to the 
screen be the z axis, as in Fig. 31, and let the screen containing the 
aperture be at s = 0. The light passing through the aperture is 
caught on a second screen at z = R. Physically, the diffraction 
pattern has the following nature; close to the aperture, the light 
passes along the z axis as a column or cylinder of illumination, of 
cross section identical with the aperture, so that, if the screen at R 
is close to the aperture, the illuminated region will have the same shape 
as the aperture, and we speak of rectilinear propagation of the light. 
As R increases, however, the column of light begins to acquire fluctua- 
tions of intensity near its boundaries, so that the pattern on the screen 

' '.'ISO ' 
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has fringes around the edges. This phenomenon is the Fresnel 
diffraction. 

The size of the Fresnel fringes increases proportionally to the 
square root of the distance R. Thus Fig. 32 shows, in its upper dia- 
gram, the slit, parallel column of light, and parabolic lines starting from 
the edges of the slit, indicating the position of the outer bright fringe 
of the Fresnel pattern, if we are sufficiently near to the slit. As It 
becomes larger, the fringes become so large that there are only one 
or two in the pattern of the aperture, and the pattern shows but small 
resemblance to the shape of the aperture, though it still is of roughly 



Fig. 31. — Aperture and screen for diffraction through rectangular slit. 

the same dimensions. With further increase of R, we finally enter 
the region of Fraunhofer diffraction. Here the beam of light, instead 
of consisting of a luminous cylinder, resembles more a luminous cone 
indicated by the diverging dotted lines in the top diagram of Fig, 32. 
Thus the Fraunhofer pattern becomes larger and larger as R increases, 
being in fact proportional to 22 , so that we can describe it by giving the 
angles rather than distances between different fringes. 

Often Fraunhofer diffraction is observed, not by placing the screen 
at a great distance, but by passing the light through a telescope 
focused on infinity. Such a telescope brings the light in a given 
direction to a focus at a given point of the field. Thus it separates 
the different Fraunhofer fringes, since each of these goes out from the 
source in a particular direction. In Fig. 32, diffraction patterns are 
shown indicating the transition from Fresnel to Fraunhofer diffrac- 
tion. Pattern a illustrates the Fresnel pattern for one edge of an 
infinitely wide slit. Patterns 6 to <7 represent the actual diffraction 
patterns from the slit, at distances indicated in the upper diagram. 
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These patterns are all drawn to the same scale. They are drawn 
from a slit five wave lengths wide, for the sake of getting the figure 
on a, diagram of reasonable scale. If the wave length were shorter, 
then for the same slit the distances would be stretched out to the 



{h) 


Fig. 32. — Transitioa from Fresnel to Fraunhofer diffraction for a slit, (a) Fresnel 
I.)iittorn for edge of infinitely wide slit. (b)~(g) Actual diffraction patterns from slit, at 
distances indicated in upper diagram, (h) Fraunhofer pattern. 

right, and the Fraunhofer pattern would correspond to smaller angular 
deflections. This would be necessary to bring the Fresnel cases far 
enough from the slit so that our approximations would be really 
applicable. Finally, in h, we give the limiting Fraunhofer pattern, not 
drawn to scale. 

Let coordinates in the plane of the aperture be x, y, and in the 
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plane of the screen at R let the coordinates be xq, ijq, as in Fig. 31. 
Then, if the element of area is at x, y, 0, and the point P at a.'( 3 , ?/o, R, 
the distance r i between them is 

Ti = V (xo — xY 4- iva - yY^ + R^. 

The integration cannot be performed with this expression for fi, and 
Fresnel and Fraunhofer diffraction lead to two different approximate 
methods of rewriting ri, leading to different methods of evaluating 
the integral. We can see the relation of these tw'o methods most 
clearljr from Fig. 33, in which ri is plotted as a function of Xq — x, 
for the special case where yo ~ y is zero. The resulting curve is a 
hyperbola. 



Fig. 33. — >'i as function of a:o — aj. n — — a:)^ + R"- ri is the distance 

from a point of the aperture to a point on the screen; xo — x is the difference between the 
X coordinates of the points. 

Now in all ordinary cases, 12 is large compared with the dimensions 
of the aperture. That is, the range of abscissas representing the 
dimensions of the aperture (from a;o ~ to .-co — X 2 , if and .ta are 
the extreme coordinates of the aperture) is small compared with the 
distance R, the intercept of the hyperbola on the axis of ordinates. 
The two cases are now represented by the ranges ab and cd of abscissas, 
respectively. In the first, xa — xi and fCo ~ are separately small, 
as well as their difference, and this means that the point P is almost 
straight behind the aperture, in the region where the Fresnel diffraction 
pattern occurs. In the second, «e Is large, of the same order of magni- 
tude as 12, showing that we are examining the pattern at a considerable 
angle to the normal, as we do in the Fraunhofer case. 
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The two approximate methods can now be simply described from 
the cuiwe; for Fresnel diffraction, we approximate the hyperbola near 
its minimum by a parabola; for Fraunhofer diffraction, we approximate 
it farther out by a straight line. In the first case, assuming R to be 
large compared with {xo — x), we have by the binomial expansion 


p f ^ 


xY 




or, including the terms in y, 

ri = R+~ :T £. ) i + - (yo Z - l) - + . . . . (1.1) 

In this case, in the notation of Eq. (4.1) of Chap. XIII, we take 
f = R, so that r' is the remaining term of (1.1). For Fraunhofer 
diffraction, on the other hand, we have Xq » x. Then we can write 
rf = (x 5 + yl + R^) — 2{xxo + yijo) + -|- y‘\ and. we can neglect 

the terms + y®. If we let Rl = xl yl + R~, where Rq measures 
the distance from the center of the aperture to the point P, we can use 
a binomial expansion, obtaining 

. ( 1 , 2 ) 

In this case we take f — Ro, so that r' is the remaining term of (1,2), 
Letting Xo/Ro — I, yo/Ro = ni, the direction cosines of the direction 
from the center of the aperture to P, we have 

r' = —{IxAr my) • * * , 

involving the position on the screen only through the angles, so that 
we see at once that the pattern will travel outward radially from the 
aperture. 

2. Fresnel Diffraction from a Slit. — ^Let the aperture be a slit, 
extending from a; = — (a/2) to.T = a/2, and from y = —(6/2) to 6/2. 
We assume a to be small, 6 comparatively large, as in Fig. 31, so that 
it is a long narrow slit. Using the results of (1.1), our integral is 

This can be immediately factored into 

/ b/2 ra/2 

-6/2 J --a/2 

Since these two integrals are of the same form, we can treat just one 
of them. This will prove to give fringes parallel to one set of axes. 
The whole pattern is then simply the combination of the two sets of 
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fringes. The single integral, for instance, the one in x, has a real part, 
and an imaginary part (with sign changed), equal to 




- dx and 


( 2 . 1 ) 


It is customary in these integrals to make a change of variables: 

” 2 " integrals become \/R'\/2 times C and S, 


respectively, where C' = J cos ^ du, ^ = j sin ^ du, and where 

“1 """ "“2 = These integrals are called “Fresnel’s 

\/RK/2 ^/R\/2 

integrals.” They cannot be explicitly evaluated, but their values 
have been computed by series methods. 

f sin-sirii^ du 




/qosj^u^ du 


Fia. 34. — Cornu’s spiral. The points of the spiral marked by cross bars correspond to 
increments of 0.1 unit in m. 

To discuss Fresnel’s integrals, let us plot the indefinite integral 

I cos du as abscissa. / sin ^ du as ordinate, of a graph, as in 
Jo ^ 'Jo v* 

Fig. 34. Then it is not hard to see that the resulting curve is a spiral. 
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whicli is known as “Cornu’s spiral.” To see this, we can first compute 
the slope. This is the differential of the ordinate, over the differential 
of the abscissa, or 

sin (t/2)m^ 


cos (7r/2)w^ 


tan ^ 
2 


Thus, when increases by 4, the tangent of the curve swings around 
a complete cycle, and comes back to its initial value. Each point 
of the spiral corresponds to a particular value of u. We can show 
at once that the difference of u between two points is simply the length 
of the curve between the points. We show this for an infinitesimal 
element of the curve. The square of the element of length, ds-, is 
equal to the sum of the squares of the differentials of abscissa and 
ordinate, or is cos^ [(V2)w-] du- + sin- [(7r/2)'w^] du^. Hence ds = du, 
and we can integrate to get s = — rii. From this fact we can make 

sure of the spiral nature of the curve. For one turn corresponds 
to an increase of by 4. That is, if u' and u" are the values at 
the two ends, = u'^ + 4. This is u"^ — u'^ = 4, (u" — u') 
{u" + u') — 4, u" — u' = 4/(w” 4“ u'). The difference u" — u' is, 
however, simply the length of the turn, so that as we go farther 
along, the turns become smaller and smaller, so that they eventually 
become zero, which is characteristic of a spiral. It is plain that the 
spiral is symmetric in the origin, having two points, for u = + « , 
for which it winds up on itself. 

Let us take our spiral, mark on it the positions Ux and correspond- 
ing to the limits of our integral, and draw the straight line connecting 
these points. The length of this line will then be proportional to the 
amplitude of the disturbance, and its square to the intensity. This is 
easy to see: the horizontal component of the line is just C, and the 
vertical component 8, so that the square of its length is (7" -f- S'K 
Knowing this, we can easily discuss the fluctuations of intensity, as 
seen in Fig. 32. As xo changes, it is plain that and wa increase 


together, their difference remaining fixed and equal to 


a 

VEX/2 


Thus 


essentially we have an arc of this length, sliding along the spiral, and 
the intensity is measured by the square of the chord between the ends 
of this arc. 

Now when Xa is large and negative, the arc is wound up on itself, 
so that its ends practically meet, and the intensity is zero. This is 
the situation in the shadow. As xo approaches the value —a/2, how- 
ever, m 2 approaches zero, so that one end of the arc has reached the 
center of the figure. There are two quite different cases, depending 


Sec. 3] 


FRESNEL AND FRAUNHOFER DIFFRACTION 


187 


on whether — Wi is large or small. If it is large (a large slit and 
relatively short distance R and small wave length), then Ui will not 
be unwound much at this point. The chord will then be half the 
value between the two end points of the spiral, and the intensity 
will be one-fourth its value without the screen, and will have iiicreased 
uniformly in coming out of the shadow. As we go farther along the x 
direction, however, the arc will begin to wind up on the other half of 
the spiral, producing alternations of intensity at the end of the shadow. 
Then for a while u-i will be nearly at one end of the spiral, Ui at the 
other, so that the intensity for some distance will be nearly constant, 
and the same that we should have without the slit. This is the 


illuminated region directly behind the slit. Finally we approach the 
other boundary, and Ui commences to unwind. We then go through 
the same process in the opposite order. 

The other quite different case comes when U 2 — Ui is small, which 
is the case for small slit, or large wave length or distance. Then 
there is never a time when Ui is on one branch of the spiral and on 
the other. All through the central part of the pattern, therefore, 
there are no fluctuations of intensity. Such fluctuations come only 
far to one side or the other. They come about in this way: At some 
places in the pattern, the arc is long enough to wind up for a whole 
number of turns, and the chord is practically zero, while at other places 
it winds up for a whole number plus a half, and the chord has a maxi- 
mum. The resulting fringes are the Fraunhofer fringes which we 
shall now discuss by a different method. 

3. Fraunhofer Diffraction from, a Slit. — Using the approximation 
(1.2), our integral for Fraunhofer diffraction is 
The first term, as in Fresnel diffraction, contributes nothing to the 
relative intensities, and may be discarded. We then have 

(ia, 

as the integral whose absolute value measures the amplitude of the 
disturbance. Let us suppose that the aperture is the same sort of 
rectangle considered abox'c, extending from —a/2 to a/2 along x, from 
— h/2 to h/2 along y. Then the integral is 


g2irj7r/X 


-a/2 


r 

j -hi 


■h/2 

^girj7o/X Q—vjla/\y ^Qrimb/\ 

2Trj l/'K . 


-rlmb/X'j 


2Tjm/X 

sin {irla/X) sin {^mh/\) 


ttI/X 


icm/X 


(3.1) 
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The intensity is the square of this quantity. Let us consider its 
dependence on the position of the point P on the screen. The coordi- 
nates of this point enter only in the expressions I, m, showing that the 
pattern increases in size proportionally to the distance, as if it con- 
sisted of rays traveling out in straight lines from the small aperture, 
rather than having an approximately constant size as with the Fresnel 
diffraction (see Fig. 32). Wlien we consider the detailed behavior of 
the intensity as a function of the angle, we find that this can be written 

as times a similar function of m, giving a curve of the 

{Tla/\y 

form where a = This function becomes unity when a = 0. 

a“ K 

goes to zero for a == jt, 2t, St, ■■■ , with maxima of intensity approxi- 
mately midway between. The maxima decrease rapidly in intensity. 
Thus at the points St/2, 57r/2, . . . which are approximately at the 
second and third maxima, the intensities are only (2/37r)”, (2/57r)“, 
. . . , or 0.045, 0.016 . . . , compared with the central maximum of 1. 
Let us see how the size of the fringes depends on the dimensions of the 
slit. The minima come for a ~ riT, or la/'K — n, I = nX/a. Thus we 
see that the greater the wave length, or the smaller the dimensions 
of the slit, the larger the pattern becomes. 



Fig. 35. — Elementary construction for Fraunhofer diffraction. 


The positions of the minima can be immediately found by a very 
elementary argument. Assume for convenience that we are investi- 
gating the pattern at a point in the plane, so that m = 0. Then 
draw a plane normal to the direction Z, passing through one edge of 
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the aperture, as in Fig. 35. This represents a wave front of the 
diffracted wave, just as it passes one edge of the aperture. From 
the geometry of the system, this wave front is a distance la from 
the other edge, or la/2 from the middle of the aperture. Now, if the 
distance of the middle is just a whole number of half wave lengths 
different from the distance from the edge, the contributions of these 
two points to the amplitude will just cancel, being just out of phase. 
The other points of one half of the aperture can all be paired against 
corresponding points of the other half whose contributions are just 
out of phase, finally resulting in zero intensity. This situation comes 
about when la/2 — n\/2, where n is an integer, or I = nX/a, the same 
condition found above. Since most of the intensity falls within the 
first minimum, and since I is the sine of the angle between the ray 
and the normal to the surface, we may say that by Fraunhofer diffrac- 
tion the ray is spread out through an angle X/a. 




The problem of Fraunhofer diffraction through a circular aperture 
is slightly more complicated mathematically. Here we must evaluate 
j^ 2 riG^+my)/\ over a circle. Let us introduce polar coordinates in 
the plane of the aperture, so that x — p cos Q, y — p sin B. Further, 
on account of symmetry, we may take the point P to be in the xz plane, 
so that m = 0. Then, if po is the radius of the aperture, the final result 

fo° g 2 Tj>cos M/Xp We integrate with respect to p by parts, r 

obtaining for the integral 

pggSirjpj cos W/X ^g25rjpj COB ez/x ■ 1) t 

2irj COS dl/\ {2Tj COS dl/xy _ I 

■ ■ i 

,l 

h'or the integration with respect to 6, it is necessary to expand the 
exponentials in series. If we do this, the integrals are in each case 
integrals of a power of cos d, from 0 to 27r. These are easily evaluated, 
and the result, combining terms, proves to be 



where k is an abbreviation for ttpoI/X. If we recall the formulas for 
Bessel’s functions, discussed in Appendix VII, we can see without diffi- 
culty that this is equal to (poX/0/i[2tpo(Z/X)]. It is not hard, using 
some of the properties of Bessel’s functions, to prove this formula 
directly, without the use of series. 
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From the series, we see that the intensity has a maximum for 
I = 0, the center of the pattern. As I increases, we can see the 
behavior most easily from the expression in terms of Bessel’s functions. 
Since Ji has an infinite number of zeros, there are an infinite number 
of light and dark fringes. The first dark band comes at the first zero 
of Ji, Avhich from tables is at 2irpoZ/X — 1.2197'/r3 = 0.61. The 

next is at po^X = 1.16, and so on, with maxima between. We see 
that, except for a numerical factor, the pattern from a circular aperture 
has a.bout the same dimensions as that from a scpiare aperture. Thus 
if l.he side of the square were equal to the diameter of the circle, 2po, 
the first dark fringe would be at 2pd/\ ~ 1, pd/^ = 0.5, and the next 
one at 1.0. 

Whenever light passes through a lens, it is not only refracted, but 
it has passed through a circular aperture, the size of the lens itself 
or of the diaphragm that stops it down, and as a result it is diffracted. 
Suppose, for example, that the lens is the objective of a telescope, and 
that parallel light fails on it, as from an infinitely small or distant star. 
Then after passing through the diaphragm, the light will no longer be 
a jilane u^ave, but will have intensity in different directions, as shown, 
in the last paragraph. The central maximum will have an angular 
radius of 0.61X/po, where po is now the radius of the telescope objective. 
The resulting waves are just as if the light came from an object of this 
size, but passed through no diaphragm. When the telescope focuses 
the radiation, the result udll be not a single point of light, but a 
circular spot surrounded by fringes, as of a star of finite diameter. 
For this reason, the telescope is not a perfect instrument, and one 
would say that its resolving power was onlj^ enough to resolve the 
angle O.GlX/po. This is usually taken to mean the following: If two 
stars had an actual angular separation of this amount, the center 
of the image of one star would lie on the first dark fringe of the other, 
and the patterns would run into each other so that they could be just 
resolved. We see that the larger the aperture of the telescope, or the 
smaller the wave length, the better is the rcsoluti on . The same general 
situation, holds for microscope lenses. 

5, Diffraction from Several Slits; the Diffraction Grating.— Sup- 
T)ose we have a number N ot equal, parallel slits, equally spaced. 
Let each have a width a along the x axis, and let the spacing on centers 
bo d, so that the centers come at .t = 0, d, • • * {N — l)cZ. Now let 
us find the Fraunhofer pattern. The part of the integral depending 
on y will be just as with the .single slit, and we leave it out of account. 
We are left with 
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f a/2 

rd+a/2 

r 

1 f,2Trilx/X 4 . 

1 02 t 31 x/X . . 


/ - 0/2 

J d~a/2 


(N~l)d+a/2 


pZvjlx/X 


(N-l)d~a/2 


But this is, as we can immediately see, simply 


J ^ _j_ g2Tj7(.V-l)rfAj_ 

By the formula for the sum of a geometric* series, this is 

WSJ.-)- 


J-Zr^Nu7x 


Let the first term be A, the amplitude due to a single slit, which we 
have already evaluated. Now to find the intensity we multiply this 
its conjugate, which gNes 


cos {2rlNd /\) 
- cos (27rW/X) 


A 2 siu" i'Tr lNd/'K) 
sin” {rld/X) 


That is, with N slits the actual intensity is that with one slit, but 
multiplied by a certain factor. This factor goes through zero when 
INd/'K is an integer, so that I equals an integer multiplied by \/Nd. 
This gives fringes wdth a narrow spacing, characteristic of the whole 
distance Nd occupied by the set of apertures, modulating the other 
pattern, and they are what are usually called ‘‘interference fringes, 
since they are due, not to diffraction from a single aperture, but to 
interference betw'ecn different apertures. But, in addition to tliis, the 
denominator I'csults in having these fringes of different heights. The 
minimum height occurs when the denominator equals unity, when 
the fringes are of height A^, and the most intense fringes come when 
the denominator is zero. Here the ratio of numerator to denominator 
is evidently finite, and gives fringes of height N-A'K Thus the greater 
N is, the greater the disparity in height between the largest and small- 
est maximum. Evidently every JVth maximum will be high, and the 
high ones will be spaced according to the law ld/\ — k, an integer. 

Now suppose iV becomes very great, as in a diffraction grating. 
Then the small maxima will become so weak compared with the 
strong ones that only the latter need be considered. The latter will 
seem to consist of a set of sharp lines, with darkness between. These 
sharp lines come, as we have seen, at angles 0 to the normal given by 
k\ — d sin 0, where A* is an integer, and sin 6 ~ I This is the ordinary 
diffraction grating formula^ where k is 0 for the central image, 1 for 
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the first-order spectrum, 2 for the second order, and so on. But we 
cannot entirely neglect the fact that there are other small maxima 
near the important ones. Thus for Id/'h — k, the intensity is N'^A^. 
This comes for lNd/\ = Nk. But for lNd/\ ~ Nk + we again 
have a secondary maximum, wdiose height is now 

A‘^ _ A^ _ A^ 

sin^ (tW/X) sin^ 7r[(iV/r + H)/N] sin^ rik + 3/(2iV)]* 

Now sin'^ ^7r/r + approximately, if N is large, so that 

the height of the maximum is 4N‘h4^/9r®, or about 0.045 of the height 
of the highest maximum. Thus the first few secondary maxima 
cannot be neglected. 

To get an idea of the width of the region through which the inten- 
sity is considerable, we may take the width of the first maximum. 
From the center to the first dark fringe, this is given by the fact that 
at the center INd/'K = Nk, at the dark fringe Nk + 1, so that 
Al = \/Nd, This is closely connected with the resolving power of a 
grating. For a single frequency gives not a sharp set of lines, one for 
each order, but a set broadened by the amount we have found. Thus 
two neighboring frequencies, differing by AX, could not be resolved 
if the first minimum of one lay opposite the maximum of the other. 
Since I = \k/d, this would be the case if = A'hk/d = \/Nd, or if 
AX/X = 1 /Nk. The resolving power thus increases as the number of 
lines in the grating increases, and as the order of the spectrum increases. 

Problems 

1. Carry through a discussion of Fresnel diffraction from a slit, when the 
source is at a finite distance, directly behind the center of the slit. In what way.s 
will the result differ from the case we have discussed? 

2. Light of wave length 6,000 A falls in a parallel beam on a slit 0.1 mm broad. 
Work out numerical values for the intensity distribution across the slit, at three 
distances, first in which the Fresnel fringes are small compared with the size of the 
pattern, second in which they are of the same order of magnitude, and third in 
which they are Fraunhofer fringes. Either construct Cornu’s spiral yourself, from 
tables of Fresnel’s integrals, or use the one of Fig. 34. 

3. Find the coordinates of the points at -which Cornu’s spiral winds up on itself. 
From the chord between these points, compute the intensity behind an infinitely 
broad slit, which essentially means no slit at all. Find whether this agrees with 
what you should expect it to be. 

4. Prove that the maxima of the function 

sin^ ('irla/'h) _ sin^ a 


Skc. 5] 
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are determined by the equation a = tan a. Find the first three solutions of this 
transcendental equation, and compare them with the approximate solutions 
a =“ dTr/2, 5 ttI 2, 7ir/2. 

6. Discuss the Fresnel diffraction pattern caused by an edge coincident with the 
y axis, the screen occupying one-half the xy plane. The diffraction pattern is 
obtained in a plane parallel to the xy plane and a distance R from it. Plot the 
variation of intensity of light along the x direction from a region irnside the shadow 
to well into the directly illuminated area. Prove that the intensity of light just 
at the edge of the geometrical shadow is one-fourth of its value if there were no 
diffraction edge. 

6. Evaluate the Fre.snel integrals cos | m* du and * .sin ^ u- du in a power 
series. What is the range of convergence of these series? 

7. Consider the Fre.snel integrals in the form cos dx and jj .sin x- dx. 
Integrate each of these by parte according to the scheme 


/ cos X- dx = X cos X* -f- 2 / 

Jo ^ Jo 


sin X- dx 


and continue this process. Show that one obtains series for the above integrals 
of the form 


and 


/; 

i: 


cos dx = Si cos X® (Sj sin x^ 


sin x^ dx == Si sin x® — jSs cos x® 


where Si and Si are power series in x. Find these series and their range of 
convergence. 

8. Find a serniconvergent series for the Fresnel integrals by the following 
f cos X* dx = [ X dx, and integrate by parts, repeating 

Jx Jx 


method: Write 


the process. Then write the results in the form 

cos X® dx = (Ti cos X® — 0-2 sin x^ + Rs 


L 


where o-i and aft are finite series of n terms each in inverse powers of x. Rc is the 
remainder. Show that it is given by 


Rc 


{-lY 


1 • 3 - 5 


(4?t — 1) r * cos X? dx 
Jx 


22 « 


Note that the series <ri and az are alternating series with terms that initially decrease 
with increasing n but eventually increase again. Thus the best approximation 
will be obtained when one stops at such a value of w that the ratio of the remainder 
when n -p 1 terms are retained to that for n terms is most nearly equal to unity. 
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Since 


\Rc\ < Rn 


1 ■ 3 • 5 ■ ■ • (4n - 1) 

2in 



evaluate Rn+i/Rn, and show that the best approximation occurs for n equal about 


to x~/2. 


Find the corresponding series for 



sin dx. 


9. Show that in a diffraction grating all the even-order spectra will be missing 
if the slit separation d is twnce the slit width a. Which orders will be missing if 
d = 3a? Plot the intensity distribution in the difi'raction pattern formed by a 
grating of four equally spaced slits with d = 3a. 


APPENDIX I 
VECTORS 

The study of vectors and vector operations involves two branches: 
vector algebra, including the addition and multiplication of vectors, 
and the relations between the components of vectors in different 
coordinate systems; and vector analysis, including the differential 
vector operations, corresponding integral relations, and the general 
theorems concerning integrals. We shall treat both subdivisions in 
the present appendix. 

Vectors and Their Components. — We shall denote a vector, a 
quantity having direction as well as magnitude, by bold-faced type, as 
F. Vectors are often described by giving their components along 
three axes at right angles, as Fx, Fy, Fz. Their mathematical relation- 
ships are conveniently stated in terms of their components. Thus 
their law of addition is the paral- 
lelogram law; in terms of compo- 
nents, this means that, if two 
vectors F and G have components 
Fx, Fy, Fz, and (?*, Gy, Gz, respec- 
tively, the components of the sum 
F-bG are (P, + 6-b), (F. + (?,), 

{Fz -1- Gz), as we show graphically 
in Fig. 36. To multiply a vector 
by a constant, as C, the vector ^ 
must be increased in length by the 
factor C, leaving its direction un- 
changed; this amounts to multi- Fig. 30,-~ParaUelogmm law for adcU- 
, . , . 1 .1 tion of voctora. The vector F + G-, the 

plying each component by the diagonal of the parallelograni of bides F, 
constant C, so that the compo- G, is the vector sum of F and G. Its x 
nents of CF are CFx, CFy, CF^. component is Fx + (?.. its, ?/ component 

Often a constant like C is called a 

"scalar,” to distinguish it from a vector. A scalar is a quantity that 
has magnitude but not direction, a vector having both magnitude and 
direction. 

It is often useful to write vectors in terms of three so-called " unit 
vectors,” i, J, k. Here i is a vector of unit length, pointing along the 

.■'■•■195/ ■ 'S', 
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X axis, and similarly j has unit length and points along the y axis, and 
k along the z axis. Now Ave can build up a vector F out of them, by 
forming the quantity iF* + )Fy + kF*. This is the sum of three 
vectors, one along each of the three axes; and the first, Avhich is just 
the component of the whole vector along the x axis, is F^, and the 
other components likewise are Fy and Fz- Thus the final vector has 
the components F^, Fy, Fz, and is just the vector F. 

By the magnitude of a vector we mean its length. By the three- 
dimensional analogue to the Pythagorean theorem, by which the 
square of the diagonal of a rectangular prism is the sum of the squares 
of the three sides, the magnitude of the vector F equals s/Fl + FI F|. 
We often speak of unit vectors, vectors whose magnitude is 1. The 
component of a vector in a given direction is simply the projection 
of the vector along a line in that direction. It evidently equals 
the magnitude of the vector, times the cosine of the angle between 
the direction of the vector and the desired direction. As a special 
example, the component of a vector F along the x axis is F®, and this 
must equal the magnitude of F, times the cosine of the angle between 
F and x. If this angle is called (F,.r), then Ave must ha\’'e 


cos {F,x) — 


F. 

VFI+ FI + FI 


AAuth similar formulas for y and z components. The three cosines of 
the angles betAveen a given direction, as the direction of the vector 
F, and the three axes, are called “direction cosines,” and are often 
denoted by letters I, m, n, so that in this case Ave have I — cos (F,x), 
etc. It folloAvs immediately that l~ + nF rF- — 1. We can giA^e a 
simple interpretation of the direction cosines of any direction: they 
are the components of a unit vector in the desired direction, along the 
three coordinate axes. 

Scalar and Vector Products of Two Vectors.-— Multiplication of 
tAVO vectors is a someAvhat arbitrary process, governed by rules that 
Ave must postulate. It has proved to be convenient to define tAvo 
entirely independent products, called the “scalar product” and the 
“vector product.” We shall first consider the scalar product. The 
scalar product of two vectors F and G is denoted by F • G, and by 
definition it is a scalar, equal to either (1) the magnitude of F times 
the magnitude of G times the cosine of the angle betAA^een; or (2) the 
magnitude of F times the projection of G on F; or (3) the magnitude 
of G times the projection of F on G. From the preceding section AA’-e 
see that these definitions are equivalent. 
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It is often useful to have the scalar product of two vectors in terms 
of the components along x, y, and z. We find this by writing in terms 
of i, j, and k. Thus we have 

F . G = (iF, + jFy + kF.) • (iG, + jGy + kG-'d 

= (i • i)F*<?a + (i • jWxGy 4- (i • WxG, + (j ■ i)FyG^ 

+ (j • ii)^vGy + (j • k)FyGz + (k • i)F,Gx -\- (k • ])F:.Gy -f (k • k)Fa(Ts. 

But, by the fundamental definition, 

i • i = j • j = k • k = 1, 

i • j = j • i = j • k = k • j = k • i = i • k = 0. (1) 

Thus 

F • G = F xGx + FyGy 4" FsGs. (2) 

The scalar product has man}'- uses, principally in cases Avhei'e we are 
interested in the projection of vectors. For example, the scalar 
product of a vector with a unit vector in a given direction equals 
the projection of the vector in the desired direction. The scalar 
product of a vector with itself equals the sciuare of its magnitude, 
and is often denoted by F^. The scalar product of two unit vectors 
gives the cosine of the angle between the directions of the two vectors. 
To prove that two vectors are at right angles, we need merely prove 
that their scalar product vanishes. 

The vector product of two vectors F and G is denoted by (F X G), 
and by definition it is a vector, at right angles to the plane of the 
two vectors, equal in magnitude to either (1) the magnitude of F times 
the magnitude of G times the sine of 
the angle between them; or (2) the 
magnitude of F times the projection 
of G on the plane normal to F; or 
(3) the magnitude of G times the 
projection of F on the plane normal 
to G. We must further specify the 
sense of the vector, whether it points 
up or down from the plane. This is 
shown in Fig. 37, where we see that 
F, G, and F X G have the same rela- 
tions as the coordinates x, y, a 
right-handed system of coordinates. 

Another way to describe the rule in words is that, if one rotates 
F into G, the rotation is such that a right-handed screw turning in 
that direction would be driven along the direction of the vector 
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product. From this rule, we note one interesting fact: if we inter- 
change the order of the factors, we reverse the vector. Thus 

(F X G) = ~(G X F). 

We can compute the vector product in terms of the components, 
much as we did vdth the scalar product. Thus we have 

F X G = (i X -f (i X j)FA + (i X k)n(?. 

■f (j X i)F,G, + (j X i)F/4 + (i X WuG. 

+ (k X i)F/}, + (k X f)F,Gy + (k X k)F,G,. 

But now, as we readily see from the definition, 

(i X i) == (j X j) = (k X k) = 0 

(as, in fact, the vector product of any vector with itself is zero), and 

(i X j) = - (j X i) = k, (j X k) = -- (k X j) = i, 

(k X i) - “(i X k) = j. (3) 

Hence, rearranging terms, we have 

F X G = i{FyO, - F.Gy) + j(F.G, - F.G.) + k(F,,G, - F,G*). (4) 

The Differentiation of Vectors. — We have seen that there are at 
least three processes of multiplication involving vectors: the multi- 
plication of a vector by a scalar, the scalar product of two vectors, 
and the vector product of two vectors. In a somewhat similar way 
there are a number of differential operations involving vectors, all 
with their special uses. The simplest of these is the differentiation 
of a vector with respect to a scalar, such as the time, in which the 
X, and z components of the time derivative of a vector are simply 
the time derivative of the x, y, and z components of the vector. 

The next type of differentiation that we consider is the differentia- 
tion of a scalar with respect to x, y, and 2 , to give a vector, the gradient, 
which we encountered in Chap. I, Sec. 3, in discussing the relationship 
between the electric field E and the scalar potential. The gradient 
of a potential is defined as 

grad,. = (iA + j|. + k|)p, 

Here we have written the gradient symbolically as the product of a 
vector operator, and the scalar <p. This vector operator is ordinarily 
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denoted by a special symbol V (pronounced ‘bier’), defined by 


tioris are ro operuie on wnaiever appears to tiie rigiit ot tne operator. 
With this definition, we see that we may write the identity 

grad <p ^ V(p. 

In some texts on vectors, the gradient is simply denoted by V(/5. 
As we see in Chap. I, Sec. 3, the physical significance of the gradient 
is simple. The gradient of a scalar points at right angles to the 
surfaces on which that function is constant, or in the direction in 
which the function changes most rapidly with position, and its mag- 
nitude measures the rate of change of the function in that direction. 
Its component in any direction, often called the “directional deriva- 
tive” of the function in that direction, measures the rate of change 
of the function in that direction, as for instance d(p/dx measures the 
rate of change of (p with x. 

Using the vector operator V, we can now define two types of 
derivatives of a vector: if we have a vector F, we can define derivatives 
by taking the scalar or the vector product of V -with the vector, result- 

ua 


divergence and the curl. From the definition (5), we have 


There are also various vector operations involving second derivatives. 
The most familiar ones involve the operator V * V — which ivritteii 
out is 

(52 ^2 Q % 

t72 = _J_ ___ 4- 

dx^ dy^ dz" 

This is the operator that we encounter often in the wave equation, 
Laplace’s equation, etc., and that is often called the “Laplacian,” 
for that reason. Being a scalar operator, it can be applied to either 
a scalar or a vector, and both forms frequently occur. Another 
second differential operator that is encountered often in electromag 
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netic theory, though not often in mechanics, is the vector operator 
cmi curl, applied to a vector: curl curl F = V X (V X F). We prove 
in a problem the useful relation 

curl curl F = grad div F ~ V^F, 


reducing this operator to the Laplacian, which we have already met 
and to grad div F = V(V • F), This completes the list of the vector 
operations that are often encountered. 

The Divergence Theorem and Stokes’s Theorem. — There are two 
vector theorems involving integrals, somewhat similar in piinciple to 
the theorem regarding integration by parts in calculus, which are of 
great importance in vector analysis. These are the divergence 
theorem, sometimes known as Gauss’s theorem, and Stokes’s theorem. 
We shall now prove these theorems. The divergence theorem relates 
to a closed volume V in space, and the surface S that bounds it. It is 
assumed that there is a vector function of position F. The theorem 
then states that the surface integral of the normal component of F, 
over the surface *S, equals the volume integral of div F, over the vol- 
ume V. That is, 


f J Pn da j j F’H da = J j j div ¥ dv, 


(6) 


where u is unit vector along the outer normal, so that F • n is another 
way of writing the component of F along the outer normal. To 
prove our theorem, we start by dividing up the volume V into thin 



Fig. 38. — Construction for the divergence theorem. 


elements bounded by planes y — constant, z ~ constant, as in Fig. 38. 
The component F* will be a function of a; along such an element, and 
we have obviously 




where Xi, are the values of a: at which the element cuts through 
the surface Let ni, Ha be the outer normals at these two ends of the 
eleinent, and let daiyda^ be the corresponding areas of surface bounding 
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the ends of the element. We shall have 

— dai cos (nijX) = dy dz 
da2 cos ( 712 , x) — dy dz 

where (ni,x) and (n2,.'r) refer to the angles between the vectors Hi and 
n 2 and the x axis, where the negative sign in the first equation arises 
because the outer normal has a negative projection on the x axis 
at the end Xi, and where dy, dz represent the thickness of the element 
along the y and 2 directions. 

Multiplying both sides of (7) by dy dz, we then have 

dF 

I dy dz = [F^i cos (ni,x) dai + i^x2 cos (^2,3:) da^]. 

If we carry out a summation over all elements of this type, the integral 
on the left will become a volume integral over V, the sum on the right 
will become a surface integral over S, and we have 

III ^ ~ 

V s 

We now proceed similarly with y and z, breaking up the volume into 
thin elements with their axes along y and z, and obtain two other 
equations similar to (8). Adding them, we have 


[jPj, cos {n,x) + Fy cos {n,y) + Fz cos (n,z)] da. 


But the integrand on the right is just the scalar product F • n, so that 
we have proved our theorem (6). This theorem, the divergence 
theorem, is met in Poisson’s equation, the equation of continuity, and 
other places, and forms the basis of Green’s theorem, which is proved 
in Sec. 4, Chap. II. 

A simplified version of our proof, though not entirely satisfactory, 
is instructive. This comes from proving the theorem for a volume 
consisting of an infinitesimal rectangular parallelepiped, bounded by 
X, X -f dx, y,y + dy, z, z + dz. First we compute the surface integral 
of Fn over the six faces of the volume. For the face at x, F « is — F*, 
and the integral is ~F^{x) dy dz, where the value of F* is to be com- 
puted at a:. For the face atur + dx, F„ is F„ and the integral is 
Fx(a; dx) dy dz. Thus the surface integral over these two faces is 
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approximately {dF Jdx) dz dy dz. Adding similar contributions from 
the faces normal to the A/ and z axes, we find for the total surface 
integral the amount div F dx dy dz, which is what the divergence 
theorem would give. This treatment suggests a simple physical 
definition for the divergence of a vector: it is the total outward flux 
of the vector per unit volume. To get from this form of the theorem 
to that involving a finite volume, we may subdivide the finite volume 
into infinitesimal parallelepipeds. The total flux outward of the vector 
through the surface of the finite volume is just ecprai to the sum of the 
fluxes outward over the surfaces of the infinitesimal volumes; for at 
each interior surface of separation between infinitesimal volumes, the 
flux outward from one volume is just balanced by the flux into its 
neighbor, leaving only the contributions of the exterior surfaces. The 
weakness of this proof lies only in the fact that a real volume cannot be 
built up entirely of infinitesimal parallelepipeds ; around the boundary 
there wohld have to be infinitesimal volumes with surfaces inclined 
to the coordinate planes, which this treatment does not consider. Our 
earlier treatment, however, removes this objection. 

Next we consider Stokes's theorem. This theorem relates to a 
closed line L in space, and a surface S that is bounded by L. Again 
we have a vector function of position F. Stokes's theorem states 
that the line integral of the tangential component of F, around L, 
equals the surface integral of the normal component of curl F, over S. 
That is, 

F • ds = 

where ds is a vector element of distance around the boundary, and n 
is the normal to the surface, chosen to point up if the positive direc- 
tion of traversing the boundary is chosen (that is, if we go around 
it in a counterclockwise direction). We shall give a simplified dis- 
cussion of this theorem, similar to the second method we used for 
handling the divergence theorem. Let us subdivide the surface 

into a set of small approximately 
rectangular areas. We shall prove 
the theorem for each of the sepa- 
rate areas, and then combine them. 
As we see from Fig. 39, the contri- 
butions to the line integrals from the 
interior boundaries will cancel, so that the sum of all the line integrals 
will equal the line integral around the perimeter. The sum of the 



Fia. :39. — Surface for discussing Stokes’s 
theorem. 



// 


(curl F) • n da, 


(9) 
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surface integrals over the separate rectangles will clearly equal the 
surface integral over the whole surface. Thus by adding the separate 
contributions we arrive at the theorem (9), which we wish to prove. 
The only reservation is that the line integral is computed for a saw- 
tooth type of curve approximating the actual boundary. It is not 
hard to show, though -we shall omit it, that the line integral JF • ds 
over a sa-w-tooth curve approximating the actual curve sufficiently 
smoothly differs by a negligible amount from the integral over the 
actual curve, so that \Ye can construct a rigorous proof of the theorem 
without trouble. 


X, y A- dy a; + dx, y -j- dy 


We must then prove our theorem (9) for a small rectangular area 
Let us choose the % and y axes to point along 
the sides of the rectangle, the z axis along the 
normal n ; if we can prove the result in this 
coordinate system, it will have to hold in any 
other coordinate system as well . The rectan- 
gle is considered to be bounded by the values 
X, X + dx, y, y + dy, as in Fig. 40. The 
surface integral on the right of (9) is then 
{dFy/dx — dFx/dy) dx dy. Let us next compute JF • ds for the element 
of area. It is evidently 


X, y 


x-hdx, y 

Fig. 40. — Circuit for prov- 
ing Stokes’s theorem. 


Fx{x,y) dx + Fy{x + dx,y) dy - F^{x,y + dy) dx - Fy{x,y) dy 



if we go around so as always to keep the surface on the left. Thus the 
theorem (9) is true for the infinitesimal rectangular surface, and by 
the argument above it then holds for a finite surface as well. 

The physical meaning of the curl is easily seen from Stokes’s 
theorem: it is the line integral of the tangential component of the 
vector around an area, per unit area. A vector field has a curl when 
its lines of force close on themselves, like the magnetic lines around a 
wire carrying an electric current, or like the lines of flow in a whirlpool- 
like motion of a fluid. A simple example, which makes the significance 
of the curl very clear, is the vector velocity associated with the rigid 
rotation of a body. Let a body have an angular velocity w about the 
z axis. Then the linear velocity at point x, y, 0 is given by = —ay, 
Dy = wx*, Vz = 0. We compute the cmi, and find at once that it is 
along the z direction, has a constant value independent of position, 
and is of magnitude 2co. Thus it is simply twice tffic angular velocity 
vector of the rotating motion. 


ELECTROMAGNETISM 




Problems 

1. Find the angle between the diagonal of a cube and one of the edges. {Hint: 
Regard the diagonal as a vector i + j + k.) 

2. Given a vector i + 2j + 3k, and a second i — 2j + ak, find a so that the 
two vectors are at right angles to each other. 

8. Prove that lx + my -b ns = A:, where I, m, n, k are constants, and 
/“ + m- + = ,l is the equation of a plane whose normal has the direction 
cosines I, ni, n, and whose shortest distance from the origin is k. 

4. Prove that A • (B X C) = B • (C X A) = C • (A X B), W'here A, B, C are 
any ’i'ectors. Show that these are equal to the determinant 

A. A. 

Bx B, Bx 

c, Cy a 

6. Prove that A X (B X C) = B(A • C) — C(A • B), where A, B, C are any 
vectors. 

6. Prove that div oF = a div F + (F • grad a), where a is a scalar, F a vector. 

7. Prove that curl aP = a curl F + [(grad a) X F], where o is a scalar, 

F a vector. 

8. Prove that div (F X G) = (G • curl F) — (F • curl G), wdiere F, G are 
vectors. 

9. Prove that div curl F = 0, where F is any vector. 

10. Prove that curl curl F = grad div P — V=^F, where P is any vector. 

11. Prove that curl grad a = 0, where a is any scalar. 
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One of the complications of electromagnetic theory is the fact 
that a number of different systems of units are in common use. There 
are two so-called “absolute” cgs systems, both based on the centi- 
meter as unit of distance, gram as unit of mass, and second as unit 
of time. These are the electrostatic and electromagnetic units, respec- 
tively (often abbreviated esu and emu). There is a combination of 
these, in which certain quantities are denoted in the electrostatic and 
certain others in the electromagnetic units, which is called the “Gauss- 
ian,” or “mixed,” units. There are the so-called “practical units,” 
based largely on the electromagnetic units. There is the system used 
in this volume, the so-called mks system, in which, by using practical 
units for the electromagnetic quantities, but by using meters as units 
of distance, and kilograms as units of mass, we convert the practical 
system into an absolute system (that is, into a system in which various 
numerical constants can be set equal to unity, so that they drop out 
of the equations). Finally, in all these systems, we have a choice of 
so-called “rationalized” and “unrationalized” units, differing by 
factors of 4x, in which the unrationalized units give simpler formulas 
when we are dealing with problems of spherical symmetry, as the 
force between two point charges (where the force field is spherically 
symmetrical), while the rationalized units give simpler formulas when 
we are dealing with problems with rectangular symmetry, as the 
capacity of a parallel-plate condenser, or the properties of a plane wave. 
Of all these systems, the unrationaiized Gaussian units, and the 
rationalized mks units, have the widest use and are the most valuable. 
In this appendix we take up the relations among these units, and the 
definitions of all the types of units. 

We start with the unrationaiized electrostatic units. Here the 
fundamental definition is that of the unit charge. It is so chosen as to 
eliminate the constant in Coulomb’s law, which we have stated in 
mks units in Eq. (2.2), Chap. L That is, in esu, the force in dynes 
between two unit charges is given by 
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where r is in centimeters; or unit charge is that charge which, placed 
at a distance of 1 cm from an equal charge, acts on it with a force of 
1 dyne. The corresponding rationalized electrostatic units would be 
defined by the statement F — so that unit charge would 

be that which, placed at a distance of 1 cm from an equal charge, 
acts on it with a force of l/4ir dynes. That is, the unit charge in rational- 
ized units is 1 times as great as in unrationalized units. We shall 

not, however, consider rationalized esii further. 

In unrationalized esu, we define unit current as that in which unit 
charge passes any point of the circuit per second. We define unit 
electric field E from the force ecpiation, which we have given in 
Eq. (1.1), Chap. I, for mks units. That is, we assume that 




( 2 ) 


for a static field, so that unit field is that in which unit charge is 
acted on by a force of 1 dyne. Electrostatic unit of potential is that 
potential difference which W'ill impart to unit charge an energy of 
1 erg. It is clear from this that the field of a charge g, at a distance r, 
has a magnitude q/r^, and a scalar potential q/r, in unrationalized e.sii. 
The units of D, in unrationalized esu, are determined by the arbitrary 
assumption that D = E in empty space, in these units, so that the 
units of D are the same as those of E. If no^v we have a field 


^ = D = 1 


from a charge q, the outward flu.x of D can be found at once by con- 
sidering a sphere, and is 47rg. Thus Gauss’s law becomes 

J D • n da = 4Tr ^ gi = 47r j p dv, (3) 

i ■ 

and the corresponding differential expression is 

div D = 4 tp. (4) 

With the formulas relating charge and field, we can find the 
capacity of a condenser in esu, where of course capacity is defined 
as the charge per unit potential difference. For a parallel-plate con- 
denser of area A sq cm, with a separation of d cm between the plates, 
and empty space between, the capacity proves to be 



A 

Axd 
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We note that the capacity, being an area divided by a length, has the 
dimension of length in these units; it is sometimes expressed in centi- 
meters. We also note that the factor dir, which did not appear In 
Coulomb’s law (1) in unrationalized units, has appeared in the formula 
for the capacity of a parallel-plate condenser, just the reverse of the 
situation with rationalized units. If now the condenser is filled with a 
dielectric, the capacity will be Ks times as great, where He, the dielectric 
constant, being a dimensionless quantity, is the same in all systems of 
units. The situation is complicated, by the fact, liowever, that in 
uiirationalized esu the quantity is often denoted by e, though with a 
quite different meaning for e from what we have in our mks units. 
The capacity of a parallel-plate condenser filled with a dielectric, in 
uiirationalized esu, is then 


KfsA eA 
4mI 


( 6 ) 


It will be noted that this is related to the value eoA/d, given in Sec, 2, 
Chap, n, for the mks units, by having e in place of eo (since the dielec- 
tric is not equivalent to free space), and by being divided by dir. 
Similarly any of the other expressions for capacities of condensers of 
various shape, given in that section, can be converted to unrationalized 
esu by changing eo to e, and by dividing by 4ir. 

A dielectric of course derives its properties from the dipoles within 
it. The potential of a dipole of moment m (which, of course, is the 
product of the charge, in esu, times the separation of the opposite 
charges, in centimeters) is m cos d/r", instead of the value 

m cos d 

which we have in mks units. We set up a polarization vector P, 
equal to the dipole moment per unit volume in a dielectric, just as we 
did in mks units. As before, we find the volume charge density arising 
from the polarization to be given by the relation div P = ~p'. 
Assuming, as in Chap. IV, that E is the field arising from all charge, 
real and polarized, we lia%m div E = 4ir(p + p') == 47rp - dr div P, 
div (E + 47rP) —Arp. Thus, comparing with (4), we see that 

Ke = 1 4- =1-1- 4tXc, (7) 


where Xe, the susceptibility, in the unrationaiized units, is clearly 
i/d-TT times as great as in rationalized units, as in Kq. (2.3), Chap. IV. 
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Taking account of the different definition of the dipole moment, we 
see that, in place of Eq. (1.3), Chap. IX, giving the dielectric constant 
of a material containing polarizable molecules, we have 


= 1 + 47r 


NkCr^/m 


w| ” 


(8) 


differing from the formula in mks units by a factor d-n-eo in the second 
terra. 

We have now discussed most of the electrostatic relations in 
unrationalized esii. One additional quantity is the conductivity, 
which is defined by Ohm’s law J = o-E, in terms of the esu definitions 
of current density and electric field. When we come to magnetic 
quantities, it is less convenient to use esu. We can do so, by defining 
a magnetic field in terms of the force on a current element, but such 
magnetic units are seldom used, and we shall not discuss them here. 

We next consider the unrationalized electromagnetic units. These 
are based on the law of force betw'een two current elements as a 
starting point. Just as the esu of charge is chosen so as to eliminate 
the constant in Coulomb’s law, so the emu of current is chosen so as to 
eliminate the constant in Eq. (1.4) of Chap. V, giving the force between 
two current elements. Thus in emu we have for that equation 


dF = iii2 


[dsi X (ds 2 X r)] 


(9) 


That is, unit current in the electromagnetic system is that current 
which, flowing in 1 cm length of wire, acts on a similar current 1 cm 
away, appropriately oriented, with a force of 1 dyne. Having defined 
unit current, we can define unit charge in the electromagnetic system 
as the charge crossing a given point per second, when unit current is 
flowing. We can define the emu of potential as the potential differ- 
ence that will impart to 1 emu of charge an energy of 1 erg. We thus 
note that we can get definitions of electrostatic quantities in the electro- 
magnetic system of units. It is then a question of experiment (involv- 
ing in principle the measurement of forces between charges, and forces 
between currents, and comparing the charges and currents) to find 
the relation between the electrostatic and electromagnetic units of 
charge, current, and potential difference. It is found that 

1 emu of charge = 2.998 X 10^° esu of charge 
1 emu of current = 2.998 X 10^° esu of current 
2.998 X 10^° emu of potential = 1 esu of potential. (10) 
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The quantity 2.998 X 10^® appearing in the ratio of units is that 
which proves to express the velocity of light in centimeters per second^ 
and for most purposes it can be approximated by 3 X 10^° cm/sec. 

The magnetic induction B is determined in the electromagnetic 
system in such a way that the force equation F = g(v X B) or force 
per unit volume = (J X B) will hold, without additional constants. 
Thus unit magnetic induction, in emu, is that induction in which a 
unit current flowing in a wire 1 cm long at right angles to the magnetic 
field is acted on by a force of 1 dyne. This emu of magnetic induction 
is almost the only one of the absolute units that is in common use: 
it is the gauss. We then find that the induction arising from an 
element of current is 


dB 


i ds X r 


( 11 ) 


the appropriate form of the Biot-Savart law for emu. Using this 
law, we can find the value of B arising from different forms of stationary 
currents. Since (11) is related to Eq. (1.3) of Chap. V, the correspond- 
ing formula in mks units, by lacking the factor juo/4t, it is clear that 
all the formulas for B in Secs. 2 and 3 of Chap. V can be converted to 
emu by multiplication by 4'!r/Mo. Thus the value of B at a distance R 
from an infinite straight -wire carrying a current of i (in emu) is 2i/R, 
and the value of B inside a solenoid with n turns per unit length is 
4.irni, The solid angle S2 intercepted by a wire carrying a current of i 
emu can still be used as a scalar potential, and B is given by 

B = —i grad Q. (12) 

If we define the strength of a magnetic dipole as the current, in emu, 
times the area, the scalar potential, whose negative gradient gives B, 
is m cos d/r^. The vector potential A still is related to B by the equa- 
tion E = curl A, where now A is determined by the equation 

A=jidv, (13) 

instead of by Eq. (6.4), Chap. V. 

From (12), we can see at once that Ampere’s law for empty space is 

/B-ds = 4irSi, (14) 

or, in differential form, 

ourlB = 4,rJ. (15) 

In a magnetic medium, however, we have a magnetization current J' 
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arising from magnetic polarization. Defining magnetic moment as 
we have just done, we can set up a magnetization vector M as the 
total magnetic polarization per unit volume, and we find, as in Eq. 
(1.2), Chap. VI, that 

J' = curl M. (16) 

We then find, as in Chap. VI, that in Ampere’s law in a magnetic 
medium, we must include the effects of all currents, both real currents 
and those arising from polarization, so that (15) is replaced by 

curl B = 47r(J + JO = 47rJ + 4^ curl M, 
curl (B ~ 47rM) = 47rJ. 

We then define a magnetic field H, by the equation 

H == B - 47rM, 

in terms of which Ampere’s law becomes 

curl H = 47rJ. (17) 

We see that this definition is so set up that B = H in a nonmagnetic 
medium. The relation between B and H may be expressed in the 
forms 

B == H + 47rM = KmH, K,„ = 1 + 47rxm, where M = XwH. (18) 

These relations are clearly analogous to the corresponding electrostatic 
relations (7) and (8). 

Faraday’s law, in unrationalized emu, takes the forms 

J E • ds = - I J B . n da, curl E = - —• (19) 

To see that these formulas, without additional constants, give the 
correct value, where E and B are expressed in emu, we may use the 
familiar derivation of Faraday’s law from the energy principle, a 
derivation that we did not give in the body of the text. In this 
derivation, the flux through a circuit is changed by deforming the 
circuit, keeping the value of B constant in time, rather than by chang- 
ing B nith a constant circuit. The force exerted by the magnetic 
field on the element of length ds of wire carrying current i is f (ds X B), 
and the work done by this field, if the wire is displaced by an amount 
du, is ^/(ds X B) • du = f/B • (du X ds). The quantity dii X dsisa 
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vector equal in magnitude to the increment of area of the circuit, and 
pointing along the normal n to the surface spanning the circuit. Thus 
the work done, as computed above, may be rewritten id{fB • n da). 
To do this external work, the current flowing in the wire must have 
lost a compensating amount of energy, which means that an emf 
JE • ds must have existed, satisfying the relation 

id{jB • n da) = ~i dtJE • ds, 

from which Faraday’s law follows at once. From Faraday’s law, and 
the Biot-Savart law (11), we see at once that Eq. (2.2) of Chap. Vll, 
for the coefficient of self- or mutual induction, is written in iinrational- 
ized emu in the form 

L or M = 

from which we see that the formulas of Chap. VII for inductances 
can be converted to emu by dividing by the factor mo/4w. 

We have now seen how to express the electrical quantities in 
unrationalized esii, and the magnetic and electrical cjuantities in 
unrationalized emu. When we combine these, to get Maxwell’s 
equations, it is customary not to use either of these systems of units 
consistently, but to combine them into the Gaussian units. In these 
units, we use emu for B and H, but esu for all other quantities, includ- 
ing current and charge. The electrostatic equations will then be as 
in esu, but the equations involving magnetic quantities will be changed. 
We have the relation (10) between esu and emu of charge, current, 
potential, and correspondingly of electric field. If we let 

c = 2.998 X lO^o cm/sec, (21) 

we see that J, expressed in emu, is equal to 1/c times J expressed 
in esu, while E expressed in emu is equal to c times E expressed in esu. 
Thus Maxwell’s equations in Gaussian units become 

curl E = — i div B = 0 

c di 

curl H = div B = 47rp, (22) 

c dt c 

where we have included the displacement-current term, whose correct- 
ness may be inferred from the fact that it satisfies the equation of 
continuity, div J ^ dp/ dt " 0. These equations are to be supple- 
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merited by the constitutive equations, 

D = k.E, B == (23) 

where k* and Km are as given in (7), (8), and (18), and where in Gaussian 
units they are often denoted by e and m, respectively. Ohm’s law is 
still stated in the form J == <rE, where the value of the conductivity <t 
is the same in Gaussian units that it is in esu. 

From Maxwell’s equations in Gaussian units, we can proceed 
to introduce the potentials, set up wave equations, and consider 
energy density and the Poynting vector. For the potentials we have 

B = curl A, E = - grad (24) 

in which tp and A are subject to the relation 

div A + ^ ^ = 0. (25j 

c or 

Then we find that the potentials satisfy the following equations, if 
Ke and Km are constants independent of position; 

47rp 

Air Km -• (26) 

c 

Similar wave equations are satisfied by the components of electric 
and magnetic field. They show that, in a region containing no charge 
or current, waves will be propagated with a velocity c/ V^to, verify- 
ing our earlier statement that c represents the velocity of light in 
empty space. In a conducting medium in which J = crE, and in 
which the charge density is zero, we have instead of (25) 


di” A 1 1 - 

c ' c di 

0, 

( 27 ) 

and instead of (26) 



_2 4.WKm.(r d(p KeKm d'^ip 

^ dt c* di® 

0, 

( 28 ) 


with a similar equation for A. 

When we consider plane wave solutions of the wave equation, 
w^e find that in empty space E (in esu) is numerically equ^ to H 
(in emu) In a medium in which k* and Km are different from unity, 


VV 


V^A 


KeIC, 

KcKn 


, dV 
"di^ 
d^A 
dt^ 
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x/He'E is numerically equal to V^H. In a conducting medium, 
propagating a wave with angular frequency w, is replaced by 

Ke —) 

SO that x/ Ke — 4:Tja/ co B is equ al to and the complex index of 

refraction, instead of being V KcK^, equals \/Km(Ke — 47ricr/w). From 
these formulas, the properties of reflection from conducting surfaces^ 
skin depth, etc., can easily be found, but it should be remembered 
that in Gaussian units we must use in esu. 

From Maxwell’s equations we can prove Poynting’s theorem, which 
proves to be 

div £(EXH) + = -E-J. (29) 

From this we infer that Poynting’s vector, in unrationalized Gaussian 
units, is (c/47r)(E X H), and the electric- and magnetic-energy densi- 
ties are KeE^/Sx and KmH^^/Sx, respectively. We note from our relation 
between the magnitudes of E and Ey mentioned above, that the 
magnetic- and electric-energy densities in a plane wave are equal to 
each other. Applying this result to a spherical solution of the wave 
equation, we find that the rate of radiation from a dipole of amplitude 
M, angular frequency w, is 

jsda^^, (30) 

analogous to Eq. (4.2), Chap. XII. Similarly the scattering cross 
section of a scattering electron, analogous to (6.3), Chap. XII, is 

( 31 ) 

” 3 w, - co2)2 4- \mcy ' 

We have now indicated the equivalent, in unrationalized Gaussian 
units, of many of the most important formulas that have been encoun- 
tered in mks units in the body of the text. Next we consider the 
practical units. These are based on the emu, but differ from them 
by arbitrary powers of 10, chosen to make the practical units of con- 
venient size. The two most fundamental units are the ampere and 
the volt. These are arbitrarily defined by the following equations: 

1 ampere = 10-^ emu of current 
1 volt =10® emu of potential. 


( 32 ) 
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It follows from this that in the practical system the rate of worldng, 
or power, when 1 amp flows through a potential difference of 1 volt, 
is 10 ^ ergs/sec, or 1 joiile/sec, or 1 watt, so that power in the practical 
system is measured in watts. The coulomb is of course defined in 
terms of the ampere, and the unit of electric field is ordinarily the 
volt per centimeter. Using (10), we see that 

1 esu of charge = 2 998^ x 1 1 ) ^^ coulombs, 

1 esu of potential = 299.8 volts. (33) 

We see by dividing that 


1 ohm = 10 ^ emu of resistance 

“ (.%f}9Sr X 10“ re^taace. (34) 

From Coulomb’s law ( 1 ) we now see that the force between two 
charges q and expressed in coulombs, at a distance of separation r, 
measured in centimeters, is F = (2.998)^ X dynes or 

(2.998)’^ X lO^^qg'/r^ newtons. If r is measured in meters, the force is 

F = (2.998)2 X 10® ^ newtons. (35) 


This is identical with Eq. (2.2) of Chap. I, F — qq' jATrior^, so that 
60 = l/[ 47 r X (2.998)2 X 10®] = 8.85 X lO-^®, as in Eq. (2.1) of Chap. 
I. We note that (2.2) of Chap. I, which is the basis of our treatment 
of electrostatics in rationalized inks units, nevertheless uses as a 
unit the coulomb, which is an unrationalized unit, being based on the 
imrationalized emu. The factor 4^ Avhich appears in the definition 
of €fl compensates for this. 

Similarly from the law (9) of force between two current elements, 
we see that the force between lengths dsi and dss of wire carrying 
currents of fi and in amperes, at distance r, is 


dF = lO-^fjz, 

= 10~^'ll?.2 


[dsi X (ds 2 X r)] 

!r|» 

[dsi X (ds 2 X r)] 

IrP 


dynes 

newtons. (36) 


These formulas hold whether distances are in centimeters or in meters, 
since the dimensions of length cancel. Thus we verify Eq. (1.4) of 
Chap. V, in which we see that mo must be defined as in Eq. (1.2), 
Chap, y ., When we come to magnetic fields, we find that the unit in 
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actual use is the gauss, which as we have seen is the emu of magnetic 
induction B. If then we have a current i, in amperes, flowing in a 
length ds of wire, in centimeters, in a magnetic induction B, in gausses, 
the force dF, in dynes, is 

dF = 10"ii'(ds X B) dynes. 

Similarly if ds is in meters, dF in newtons, we have 
dF = 10~‘‘i‘(ds X B) newtons. 

It is evident that to eliminate the numerical factor 10“'* in the inks 
system we must use a unit of B 10* times as large as the gauss. This 
unit is the w^eber per square meter. 

The weber is a unit of flux, not of magnetic induction. It is a 
practical unit, based on Faraday's law: a time rate of change of flux 
of 1 weber/sec through a circuit induces an emf of 1 volt in that 
circuit. We recall, however, that a time rate of change of flux of 
1 gauss/sec through an area of 1 sq cm induces an emf of 1 emu. 
Since 1 volt = 10® emu, this means that it requires a change of flux 
of 10® gausses per second flowing through an area of 1 sq cm, or of 
10* gausses/sec flowing through 1 sq m, to induce 1 volt. In other 
words, 

1 weber/sq cm = 10® gausses, 

1 weber/sq m = 10* gausses. (37) 

Thus we establish the relation between the weber and the gauss. 

We have now discussed the practical units of electrical and mag- 
netic quantities. At the same time, we have established the laws of 
force between charges and currents, and the other fundamental 
relations on which our treatment of the mks units in the text is based. 
We have not taken up the lucky accident by which the powers of 
10 in terms of which the practical units of current and voltage are 
related to the emu, and the powers of 10 by which the meter and the 
newton are related to the centimeter and the dyne, are just such 
that they can be combined into a consistent set of units involving no 
powers of 10 in the final equations. This is in fact an accident, but 
when advantage is taken of it, we are led to the set of units taken 
up in the main discussion in the text. This set of units is still unfamil- 
iar to many readers, who were brought up to use the Gaussian units. 
The writers believe firmly that the mks units are to be preferred 
to the Gaussian units, not only for practical calculations, but for all 
purposes. The equations expressed in terms of mks units arc certainly 
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no more complicated, and in many ways they are simpler, than those 
expressed in terms of Gaussian units. To that is added the great 
advantage that, whenever results are to be translated into practice, 
the units to be used in the mks system are those in practical use, 
whereas in the Gaussian system they are all unfamiliar, and a con- 
version table must be used. The only constants that need be remem- 
bered in the mks system are €o and juo, and these have definite physical 
meanings: eo measures the capacity of a condenser whose plates are 
each 1 m square, and 1 m apart ; juo measures the self-inductance, per 
meter length, of a transmission line consisting of two parallel-plane 
conductors, each 1 m broad, spaced 1 m apart. (Each of these defini- 
tions, of course, implies suitable conductors outside those in question, 
to prevent fringing of fields.) 


APPENDIX III 
FOURIER SERIES 

Fourier’s theorem may be stated as follows; Given an arbitrary 
function ip{x). Then [unless ^(x) contains an infinite number of dis- 
continuities in a finite range, or similarly misbehaves itself], we can 
•write 

( 1 ) 


( 2 ) 

This equation holds for values of x between — X/2 and X/2, but not 
in general outside this range. The series of sines and cosines is 
called “Fourier’s series.” TWe are two sides to the proof of Fourier’s 
theorem. First, we may prove that, if a series of sines and cosines 
of this sort can represent the function, then it must have the coeffi- 
cients we have given. This is simple, and we shall cany it through. 
But second, we could show that the series we so set up actually repre- 
sents the function. That is, we should investigate the convergence 
of the series, show that it does converge, and that its sum is the 
function (p{x). This second part we shall omit, merely stating the 
results of the discussion. 

Let us suppose that tp{x) is represented by a series as in (1), and 
ask what values the A’ a and J3’s must have if the equation is to be true. 
Multiply both sides of the equation by cos (2irmx/X), where m is an 
integer, and integrate from — X/2 to Z/2. We then have 

27rmx j f Ao %rmx 

I <i9(x) cos — ax = / I cos 
J -x /2 X. J X 

X' . 2nrnx %rmx , o • 2irmx\ , 

+ / ^A„ cos — y~ cos —y" ^ n,, sm cos j ax. {S} 

■' 217 : 


^(x) 


4* 


where 


An 

Bn 


l 

n — 1 

/ . 2irnx 

f J\. COS 

+ Bn 

2 

rx /2 

(p{x) cos 

2ttix 

XJ 

^ -x /2 

- ( 

2 

rx/2 


2Tnx 

X . 

1 -x /2 

(p(x) sin 

X 


27r?ix 

~x 


dx, 

dx. 
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But we can easily show by direct integration that 


2Trnx 2Trmx , 
COS COS -1^ " d'^ 

-A 72 ^ ^ 

if n and m are integers, unless n = m, and that 



sm 


27rw.r 

~T 


cos 


2TTmx 

X'” 


dx 


0 


if n and m are integers. Thus all terms on the right of (3) are zero 
except one, for which n = m. The first term falls in with this rule, 
when we remember that cos 0 = 1. This one term then gives us 


A 


n 



2Trnx 


dx 



as we can readily show. Hence 


An 



2irnx 

"X“ 


dx. 


In a similar way, multiplying by sin (27r7nx/X), we can prove the 
formula for Bn- 

We have thus shown that, if a function (p{x) is to be represented 
by a series (1), the coefficients must be given by (2). We shall next 
make a few remarks about the other part of the problem, the question 
whether the series so defined really converges to represent the func- 
tion ^(x). In the first place, the series cannot in general represent 
the function, except in the region between —X/2 and X/2. For the 
series is periodic, repeating itself in every period, whereas the func- 
tion in general is not. Only periodic functions of this period can 
be represented in all their range by Fourier series. If we try to 
represent a nonperiodic function, the representation will be correct 
within the range from —X/2 to X/2, but the same thing will auto- 
matically repeat itself outside the range. Incidentally, we can easily 
change the range in which the series represents the function. If we 
merely change the range of integration so as to be from a;o to xo -f X, 
where ajo is arbitrary, the series will represent the function wdthin this 
range. The case we have used corresponds to «o = —X/2; another 
choice frequently made is a;o = 0. 

We can also change the value of X, and thereby change the length 
of the range in which the series is correct. To represent a function 
through a large range of a:, we may use a large value of X. In fact, 
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as X becomes infinite, the quantities 2irnx/X for successive n’s become 
arbitrarily close together, and the summations involved in (1) and (2) 
may be replaced by integrations. Thus, if we let 2Trnx/X equal a>, 
the interval du between successive values of this quantity will be 
dcti — 2 'k/X. We may then replace (1) by the integration 


where 



{An COS W.T -f- Bn siii wx) dco, 




B 


n 


2 

X 


<p(^) cos 


1 

X 



<p(^) sin d^. 


Here we have left out the term in An, which becomes negligible in the 
limit. Combining, we finally have 

<p{x) = - / du ip{^) cos co(^ — .r) d^. (4) 

J 0 J — ^ 

This theorem expresses Fourier’s integral theorem, which as we see 
is merely the limiting form of Fourier’s series for infinite value of the 
period X. 

There is an alternative form of Fourier’s theorem (1) and (2), 
expressed in terms of exponential rather than trigonometric functions, 
which is simpler to write, and for many purposes is more convenient. 
To derive it, we express the sines and cosines in (1) and (2) in complex 
exponential form. Grouping together the terms in and the 

terras in without trouble that an equivalent statement 

of the theorem is 

00 

<p{x) - ^ ( 5 ) 

»H=s — 00 

where 

1 fX/2 

Cn^~ dx, (6) 

A J -X/2 

The terms for equal positive and negative values of n combine to 
give the sines and cosines coi’rectly, and the term for n = 0 gives 
the term in An in (1). Though the Cm s, from their definition, are 
complex, it is easily shown that, if is real, Cn and (?_» are complex 
conjugates, and the series itself is real We can easily write an expres- 
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sion of Fourier's integral theorem, equivalent to (4), but in exponential 
language, similar to (5) and (6). 

Although the range mthin which a Fourier series converges to the 
value of the function it is supposed to represent is limited, as we have 
seen, to the value X, there is a compensation, in that within this range 
a Fourier series can be used to represent much worse curves than a 
power series. Thus a Fourier series can still converge, even though 
the function has a finite number of finite discontinuities. It can 
consist, for example, of one function in one part of the region, another 
in another (in this case, to carry out the integrations, we must break 
up the integral into separate integrals over these parts, and add them). 
The less serious the discontinuities, however, the better the converg- 
ence. Thus, if the function itself has discontinuities, the coefficients 
will fall off as 1/n; whereas, if only the first derivative has discon- 
tinuities, the coefficients will fall off as l/n^, etc. Differentiating a 
function makes the convergence of a series worse, as we can see, for 
example, if a function is continuous but its first derivative is dis- 
continuous. Then the coefficients fall off as l/n^, but if we differ- 
entiate, the coefficients of the resulting series will fall off as 1/n. 
There is an interesting point connected with the series for a discon- 
tinuous function. If the function jumps from one value Ui to another 
M 2 at a given value of x, then the series at this point converges to the 
mean value, {ui + Uz)/2. 

Problems 

1. Expand in Fourier series the function that is equal to —x for x between 
— X/2 and 0, and equal to x for x between 0 and Z/2. 

2. Expand in Fourier series the function that is equal to —1 for x between 
—Z/2 and 0, and equal to 1 for a; between 0 and Z/2. See if this series can be 
found by differentiating the series of Prob. 1 term by term. Consider the con- 
vergence of these two series, with reference to their continuity. What happens 
if we try to differentiate again term by term? 

3. Expand in Fourier series the function that is equal to x^ for x between 
— Z’/2 and Z/2. Compute the sum of the first four terms of this series, and see 
how good an approximation to the function you have. 

4. Expand in Fourier series the function that is eqxial to zero except for x 
between — f/2 and $/2, where f « Z, while in this region it equals unity. Discuss 
the behavior of this function in the limit as J becomes zero. 






APPENDIX IV 

VECTOR OPERATIONS IN CURVILINEAR COORDINATES 

Let us assume three orthogonal coordinates qi, q^, q^, so that the 
three sets of coordinate surfaces^ gi = constant, = constant, 
qs = constant, intersect at right angles, though in general the surfaces 
will be curved. Now let us move a distance dsi normal to a surface 
qi = constant. By doing so, and qs do not change, but we reach 
another surface on which gi has increased by dqi, which in general is 
different from dsi. Thus, with polar coordinates, if the displacement 
is along the radius, so that r is changing, ds — dr; but if it is along a 
tangent to a circle, so that 6 is changing, ds — r dd. In general, we 
have 

dsi = hi dqi, ds 2 = hi dqi, dsz = hs dqz, (1) 

where in polar coordinates the h connected with r is unity, but that 
connected with 6 is r. The first step in setting up vector operations 
in any set of coordinates is to derive these h’s, which can be done by 
elementary geometrical methods. Thus in cylindrical coordinates, 
where the coordinates are r, d, z, we have dsi ~ dr, ds^ = r dd, dss == dz, 
so that hi = 1, ha = r, h& — 1. In spherical polar coordinates, r, 0, 
we have dsi = dr, dss = r dd, dss = r sin 6 d<p, so that hi = 1, ha = r, 
hs = r sin 0. 

Gradient. — The component of the gradient of a scalar 8 in any 
direction is its rate of change in that direction. Thus the component 
in the direction 1 (normal to the surface qi — constant) is 

dsi \hi/ \dgi/ 

with similar formulas for the other components. Thus in cylindrical 
coordinates we have 

j cY dS j a ^88 ,ci\ 

gradr S ~ gradfl ^ ~ 

and in spherical coordinates we have 

grad.fi = grad, S = -^, grades = (3) 
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Divergence. — ^Let us apply the divergence theorem to a small 
volume element dV — dsi ds^ dss, bounded by coordinate surfaces at 
qi, qi + dqi, etc. If we have a vector A, with components Ai, A^, As 
along the three curvilinear axes, the flux into the volume over the face 
at qi, whose area is dssdss, is {Aids%dss)qi, and the corresponding 
flux out over the opposite face is {Ai dss dss) q.+dm, vrhere we note 
that the area ds 2 dss changes with qi as well as the flux density Ai. 
Thus the flux out over these two faces is 

d Q Id 

•T— (Ai dsg dss) dqi = — (Aihshs) dqi dqs dqz - j-rir {Aih^hs) dv, 

oQi v^i oQi 


Proceeding similarly with the other pairs of faces, and setting the 
whole outward flux equal to div A dv, w-e have 


div A 


1 


hihzhs 

Thus in cylindrical coordinates we have 


- — {AJishs) + -r — {Aqhshi) + — — {Ashih^) 

dqi dqs dqs 


div A = - ~ (rA ) 4- - 4- 

“ r dr ^ ^ r dd ^ dz 


and in spherical coordinates 

div A == — — (r^Ar) H -TTn 

J .2 ‘ r sm d dd 


(sin 6 A o)-\- 


dA, 


r sm d dtp 


(4) 


(5) 


( 6 ) 


Laplacian.— Writing the Laplacian of a scalar S as div grad S, 
and placing A 1 = gradi iS, etc., in the expression for div A, sve have 




d /h 2 hsdS\ d (hshidS\ d (hihs dSYl 

\ hi dqi) dqsX dqs) dg3\ hs dqs)\ 


hihshs 

Thus in cylindrical coordinates ive have 


and in spherical coordinates 


4- 1 4. 




LI 

J.2 


/ 2 1 1 d f . d8\ 

\ dr) sin d 30 ^ dd) 




d^S 


r® sin^ 0 d^^ 


( 8 ) 


(9) 


Curl.— We apply Stokes’s theorem to an approximately rectangular 
area bounded by qi, qi A- dqi, qs, qz A- dqi. The Im^ integral of a 
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vector A about the circuit is 

Ai(Q'i,Q'2 ) dsi 4 - ^2(51 + dqi,q2) dss — Ai{qi,q2 dq^) dsi — A^iqijq^) ds^. 
This is approximately equal to 


(/12A2) 


(hiAi) dgidq^. 


Since this must be curb A dsi ds^, we have 

^ “ ik [4 

with similar expressions for the other components. Thus in cylindrical 
coordinates we have 

, . 1 dAz dAo 

curb A = - — 

r 36 dz 

, . 5.4,. 54 s 

curb A = - r — ■ — — 

dz dr 

Id,., 1 54r 


curb A 


, . 15,.. 1 54r 

curb A = - — (rds) 

r dr r 36 


and in spherical coordinates 


curb A = — (sin 6 A p) 

rsm0 56 r sm 6 d<p 

1 A 1 dAr 15,,. 

r sm 6 d(p r dr 

1 A ^ d , , , 1 54r 

CVL1*1(0 A n/4 * 



APPENDIX V 
SPHERICAL HARMONICS 


In Chap. Ill, we considered the solution of Laplace’s equation in 
spherical coordinates, and showed that the solution may be written 
as a product of a function of r, a function of 0, and a function of <p. 
The function of <p is sin m<p or cos m,(p, and the function 0 of 0 satisfies 
the differential equation 


sin 


1 ^ ^ dQ 

~e le \ 


sm 0 


de 




l{l + 1) 




sin- 0 


0 = 0 . 


( 1 ) 


We showed that the function 0 could be written in the form 


or 

where 


0 = sin’'' 6{Ao -f- At cos® 0 + Ai cos‘‘ 0 -f • ■ •) 

= sin”* 0{Ai + Az cos® 0 + As cos® 0 -f- • • •)) 

An _ __ (n -j- l)(w + 2) 

An+s l{l “j~ 1) — ipi "I" n){m “|- w "b 1) 


(2) 

(3) 


We found further that if I is an integer one or the other of the series 
in (2) breaks off to form a polynomial. On the other hand, we stated 
■without proof that, if the series does not break off, it leads to a func- 
tion that becomes infinite when cos 0 = ± 1, so that such a function 
cannot be used for expanding solutions of Laplace’s equation that 
remain finite at cos 0 = ± 1. Thus it is only the polynomial solutions 
that are usually of use. 

These polynomials, expressed in a certain form, with suitably 
chosen values of the coefficients, are the associated Legendre poly- 
nomials. They are ordinarily expressed, not as in (2) in a series of 
increasing powers of cos 0, but in a series of descending powers, start- 
ing with the term of highest power. In this form, they are defined as 


P^fco" 01 — 0{2l)\ 


+ 




(l ~ m){l — m 


(cos 0)^-"'” — 
l)(r- m - 2)il 


{I — 7n){l — m — 1) 


2(2^ 
m — 3) 




2-4(2^~ 1)(2Z 
m){l — w — 1) 


3) 


- 1 ) 

(cos 


(cos 0) 




2 - 4 


{I — m — 2p 4 - 1 ) 


nm - 3 ) 


{21 


2p A- 1) 


(cos 0 )^-«- 2 p 
• • • ]. (4) 
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To show the identity of this expression with (2), we need merely show 
that the ratio of successive coefficients is as given in (3). To do this, 
we may identify the term in (cos in (4) with the term in 

(cos 0)” in (2), and the term in (cos 9)f-'«-2p+2 in (4) with that in 
(cos 0)”+^ in (2). Doing this, talcing the ratio of coefficients from (4), 
we find easily that it is the same as given by (3), so that (4) forms a 
legitimate way of writing the solution (2). The constant factor 
multiplying the series in (4) is chosen to simplify certain formulas. 

For certain purposes it is more convenient to let cos 0 - x, and 
to express the associated Legendre polynomials in terms of x. The 
equation (1), when expressed in terms of x, is 




dx 


Z(Z -f" 1) 




0 = 0 . 


( 5 ) 


The function (4) can be written in a form that is sometimes useful, 
and that can be justified directlj’- from the differentia] equation (5). 
This is 


pn^) 


_L 

2'n 


(1 — 




- 1)K 


(6) 


From the form (6), we can arrive at the expression (4) by expanding 
(x^ — 1)^ in binomial expansion, and carrying out the differentiation 
term by term. The Legendre functions are the special case of (4) or 
(6) for which ni = 0. They are often denoted P^cos 0) or Pi{x). 

The associated Legendre polynomials have many important prop- 
erties, but for our present purposes the most useful ones are their 
orthogonality and normalization relations. It can be proved that 


Pf(x)Pl^ix) dx = 0 


if Ir ^ Th 
{I -f- ni ) ! 


21 + 1 (1 - m) ! 


if I = n, (7) 


This relation can be used in the following way to satisfy boundary 
conditions over the surface of a sphere, in solutions of Lapiace'^s 
equation: As we see from Eq. (3.3), Chap. Ill, such a solution can be 
expressed as a function of the angle by 

^ = y pp (cos 6) {Aim sin + Bin cos m<p). (8) 

hn 

In this summation, I is to go from 0 to infinity, m from 0 to I (for from 
our definitions we see that m can never be greater than 1). Let us 
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suppose that the sum (8) is to be a specified function of 6 and <p, which 
we may write i/'o(cos d,(p). Let us then multiply both sides of (8) by a 
particular function, say Pp(cos 6) sin n(p, and integrate over all solid 
angles (which amounts to integrating over the surface of the sphere). 
The element of solid angle is sin Q dd dtp. If we let x = cos 6, we have 
dx — — sin 0 dd. Thus we have 


dx d(pPp(^) sin ntp ^o(.x,<p) = ^ Pf(x)P”(a:) dx 

Im 

sin n<p{Aim sin Ttup + Bim cos m<p) dtp. 


Because of the orthogonality of the sines and cosines, the integral 
over <p on the right is zero unless n = m, in which case it is TrAun. 
Setting n = m, the integral over x on the right is zero, because of (7), 
unless I — p, in which case its value is given by (7). Thus we have 


2t {I + rn) I . 

2m 



2r 


Pp{x) sin 71(p4'o(x,<p) dtp. 


(9) 


In a similar way we can find a formula for Bim. 
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MULTIPOLES 



The properties of multipoles can be conveniently considered either 
in rectangular or in spherical coordinates. We shall give both types 
of discussion, later indicating briefly the relation between them. 
First we define the dipole and quadrupole moments of a distribution 
of charges. Suppose we have a collection of point charges, all located 
near the origin. Let the fth charge be e,-, and let it be located at a 
point with coordinates tji, L- Then the dipole moment is a vector, 
which we may denote by wth components 

^ ei^i, Vy^ = ^ eilji, ^ eiti. (1) 

t % i 


It is easy to see that this is consistent with the definition of dipole 
moment given in the text, by considering for instance a dipole con- 
sisting of a charge -f-e at point d along the x axis, and charge — e at 
the origin; its dipole moment is then a vector along the x axis, of 
magnitude ed. Similarly the quadrupole moment is a tensor, (The 
reader unfamiliar with tensor notation will find a discussion in Appen- 
dix V of Mechanics, by J. C. Slater and N. H. Frank, McGraw'-Hill 


Book Company, Inc., New York, 
and its components are 

1947.) 

We may denote it by 



Pyy = 

% 

f/zst 

i 

i ■ ■ . 


i 

pm ^ 

i 

^(2) - 
rzx 

' ^ (2) 

t ■■ ■ ■ ; 


In a similar way one can define an octopole moment whose com- 
ponents are products of three displacements, and which therefore has 
three subscripts, etc. 

We encounter the various moments of the charge distribution both 
in finding the field of the distribution at distant points, and in finding 
its potential energy in an arbitrary potential field. The electrostatic 
potential ^ at point a:, arising from the charge distribution, by 
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Coulomb’s law, is 



i 


(3) 


where pi ~ s/ {x -{■ {y — rnY ~ U)^- Assuming that x, y, 

z are larger than jji, we may expand 1/pi, in (3), in Taylor’s series 
in ^i, m, fi. In doing this, we must take the derivatives of pi with 
respect to Vi, fo and then set these quantities equal to zero. We 
note, however, that the derivative of pi vhth respect to I, is the nega- 
tive of its derivative vdth respect to x, etc. We may then replace 
the derivatives by the negative derivatives of r = \/ + ^^- 1-22 
with respect to x, y, z. Proceeding in this way, we find that 







(1) _j_ 4_ ^(1) 


dx 


dy 


+ pi 


djl/r) 

dz 


+ i iWL) + 1 §l(l/r) + 1 awr) 

I o Fxx i 2 ^^'2 ' O Fzs 


2 


dx^ 


Qyi 


dz- 


_]_ ^f2) _L „f2) _L p(2) _L_ 

dx dy dydz ^ dzdx ^ 


. (4) 


Here the first term represents the potential of the total charge, as 
if it were concentrated at the origin, the next three terms represent 
the potential of the dipole moment, the next of the quadrupole moment, 
etc. 

The expression (4) is easier to interpret if ^ve note the form of the 
various derivatives. We have 


d(l/r) ^ _x d %l/r) ^ _ 1 , ^51A) = ^ 

dx dx^ r® r'* ’ dx dy r® ^ 

with similar formulas for the other derivatives. Thus wq see tha,t 
the potential arising from the dipole moment is 

_ 1 M”* + P/^^y + P^z] (rs 

In the numerator we have the scalar product of the dipole moment 
and the radius vector; since this is the magnitude of the dipole moment, 
times r, times the cosine of the angle between, we verify Eq. (5,1) of 
Chap. Ill for the potential of a dipole. We note further that the 
potential arising from a dipole is proportional to 1/r® times a function 
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of the angle, and by examination of (4) and (5) we find similarly that 
the potential arising from a quadrupole is proportional to l/r^ times 
a function of angle, wdth correspondingly increasing exponents of the 
inverse powers for the higher multipoles. 

The type of expansion we have used can be employed to find the 
potential energy of a charge distribution in an external field. Let there 
be a potential function \p{x,y,z) arising from charges external to the 
distribution we are considering. Then the potential energy of the 
distribution in this external field is 


i 

Expanding ti) by Taylor’s theorem, this becomes 

F 

/ O-.0 - ay 

i 

dV 


F 




4. 1 5 V , 1 ^(2, ^ 4. 1 ^(2, 

^ 2 dx^ ^ 


2 dy^ 
^(2) 


+ 2^“ 32* 


+ wn Hi- + 1 


6x dy 


4. 4- 

dy dz ^ dz dx ^ 


(6) 


(7) 


We note that the dipole terms in the potential energy form the scalar 
product of the dipole moment and the gradient of the potential, or 
the negative of the scalar product of dipole moment and electric 
field. By investigating the change of V, in (7), when the charge 
distribution is given a translation or a rotation, we can find the 
forces and torques acting on the charge distribution. We find, of 
course, that there is no net force acting on a dipole in a uniform field; 
the force arises only when the field strength varies with position. 
There is, however, clearly a torque acting on a dipole in a uniform 
field, tending to force the dipole into parallelism with the field. 

We shall now' express the formulation of the potential arising from 
a charge distribution in spherical polar coordinates. Let the coordi- 
nates of the charge ei be n, di, <pi, and the coordinates of the point 
w'here we wish to find the potential r, 6, Then, waiting x, y, z, 
It) no ?o ill terms of spherical coordinates, we find that the distance 
betw^een the point r, 6, and the point r,, di, <pi where the ith. charge is 
located is 

pi = -x/ri — 2rr,[cos 0 cos di -f sin 0 sin d, cos {<p — ^oi)] 4- r?. (8) 

We then substitute in (3) to get the potential. In deriving this, 
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we shall make use of a very important theorem relating to spherical 
harmonics, whose proof we shall not give. This is the following: 


rl'h 1 


Pi(cos 9)Pi{eos di) 


1 = 0 


-|- 2 


jl- m)\ 
(I 4- rn ) I 


Pl"(cos i9)P”‘(cos di) cos m(<^ — <pi) 


(9) 


m—l 


if r > Ti. This expansion suggests setting up the following quantities, 
which serve as the various components of multipole moments in 
spherical coordinates : 

= ) CiHP^cos Qi) 
i 

i 

pliu = 2 ^ ex?'iPr(cos di) sin wKpi. (10) 

i 

We shall point out the nature of these quantities later, and shall 
show that those for 1=1 describe the dipole moment, those for 1 = 2 
the quadrupole moment, etc. In terms of them, the potential is then 

^ = 4^0 

I 

I 

+ ^ l>l^’,iPr(cos d) cos 7n<p + pSi’, 2 ^r(cos d) sin m^]|- (11) 

/« = I 

Let us now examine the expression (11), to find its significance. 
The term in / = 0 is very simple. Remembering, as follows from 
Appendix V, that Po(cos 0) = 1, it is 



47reo r 


expressing the potential of the total charge, as in the first term of (4). 
For the term in J = 1, we have Pi(cos i9) bs^ c d. P|(cos 0) = sin d. 
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Then 


^ CiTi COS 
i i 

p[^\ = ^ CiVi sin di cos ^ 

i i 

Pila == Y, ~ ^ 


( 12 ) 


Thus these three quantities are the components of the dipole moment, 
as we have defined them previously. Substituting in (11), we find 
that the term for Z = 1 reduces to exactly the expression (5), when 
we remember that x = r sin d cos <p, y — r sin ^ sin z = r cos 0. 
In a similar way we can identify the terms in Z = 2 in (11) with the 
quadrupole terms in the rectangular case, though this identification 
is not so simple as with the dipole, and involves a paradox, in that 
there are only five components of the form given in (10), whereas we 
found six components of the quadrupole moment in (2). The paradox 
becomes resolved when we write out the potential in detail in both 
coordinate systems. Proceeding in a similar way, we see that the 
term of (11) corresponding to each value of Z expresses the potential 
arising from a particular multipole. 



APPENDIX VII 
BESSEL’S FUNCTIONS 


Bessel’s equation is 



= 0 , ( 1 ) 


and its solutions are Z — Z = N„i(z). By expanding Z in 

power series, we may show that 


J m(z') 


J_ 

ml 


(m + 1) ! 


ot +2 


+ 


2!(m + 2) 


i(r 


(2) 


where the coefficient of the first term is chosen according to an arbi- 
trary convention. There is no similarly simple expansion for the 
Neumann function N,n{z) ; it requires not only terms in positive and 
negative powers of z, but also logarithmic terms. For No(z), the 
leading term for small values of z is the logarithmic term : 


lim No(z) = - (In z - 0.11693). 

31 — >0 


For the higher values of m, the term in inverse powers of z is the 
leading term for small z: 


lim Nm(z) 


(m — 1)1 {2 

.z 


m > 0. 


(3) 


For values of z large compared with m, the Bessel and Neumann func- 
tions have asymptotic expressions as follow's : 


lim Jmiz) 
3 — > 00 

lim Nm(z) 


— cos I i 

'TZ \ 


2w ~1~ 1 

Z TT h 


2 . / 2m + l \ 


(4) 


An important relation connecting the Bessel and Neumann functions is 

,2 ' 


Nm-l{z)JM - iV«(z)/^x(2) 


TTZ 
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An important relation gives Jm{z) as an integral: 

1 P" 

Jmiz) — e;*co,«. cog 

where j — — 

In addition to these relations, there are a group of important 
relations holding equally well for either the Bessel or Neumann func- 
tions, and which we shall therefore state in terms of Zm{z), meaning 
by this either Jm(s) or Nm(z). For the Bessel functions, most of 
these relations can be proved without difficulty from the series repre- 
sentation. The relations are more general, however, in that they apply 
to the Neumann functions as well, and can be proved directly from the 
properties of the differential equation. They are the following: 


Z„.-liz) + Z„.+,{z) = — Zr.{z) 

Z-miz) = {—l)^Zm.{z)^ if m is integral 


g lz-"Z„(z)] = -2-”Z„+i(2) 
j Ziiz) dz “ —Zoiz) 
j zZo(z) dz = zZi(z) 

f ZS(z)zdz = ^[ZS(z)+Znz)] 

f Z\iz)z & = I [Zi(z) - Z,^,(z)Z^i{z)]. 

In Chap. XII, Sec. 2, we introduced spherical Bessel and Neumann 
functions, defined by the equations (2.1) of that chapter. We showed 
in Eq. (2.2) of that chapter that they can be expressed in terms of 
algebraic and trigonometric functions; we found their asymptotic 
behavior in (2.3), and their behavior for small s in (2.4), all of that 
chapter. These properties can be easily derived from the relations 
we have already given. For the series representation, we must 
modify (2) for nonintegral values of m, replacing m! where it appears 
in that equation by the gamma function r(m + 1)) where the gamma 
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function satisfies the functional relation 

T(rn + 1) = mr(m), 

and where r(H) = V^- With this modification, (2) and (3) lead 
to Eq. (2.4), Chap. XII. The asymptotic behavior for large 2 given 
in Eq. (2.3), Chap. XII, follows directly from (4). To prove the 
trigonometric nature of the functions, we can first find jo (s) and ^ 0 ( 2 ) 
directly, showing that as given in (2.2), Chap. XII, they are given by 
(sin x)/x and (cos x)/x, respectively. To do this, we can substitute 
the corresponding functions Jin{z) and 1 / 2 ( 2 ), defined from them by 
(2.1), Chap. XII, directly in Bessel’s equation (1), and show that it is 
satisfied. Then we can derive the functions of higher index from 
these by the relation 

which we have given above, leading immediately to the algebraic and 
trigonometric nature of the higher functions, as well as to the explicit 
values for the functions. 


SUGGESTED REFERENCES 


Electromagnetic theory is too large a subject to be treated com- 
pletely in a single volume, and we give a few references in the present 
section, which the student familiar with this book can refer to, without 
too great difficulty. In the first place, the reader of inadequate 
preparation may wish to review his elementary electromagnetism and 
optics, and can use, for example. Introduction to Electricity and Optics, 
by N.H. Frank (McGraw-Hill). 

For general mathematical training and background, the student 
will first want texts on advanced calculus, such as Treatise on Advanced 
Calculus, by P. Franklin (Wiley), or Advanced Calculus, by E.B. Wil- 
son (Ginn). More advanced texts on analysis will be helpful, such as 
Mathematical Analysis, by Goursat and Hedrick (Ginn), Partidle 
Differentialgleichungen der Physik, by Riemann and Weber (Rosen- 
berg), or Higher Mathematics, by R.S. Burington and C.C. Torrance 
(McGraw-Hill). Several texts on mathematics for special purposes 
are valuable: Applied Mathematics for Engineers and Physicists, by 
L.A. Pipes (McGraw-Hill); The Mathematics of Physics and Chemistry , 
by H. Margenau and G.M. Murphy (Van Nostrand); and Mathe- 
matical Alethods for Engineering, by T. von Karmdn and M.A. Biot 
(McGraw-Hill). 

Among more specialized mathematical texts in the fields of particu- 
lar importance to electromagnetism are Introduction io Higher Algebra, 
by M. Bocher (Macmillan) ; Ordinary Differential Equations, by E.L. 
Ince (Dover); Fourier Series and Spherical Harmonics, by W.E. 
Bjmrly (Ginn); Newtonian Potential Function, by B.O. Peirce (Ginn); 
Fourier Series and Boundary Value Problems, hy 'R.Y. Churchill 
(McGraw-PIill) ; Vector Analysis, by H.B. Phillips (Wiley); and Fec^or 
and Tensor Analysis, b}'" H.V. Craig (McGraw-Hill). The standard 
volumes of tables, ..4 Shmd Table of /rhegraZs, by B.G. Peirce (Ginn) and 
Funktionentafeln, by Jalmke and Emde (Dover), will be found invalu- 
able for detailed assistance in calculation. For definite integrals that 
are not given in these books, Wo Tables dPfitegraJes Dcfinics, by 
Bierens de Haan (Stechert), will be found a source of much inf oi-mation. 

A number of general texts on theoretical pliysies cover cdcctro- 
magnetic theory among other topics. Among these wo may mention 
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Introduction to Theoretical Physics, by L. Page (Van Nostraiid); Theo- 
retical Physics, by G. Joos (Steebert) ; Introduction to Theoretical Physics, 
by A. Haas (Constable); Introduction to Mathematical Physics, by 
R. A. Houstoun (Longmans) ; and Principles of Mathematical Physics, 
by W. V. Houston (McGraw-Hill) . Two longer treatises on theoretical 
physics, in several volumes, may also be mentioned: Introduction to 
Theoretical Physics, by M. Planck (Macmillan), an English translation 
of a well-known German text, and Einfuhrung in die iheoretische 
Physik, by C. Schaefer (De Gmyter). The last two works go a good 
deal more into detail than is possible in the present book. 

Next we come to a number of references dealing with the various 
branches of electromagnetic theory. Among general references, two 
standard works are Classical Electricity and Magnetism, by Abraham 
and Becker (Blackie), and The Mathematical Theory of Electricity and 
Magnetism, by J.H. Jeans (Cambridge). Treatments on approxi- 
mately the scale of the present text are given in Principles of Electricity, 
b^'- L. Page and N.I. Adams (Van Nostrand), Electric Oscillations and 
Electric Waves, by G.W. Pierce (McGraw-Hill), Principles of Elec- 
tricity and Elect7'o?nagnetism, by G.P. Plarnwell (McGraw-Hill), and 
Static and Dynamic Electricity, by W.R. Smythe (McGraw-Hill). 
More advanced points of view are presented in Electromagnetic Theory, 
by J.A. Stratton (McGraw-Hill), and Electromagnetic Waves, by S.A. 
Schelkunoff (Van Nostrand) 

A number of texts handle more specialized problems. In electron 
theory, and the theory of dielectrics and magnetic materials, there are 
Theory of Electrons, by H.A. Lorentz (B.G. Teubner); Theory of Elec- 
tric and Magnetic Susceptibilities, by J.H. Van Vleck (Oxford); Polar 
Molecules, by P, Debye (Chemical Catalog Co.); and Introduction to 
Ferromagnetism, by F. Bitter (McGraw-Hill). The theory of wave 
guides and microwaves is handled in a number of recent texts, includ- 
ing Microwave Transmission, by J.G. Slater (McGraw-Hill) ; Fields 
and Waves in Modern Radio, by S. Ramo and J.R. Whinnery (Wiley); 
and Hyper and Ultrahigh Frequency Engineering, by R.I. Sarbacher 
and W.A. Edson (Wiley). The subject of optics is handled from the 
standpoint of electromagnetic theory in Lehrbuch der Opiik, by K. 
Forsterling (S. Riizel), md Optik, by M. Born (Springer). Other 
standard treatments of optics are given in Fundamentals of Physical 
Optics, by F.A. Jenkins and H.E. White (McGraw-Hill), and in 
Physical Optics, by RiW. Wood (Macmillaii). 
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Absorption coefficient, optical, lOS-112, 
125-120 
Ampere, 3, 53 
Ampere, unit, 213 
Ampere’s law, 59-62, 83-85 
Anomalous dispersion {see Dispersion) 
Associated Legendre polynomials, or 
associated spherical harmonics, 32- 
34, 152, 224-226 
Atomic refractivity, 116 
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Bessel's equation and function, 140- 
142, 152-156, 232-234 
Biot-Savart law, 53-57, 63-64, 157-158 
Boundary conditions, electromagnetic 
field, 44-46, 71, 117, 137 
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Capacity, 21-23, 206-207 
Cavities, field in, 50-51, 75 
resonant, 145-146 
Charge density, 23 
Clausius-Mosotti law, 1 10 
Coefficients of Fourier series, 30-31, 
164-165, 217-220 
Coherence of light, 161-165 
Condenser, 21-23, 46-47 
energy of, 96 

Conduction of electricity in metals, 
electron theory of, 106, 111-112 
Conductivity, specific electrical, 85, 
111-112 

Conductor of electricity as an equi- 
potential, 15 

Constitutive equations, 85 
Continuity, equation of, 84 
Continuity conditions, electromagnetic 
wave, 117, 137 


Convergence of Fourier series, 217-220 
Coordinates, curvilinear, vector opera- 
tions in, 221-223 
Cornu’s spiral, 185-186 
Coulomb, 10-12, 214 
Coulomb’s law, 2, 12, 158 
Cross section, scattering, 160 
Curl, in curvilinear coordinates, 222-223 
of electric field, 14, 79-80, 83 
of a vector, 14, 199 
Current, density of, 61 
displacement, 83-85 
surface, 67 

Curvilinear coordinates, vector opera- 
tions in, 221-223 
Cutoff in wave guide, 129, 146 

D 

D’Alembert’s equation, 88 
solution of, 169-173 
Demagnetizing factor, 73-75 
Density, charge, 23 
current, 61 

of energy in electromagnetic field, 
95-103,213 
Diamagnetism, 65 
Dielectric constaxit, 43-44, 105-114 
relation of to polarization, 43—44 
Dielectrics, 41-52, 105-114 
types of, 41-42 
Diffi'action, 175-192 
Dipole and dipole moment, electric, 
35-42, 227-231 
magnetic, 59, 70 
oscillating, 157-161 

Discontinuity in electromagnetic field, 
44-16,71,117,137 , 

Dispersion, of electromagnetic waves 
in metals, 111-112 
electron theory of, 105-114 
Dfeplacement, electric, 42-43 
Displacement current, 83-85, 21 1 
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Divergence, in curvilinear coordinates, 
222 

of electric field, 24 
of magnetic induction, 57 
of a vector, 24, 199 
Divergence theorem, 200-202 
Dominant mode, 130 
Double layer, 35-39, 171 

E 

Einstein’s theory of relation between 
energy and mass, 101 
Electric conductivity, 106, 111-112 
Electric displacement, 42-43, 206 
Electric field, 1-52, 206 
in a spherical cavity, 52 
Electric images, 16-17, 47-49 
Electromagnetic field, energy in, 95- 
103 

of oscillating dipoles, 157-161 
wave equation for, 91 . 

Electromagnetic induction, 78-83, 210- 
211 

Electromagnetic units, 208-211 
Electromagnetic waves, 90-95, 103 
in metals, 90-95, 103, 111-112 
polarization of, 124 
reflection and refraction of, 117-128 
spherical, 148-165 
Electromotive force, 79-81 
Electron, 11 
radius of, 101, 160 

Electron theory and dispersion, 105-114 
Electrostatic field, energy in, 95-103, 
213 

Electrostatic potential, 14-18, 86-88 
Electrostatic problems and potential 
theory, 11-52 

Electrostatic units, 205-208 
Ellipsoid, magnetized, 75-75 
Energy, electrical, 95-103, 213 
magnetic, 97-103, 213 
Equation of continuity, 84 
Equipotential surfaces, 15-17 

. .. ^ 

Farad, 11 

Faraday’s induction law, 3 , 78-83, 
210-211 


Fermi statistics, 114 
Ferromagnetism, 66-67, 72-77 
Field (see Electric field; Electromag- 
netic field; Electx'ostatic field; 
Magnetic field) 

Flux, magnetic, 79-80 
Force on charge and current, 10, 54-55, 
205-206 

Fourier series, 30-31, 164-165, 217-220 
Fraunhofer diffraction, 180-192 
Fresnel dilTraction, ISO-187 
Fresnel equations for reflection, 6, 
120-128 

Fresnel integrals, 185 
Fresnel zones, 173-178 

G 

Gauss, 54 

Gauss’s theorem, 3-4, 19-21, 34 
Gaussian units, 211-213 
Generalized coordinates, vector opera 
tions in, 211-223 

Gradient, in curvilinear coordinates, 
221 

of a scalar, 14, 198-199 
Green’s distribution, 38-39 
Green’s method for differential equa- 
tions, 25-26, 38-39 
Green’s theorem, 25, 170 

H 

Henry, 54 

Hertz electric waves, 7, 93 
Hertz vector, 166 
Huygens’ principle, 5, 167-178 
Hysteresis, 73-77 

I 

Images, method of, 16-17, 47-49 
Impedance, wave, 95 
Index of refraction, 105-114 
Induction, electromagnetic, 78-83, 210- 
211 . ' 

Induction vector, magnetic, 64-77 
Intensity, of electric field, 10 
of magnetic field, 69 
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L 

Laplace’s equation, 4, 23-27, 29-40, 
44, 168-173 

Laplaeian in curvilinear coordinates, 
31, 222 

Leakage, magnetic, 75-77 
Legendre polynomials, associated, 32- 
■ 34, 152, 224-226 

Legendre’s equation, 32, 152, 224-226 
Lines of force, 15-17 
Lippman fringes, 132 
Lorenz-Lorentz law, 110 

M 

Magnetic field, 53-77, 209-210 
Magnetism, 53-77, 209-210 
Magnetization vector, 67- '/O, 209-210 
Magnetomotive force, 75-77 
Maxwell’s equations, 2-7, 43, 58, S5- 
86, 94-95, 14S-149, 211 
Metals, classical el(?ctron tlieory of, 
111-112 

plane waves of light in, 90-95, 103, 
111-112 

reflection of liglit from, 125-128 
Method of images, 16-17, 47-49 
Modes in wave guide, 129 
Molecular refractivity, 110 
Multiple-valued potential, 02 
Multipoles, 36, 227-231 
Mutual inductance, 80-82, 211 

N 

Neumann functions (.sec Bessel’s equa- 
tion) 

Newton’s law of motion, 1 
Normal incidence, reflection coefficient 
at, 119-120 

0 

Oersted, 3, 53 
Ohm, 214 

Ohm’s law, 15, 208 
in differential form, 85 
Open circuits, 83-85 
Optics, 90-128, 148-194 


Oscillating dipole, radiation from, 157- 
161 

Oscillator strength, 110 
P 

Parallel-plate condenser, 21-22, 206 
Paramagneti.sm, 65 
Permeability, magnetic, 69-70 
Permittivity, 43 

Phase change in total reflection, 124 
Plane waves, 90-95, 103 
reflection and refraction of, 117-128 
Poisson’s equation, 4, 23-27, 31, 63 
Polarizability, 37, 44 
Polarization, of dielectric, 42-46 
of light, 124 

Polynomials, Legendre, 32, 152, 224-226 
Potential, electrostatic, 14-18, 86-88 
magncto.static, 57-62 
retarded, 16S-173 
•scalar, 14-lS, 86-88 
vector, 62-64, 82-83, 86-88 
Poynting’s vector, 99-103 
practical units for, 213-215 
Products of vectors, 196-198 
Progressive waves, 90-95, 103 
Propagation constant, 91-92, 126-127 

Q 

Quadrupoles, 227-231 
Quantum theory, 7-9, 112-114 

R 

Radiation, electromagnetic, 90-103, 
148-165 
Rayleigh, 130 
Rayleigh scattering, 160 
Reflection, 117-128 
Refraction, 117-128 
index of, 105-114 
Relativity, theory of, 9 
Relaxation time, 89 
Resistance, specific, 85, 111-112 
Resolving power, grating, 192 
of a lens, 189-190 
Re.sonance scattering, 161 
Resonant cavity, 135, 145-146 
Retarded potential, 168-173 
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S 

Scalar potential, 14-18, 86-88 
Scalar product, 196-197 
Scattering of light, 164-156, 159-165 
Self-inductance, 80-83, 211 
Separation of variables, 29-36 
Skin depth, 126 
Snell's law, 118-119 
Solenoid, energy in, 98 
magnetic field in, 61, 71 
Solids, dispersion in, 109-114 
Specific conductivity, 85, 208 
Specific inductive capacity, 43, 208 
Specific resistance, 85, 208 
Spectral analysis of a light wave, 164- 
165 

Sphere, conducting, 35 
dielectric, 49-50 
magnetized, 72-74 

Spherical electromagnetic waves, 148- 
161 

Spherical harmonies, 32-34, 152, 224- 
226 

associated, or associated Legendre 
polynomials, 32-34, 152, 224- 
226 

Standing waves, 142-145 
Stokes’s theorem, 80, 202-203 
Surface-charge density, 20-21 
Susceptibility, electric, 44, 207-208 
magnetic, 70 


T 

Thomson’ s formula for scattering of 
light, 160-161 
Toroid, 71 

Total reflection, 123-124 
Transverse electric and magnetic 
modes, 136-142, 144-150 
Traveling waves, 90-95, 103 

U 

Unit vectors, 195-196 

Units, electrical, 10-12, 205-216 

V 

Vector operations in generalized coordi- 
nates, 221-223 

Vector potential, 62-64, 82-83, 86-88 
Vectors, 10, 195-204 
Velocity of light, 93 
Volt, 10-12, 213 

W 

Wave equation, 91, 139-140 
Wave guide, 129-146 
Waves, electromagnetic (see Electro- 
magnetic waves) 

Weber, 10, 54, 215 
Work, 14 

X 

X rays, 106, 160-161, 163 



